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Preface

First publications on inverse and ill-posed problems date back to the first half of the
20th century. Their subjects were related to physics (inverse problems of quantum
scattering theory), geophysics (inverse problems of electrical prospecting, seismol-
ogy, and potential theory), astronomy, and other areas of natural sciences. Since the
advent of powerful computers, the area of application for the theory of inverse and
ill-posed problems has extended to almost all fields of science that use mathematical
methods. In direct problems of mathematical physics, researchers try to find exact or
approximate functions that describe various physical phenomena such as the propaga-
tion of sound, heat, seismic waves, electromagnetic waves, etc. In these problems, the
media properties (expressed by the equation coefficients) and the initial state of the
process under study (in the nonstationary case) or its properties on the boundary (in
the case of a bounded domain and/or in the stationary case) are assumed to be known.
However, it is precisely the media properties that are often unknown. This leads to
inverse problems, in which it is required to determine the equation coefficients from
the information about the solution of the direct problem. Most of these problems
are ill-posed (unstable with respect to measurement errors). At the same time, the
unknown equation coefficients usually represent important media properties such as
density, electrical conductivity, heat conductivity, etc. Solving inverse problems can
also help to determine the location, shape, and structure of intrusions, defects, sources
(of heat, waves, potential difference, pollution), and so on. Given such a wide variety
of applications, it is no surprise that the theory of inverse and ill-posed problems has
become one of the most rapidly developing areas of modern science. Today it is al-
most impossible to estimate the total number of scientific publications that directly or
indirectly deal with inverse and ill-posed problems. However, since the theory is rel-
atively young, there is a shortage of textbooks on the subject. This is understandable,
since many terms are still not well-established, many important results are still being
discussed and attempts are being made to improve them. New approaches, concepts,
and theorems are constantly emerging.

The main purpose and characteristic feature of this monograph is the accessibility
of presentation and an attempt to cover the rapidly developing areas of the theory
of inverse and ill-posed problems as completely as possible. It is motivated by two
considerations. On one hand, there are a lot of books providing complete coverage
of specific branches of the theory of inverse and ill-posed problems. On the other
hand, there is no book providing a description of all the subjects listed in the table of
contents of this book under a single cover. In this situation, a book that summarizes
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previous results and essential characteristics of the theory of inverse and ill-posed
problems and its numerical methods using simple and not so simple examples will be
useful for senior undergraduate students, graduate and PhD students, recent graduates
getting practical experience, engineers and specialists in various fields dealing with
mathematical methods who study inverse and ill-posed problems.

This monograph is based on lectures and special courses taught by the author for
over 25 years at the Department of Mathematics and Mechanics and the Department
and Geology and Geophysics of Novosibirsk State University, universities in Ger-
many (The University of Karlsruhe), Italy (The University of Milan and The Univer-
sity of Perugia), Kazakhstan (Kazakh-British Technical University, Almaty), China
(Hangzhou University), Sweden (Royal Institute of Technology, Stockholm), Japan
(The University of Tokyo), and other countries.

The sources used for this book include well-known books and papers by Rus-
sian and foreign authors (see the main bibliography and the supplementary refer-
ences). The content of specific chapters and the book as a whole was discussed on
many occasions with academicians M. M. Lavrentiev and S. K. Godunov, M. I. Epov,
B. G. Mikhailenko, corresponding members of The Russian Academy of Sciences
V. G. Romanov and V. V. Vasin, professors A. G. Yagola, V. S. Belonosov, M. Yu. Ko-
kurin, and V. A. Yurko, with my coauthors Drs. G. B. Bakanov, M. A. Bektemesov,
K. T. Iskakov, A. L. Karchevsky, K. S. Abdiev, A. S. Alekseenko, S. V. Martakov,
A. T. Nurseitova, D. B. Nurseitov, M. A. Shishlenin, B. S. Boboev, A. V. Penenko and
D. V. Nechaev. I am grateful to all of them for useful discussions and for their kind
permission to use the results of our discussions and joint publications in this book.
I also gratefully acknowledge constant support from all my former and present col-
leagues in the department headed by Mikhail Mikhailovich Lavrentiev at the Sobolev
Institute of Mathematics.

The majorityof the results included in this monographwere obtained by the founders
and representatives of research groups from Moscow, Novosibirsk, Yekaterinburg
(Sverdlovsk), and St. Petersburg (Leningrad). The book also includes the results of
joint publications and discussions with my coauthors J. Gottlieb (Karlsruhe), M. Gras-
selli (Milan), A. Hasanoglu (Izmir), S. He (Hangzhou), B. Hofmann (Chemnitz),
M. Klibanov (Charlotte, NC), R. Kowar (Linz), A. Lorenzi (Milan), O. Scherzer (Inns-
bruck), S. Ström (Stockholm), and M. Yamamoto (Tokyo), whom I wish to thank for
their contribution.

D. V. Nechaev provided valuable help in the design and technical editing of the
book.

The author is very grateful to I. G. Kabanikhina, who kindly proofread and analyzed
the manuscript for clarity and accessibility of presentation, persistently and method-
ically searching for parts that appeared to be vague or difficult for understanding,
correcting and sometimes modifying them.



Preface vii

It is hard to overestimate the contribution of the reviewers, V. V. Vasin, A. G. Yagola,
and V. S. Belonosov, whose criticism and advice helped to significantly improve the
content and quality of this monograph.

The work on this monograph was supported by the Russian Foundation for Fun-
damental Research (projects 05-01-00171 and 05-01-00559), a grant of the Pres-
ident of the Russian Federation (project NSh-1172.2003.1), integration projects of
the Siberian Branch of the Russian Academy of Sciences (Nos. 16, 26, and 48), the
“Universities of Russia” program managed by the Federal Education Agency of the
Russian Federation (Rosobazovanie) (project UR.04.01.200), the International Foun-
dation for Inverse Problems (Almaty, Kazakhstan), the Non-profit Foundation for
Inverse Problems in Science (Novosibirsk, Russia), the president of Kazakh-British
Technical University (Almaty) and the staff of its Department of Mathematics and
Cybernetics. The author sincerely appreciates their support.

The author thanks I. G. Kabanikhina, D. D. Dotsenko and O. A. Yudina for their
very important help with translation of this book.

Finally, he wishes to express his most profound gratitude to his Mentor, Vladimir
Gavrilovich Romanov, who helped him discover the wonderful and fascinating world
of inverse and ill-posed problems. This book would not have been conceived and
written without his influence.

Novosibirsk, July 2011 Sergey I. Kabanikhin





Denotations

D.A/ — domain of definition of operator A, D.A/ � Q

R.A/ — range of values of operator A, R.A/ � F

A.M/ D ¹f 2 F W 9q 2M W Aq D f º

— image of set M � Q, in particular, A.Q/ D R.A/

I — unit operator (matrix), 8q 2 Q Iq D q

P \Q — set of all x such that x 2 P and x 2 Q

P [Q — set of all x, such that x 2 P or x 2 Q

A� — adjoint operator of A

Q� — dual space of Q

A�1 — inverse operator of A, that is, AA�1 D I

KerA D N.A/ D ¹q 2 DA W Aq D 0º
— kernel of operator A

L.Q; F / — space of all linear continuous operators mapping normed space Q
into normed space F

N? — orthogonal complement of subspace N � Q,
N? D ¹q 2 Q W 8p 2 N hq; pi D 0º

hq; pi — inner product in Hilbert space or value of functional q 2 Q� of
element p 2 Q: hq; pi D q.p/

N D ¹1; 2; 3; : : : º

— set of all natural numbers

Z D ¹: : : ;�1; 0; 1; : : : º

— set of all integers

Q — set of all rational numbers

R — set of all real numbers

C — set of all complex numbers

RC D ¹x 2 R W x > 0º



x Denotations

Rn D ¹.x1; x2; : : : ; xn/ W xi 2 R, i D 1; nº,
i D m; n means that i takes all integers from m to n

En — Euclidean space with inner product ha; bi D
Pn
iD1 ai

Nbi ,
Nbi — complex conjugate of bi

H — Hilbert space with inner product h � ; � i

B — Banach space with norm k � k

N — normed space with norm k � k

M — metric space with metric �. � ; � /

L — linear space with operations of vector addition and scalar multipli-
cation

A
ˇ̌
M

— restriction of operator A on M � D.A/

qe — exact solution of problem Aq D f

q0n — normal (with respect to q0) solution of problem Aq D f

qn — normal (with respect to the zero element) solution of problem
Aq D f

qp — pseudo-solution

q0p — normal (with respect to q0) pseudo-solution

qMq — quasi-solution on set M � Q

qnp — normal pseudo-solution (that is, pseudo-solution that is normal with
respect to the zero element)

C.G/ — space of functions continuous on G

Cm.G/ — space of functions continuous with their derivatives up to order
m 2 N on set G, C 0.G/ D C.G/

Lp.G/ — space of functions integrable with degree p on set G

W
p

k
.G/ — Sobolev space, k; p 2 N, Hp.G/ D W

p
2 .G/, H

0.G/ D L2.G/

ı.x/ — Dirac delta-function

�.x/ — Heaviside theta function, �.x/ D
®
1; x�0;
0; x<0

infE — infimum of set E � M , c D infE 2 M if, first, 8x 2 E x � c,
and, second, 8" > 0 9y 2 E: c < y < c C " (supE, supremum of
set E, is defined by analogy)



Denotations xi

J W Q! R — functional from Q into R

J 0 — gradient of functional

q� D arg minP J.q/
— element on which functional J.q/ reaches its minimal value for

all q satisfying condition P

B.q; "/ — open ball of radius " with center at point q,
B.q; "/ D ¹p 2 Q W �.p; q/ < "º

S.q; "/ — sphere of radius " with center at point q,
S.q; "/ D ¹p 2 Q W �.p; q/ D "º

m � n matrix
— matrix with m rows and n columns

diag.a1; a2; : : : ; ap; m; n/
— diagonal m � n matrix, p D min¹m; nº, whose elements aij satisfy

condition aij D
® ai ; iDj;
0; i¤j

¹anº — sequence a1; a2; a3; : : :

span¹a1; a2; : : : ; an; : : : º
— linear span of elements a1; a2; : : : ,

span¹anº D ¹
P
n ˇnan; ˇn 2 Rº (summation may be done also

over a finite set of elements)

detA — determinant of n�n matrix A is defined by induction on n:
detA D

Pn
sD1.�1/

kCsaksAks , where Aks is determinant of
.n � 1/ � .n � 1/ matrix obtained from A by deleting kth row and
sth column

�v D �xv D

nX
iD1

@2v

@x2i

— Laplace operator in Rn

�v D @2v

@t2
��xv

— D’Alembert operator

rg.x/ D rxg.x/ D gradx g.x/ D
�@g.x/
@x1

;
@g.x/

@x2
; : : : ;

@g.x/

@xn

�
— gradient of function g.x/, x 2 Rn



xii Denotations

divu D divx u D
@u1

@x1
C
@u2

@x2
C
@u3

@x3
— divergence of vector-function u.x/ D .u1.x/; u2.x/; u3.x//,

x 2 R3

rotu D rotx u D
�@u3
@x2
�
@u2

@x3
;
@u1

@x3
�
@u3

@x1
;
@u2

@x1
�
@u1

@x2

�
— rotor of vector-function u.x/ D .u1.x/; u2.x/; u3.x//, x 2 R3
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Chapter 1

Basic concepts and examples

Some think the Earth is spherical, others that it is flat and drum-shaped.
For evidence they bring the fact that, as the sun rises and sets, the part

concealed by the Earth shows a straight and not a curved edge, whereas if
the Earth were spherical the line of section would have to be circular . . .

. . . but in eclipses of the moon the outline is always curved: and, since it is
the interposition of the Earth that makes the eclipse, the form of this line will

be caused by the form of the Earth’s surface, which is therefore spherical.

Aristotle. “On the Heavens”. Written 350 B.C.E.

In this chapter we give the main definitions and consider various examples of inverse
and ill-posed problems. These problems are found everywhere in mathematics (see
the right column of Tables 1 and 2) and in virtually any area of knowledge where
mathematical methods are used. Scientists have been dealing with them since an-
cient times (see the epigraph), but it wasn’t until the middle of the 20th century that
these problems began to be studied systematically and gradually earned the right to
be considered a promising area of modern science.

1.1 On the definition of inverse and ill-posed problems

In our everyday life we are constantly dealing with inverse and ill-posed problems
and, given good mental and physical health, we are usually quick and effective in
solving them. For example, consider our visual perception. It is known that our eyes
are able to perceive visual information from only a limited number of points in the
world around us at any given moment. Then why do we have an impression that
we are able to see everything around? The reason is that our brain, like a personal
computer, completes the perceived image by interpolating and extrapolating the data
received from the identified points. Clearly, the true image of a scene (generally, a
three-dimensional color scene) can be adequately reconstructed from several points
only if the image is familiar to us, i.e., if we previously saw and sometimes even
touched most of the objects in it. Thus, although the problem of reconstructing the
image of an object and its surroundings from several points is ill-posed (i.e., there
is no uniqueness or stability of solutions), our brain is capable of solving it rather
quickly. This is due to the brain’s ability to use its extensive previous experience
(a priori information). A quick glance at a person is enough to determine if he or she
is a child or a senior, but it is usually not enough to determine the person’s age with
an error of at most five years.
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From the example given in the epigraph, it is clear that considering only the shape
of the Earth’s shadow on the surface of the moon is not sufficient for the unique so-
lution of the inverse problem of projective geometry (reconstructing the shape of the
Earth). Aristotle wrote that some think the Earth is drum-shaped based on the fact that
the horizon line at sunset is straight. And he provides two more observations as evi-
dence that the Earth is spherical (uses additional information): objects fall vertically
(towards the center of gravity) at any point of the Earth’s surface, and the celestial
map changes as the observer moves on the Earth’s surface.

Attempting to understand a substantially complex phenomenon and solve a problem
such that the probability of error is high, we usually arrive at an unstable (ill-posed)
problem. Ill-posed problems are ubiquitous in our daily lives. Indeed, everyone real-
izes how easy it is to make a mistake when reconstructing the events of the past from
a number of facts of the present (for example, reconstructing a crime scene based on
the existing direct and indirect evidence, determining the cause of a disease based
on the results of a medical examination, and so on). The same is true for tasks that
involve predicting the future (predicting a natural disaster or simply producing a one
week weather forecast) or “reaching into” inaccessible zones to explore their structure
and internal processes (subsurface exploration in geophysics or examining a patient’s
brain using NMR tomography).

Almost every attempt to expand the boundaries of visual, aural, and other types of
perception leads to ill-posed problems.

What are inverse and ill-posed problems? While there is no universal formal def-
inition for inverse problems, an “ill-posed problem” is a problem that either has no
solutions in the desired class, or has many (at least two) solutions, or the solution
procedure is unstable (arbitrarily small errors in the measurement data may lead to
indefinitely large errors in the solutions). Most difficulties in solving ill-posed prob-
lems are caused by instability. Therefore, the term “ill-posed problems” is often used
for unstable problems.

To define various classes of inverse problems, we should first define a direct prob-
lem. Indeed, something “inverse” must be the opposite of something “direct”. For
example, consider problems of mathematical physics.

In mathematical physics, a direct problem is usually a problem of modeling some
physical fields, processes, or phenomena (electromagnetic, acoustic, seismic, heat,
etc.). The purpose of solving a direct problem is to find a function that describes a
physical field or process at any point of a given domain at any instant of time (if the
field is nonstationary). The formulation of a direct problem includes

1. the domain in which the process is studied;

2. the equation that describes the process;

3. the initial conditions (if the process is nonstationary);

4. the conditions on the boundary of the domain.
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For example, we can formulate the following direct initial boundary value problem
for the acoustic equation: In the domain

� � Rn with boundary � D @�; Rn is a Euclidean space; (1.1.1)

it is required to find a solution u.x; t/ to the acoustic equation

c�2.x/ut t D �u � r ln �.x/ � ruC h.x; t/ (1.1.2)

that satisfies the initial conditions

u.x; 0/ D '.x/; ut .x; 0/ D  .x/ (1.1.3)

and the boundary conditions

@u

@n

ˇ̌̌
�
D g.x; t/: (1.1.4)

Here u.x; t/ is the acoustic pressure, c.x/ is the speed of sound in the medium, �.x/
is the density of the medium, and h.x; t/ is the sources function. Like most direct
problems of mathematical physics, this problem is well-posed, which means that it
has a unique solution and is stable with respect to small perturbations in the data. The
following is given in the direct problem (1.1.1)–(1.1.4): the domain�, the coefficients
c.x/ and �.x/, the source function h.x; t/ in the equation (1.1.2), the initial conditions
'.x/ and  .x/ in (1.1.3), and the boundary conditions g.x; t/ in (1.1.4).

In the inverse problem, aside from u.x; t/, the unknown functions include some of
the functions occurring in the formulation of the direct problem. These unknowns are
called the solution to the inverse problem. In order to find the unknowns, the equations
(1.1.2)–(1.1.4) are supplied with some additional information about the solution to the
direct problem. This information represents the data of the inverse problem. (Some-
times the known coefficients of the direct problem are also taken as data of the inverse
problem. Many variants are possible.) For example, let the additional information be
represented by the values of the solution to the direct problem (1.1.2)–(1.1.4) on the
boundary:

uj� D f .x; t/: (1.1.5)

In the inverse problem, it is required to determine the unknown functions occurring
in the formulation of the direct problem from the data f .x; t/. Inverse problems of
mathematical physics can be classified into groups depending on which functions are
unknown. We will use our example to describe this classification.
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Classification based on the unknown functions. The inverse problem (1.1.2)–
(1.1.5) is said to be retrospective if it is required to determine the initial conditions,
i.e., the functions '.x/ and  .x/ in (1.1.3). The inverse problem (1.1.2)–(1.1.5) is
called an inverse boundary value problem, if it is required to determine the function
in the boundary condition (the function g.x; t/). The inverse problem (1.1.2)–(1.1.5)
is called an extension problem if the initial conditions (1.1.3) are unknown and the
additional information (1.1.5) and the boundary conditions (1.1.4) are specified only
on a certain part �1 � � of the boundary of the domain �, and it is required to
find the solution u.x; t/ of equation (1.1.2) (extend the solution to the interior of the
domain). The inverse problem (1.1.2)–(1.1.5) is called an inverse source problem if
it is required to determine the source, i.e., the function h.x; t/ in equation (1.1.2).
The inverse problem (1.1.2)–(1.1.5) is called a coefficient problem if it is required to
reconstruct the coefficients (c.x/ and �.x/) in the main equation.

It should be noted that this classification is still incomplete. There are cases where
both initial and boundary conditions are unknown, and cases where the domain � (or
a part of its boundary) is unknown.

Classification based on the additional information. Aside from the initial bound-
ary value problem (1.1.2)–(1.1.4), it is possible to give other formulations of the direct
problem of acoustics (spectral, scattering, kinematic, etc.) in which it is required to
find the corresponding parameters of the acoustic process (eigenfrequencies, reflected
waves, wave travel times, and so on). Measuring these parameters in experiments
leads to new classes of inverse problems of acoustics.

In practice, the data (1.1.5) on the boundary of the domain under study are the most
accessible for measurement, but sometimes measuring devices can be placed inside
the object under study:

u.xm; t / D fm.t/; m D 1; 2; : : : ; (1.1.6)

which leads us to interior inverse problems. Much like problems of optimal control,
retrospective inverse problems include the so-called “final” observations

u.x; T / D Of .x/: (1.1.7)

Inverse scattering problems are formulated in the case of harmonic oscillations
u.x; t/ D ei!t Nu.x; !/, the additional information being specified, for example, in
the form

Nu.x; !˛/ D Nf .x; ˛/; x 2 X1; ˛ 2 �; (1.1.8)

where X1 is the set of observation points and ¹!˛º˛2� is the set of observation fre-
quencies. In some cases, the eigenfrequencies of the corresponding differential oper-
ator

�U � r ln � � rU D �U
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and various eigenfunction characteristics are known (inverse spectral problems). It is
sometimes possible to register the arrival time at points ¹xkº for the waves generated
by local sources concentrated at points ¹xmº:

�.xm; xk/ D Qf .xm; xk/; xk 2 X1; xm 2 X2:

In this case, the problem of reconstructing the speed c.x/ is called an inverse kine-
matic problem.

Classification based on equations. As shown above, the acoustic equation alone
yields as many as M1 different inverse problems depending on the number and the
form of the unknown functions. On the other hand, one can obtain M2 different
variants of inverse problems depending on the number and the type of the measured
parameters (additional information), i.e., the data of the inverse problem. Let q rep-
resent the unknown functions, and let f denote the data of the inverse problem. Then
the inverse problem can be written in the form of an operator equation

Aq D f; (1.1.9)

where A is an operator from the space of unknowns Q to the data space F .
It should be noted in conclusion that, instead of the acoustic equation, we could

take the heat conduction equation, the radiative transfer equation, Laplace or Poisson
equation, or the systems of Lamé or Maxwell equations, and the like. Suppose this
could yieldM3 different variants. Then, for equations of mathematical physics alone,
it is possible to formulate about M1M2M3 different inverse problems. Many of these
inverse problems became the subjects of monographs.

Remark 1.1.1. It is certainly possible to make the definition of an inverse problem
even more general, since even the law (equation) under study is sometimes unknown.
In this case, it is required to determine the law (equation) from the results of experi-
ments (observations).

The discoveries of new laws expressed in the mathematical form (equations) are
brought about by a lot of experiments, reasoning, and discussions. This complex
process is not exactly a process of solving an inverse problem. However, the term
“inverse problems” is gaining popularity in the scientific literature on a wide variety of
subjects. For example, there have been attempts to view mathematical statistics as an
inverse problem with respect to probability theory. There is a lot in common between
the theory of inverse problems and control theory, the theory of pattern recognition,
and many other areas. This is easy to see, for example, from the results of a search
for “inverse problems” on the web site www.amazon.com. At the time when this
was written (May 31, 2007), the search produced 6687 titles containing the words
“inverse problems”, and each of the books found, in its turn, had a list of references to
the relevant literature. This monograph, however, deals with only a few mathematical
aspects of the theory of inverse problems.
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The structure of the operatorA. The direct problem can be written in the operator
form

A1.�; c; �; h; ';  ; g/ D u:

This means that the operator A1 maps the data of the direct problem to the solution of
the direct problem, u.x; t/. We call A1 the operator of the direct problem. Some data
of the direct problem are unknown in the inverse problem. We denote these unknowns
by q, and the restriction of A1 to q by A1. The measurement operator A2 maps the
solution u.x; t/ of the direct problem to the additional information f , for example,
A2u D uj� or A2u D u.xk ; t /, k D 1; 2; : : : , etc. Then equation (1.1.9) becomes as
follows:

Aq � A2A1q D f;

where A is the result of the consecutive application (composition) of the operators
A1 and A2. For example, in the retrospective inverse problem we have q D .';  /,
f D u.x; T /, A1q D u.x; t/, and A2A1q D u.x; T /; in the coefficient inverse
problem, we have q D .c; �/, f D uj� , A1q D u.x; t/, and A2A1q D uj� , etc. The
operator A1 of the direct problem is usually continuous (the direct problem is well-
posed), and so is the measurement operator (normally, one chooses to measure stable
parameters of the process under study). The properties of the composition A2A1
are usually even too good (in ill-posed problems, A D A2A1 is often a completely
continuous operator or, in other words, a compact operator). This complicates finding
the inverse of A, i.e., solving the inverse problem Aq D f . In a simple example
where A is a constant, the smaller the number A being multiplied by q, generally
speaking, the smaller the error (if q is approximate):

A.q C ıq/ D Qf ;

i.e., the operator of the direct problem has good properties. However, when solving
the inverse problem with approximate data Qf D f C ıf , we have

Qq D q C ıq D
Qf

A
D
f

A
C
ıf

A
;

ıq D
ıf

A
;

and the error ıq D Qq�q can be indefinitely large if the numberA is sufficiently small.
Inverse and ill-posed problems began to attract the attention of scientists in the early

20th century. In 1902, J. Hadamard formulated the concept of the well-posedness
(properness) of problems for differential equations (see supplementary references
for Chapter 2: Hadamard, 1902). A problem is called well-posed in the sense of
Hadamard if there exists a unique solution to this problem that continuously depends
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on its data (see Definition 2.1.1). In the same paper, Hadamard also gave an exam-
ple of an ill-posed problem (the Cauchy problem for Laplace equation). In 1943,
A. N. Tikhonov pointed out the practical importance of such problems and the possi-
bility of finding stable solutions to them. In the 1950’s and 1960’s there appeared a se-
ries of new approaches that became fundamental for the theory of ill-posed problems
and attracted the attention of many mathematicians to this theory. With the advent
of powerful computers, inverse and ill-posed problems started to gain popularity very
rapidly. By the present day, the theory of inverse and ill-posed problems has developed
into a new powerful and dynamic field of science that has an impact on almost every
area of mathematics, including algebra, calculus, geometry, differential equations,
mathematical physics, functional analysis, computational mathematics, etc. Some ex-
amples of well-posed and ill-posed problems are presented below in Tables 1 and 2. It
should be emphasized that, one way or the other, every ill-posed problem (in the right
column) can be formulated as an inverse problem with respect to a well-posed direct
problem (the corresponding problems in the left column of Tables 1 and 2).

The theory of inverse and ill-posed problems is also widely used in solving applied
problems in almost all fields of science, in particular:

	 physics (quantum mechanics, acoustics, electrodynamics, etc.);

	 geophysics (seismic exploration, electrical, magnetic and gravimetric prospect-
ing, logging, magnetotelluric sounding, etc.);

	 medicine (X-ray and NMR tomography, ultrasound testing, etc.);

	 ecology (air and water quality control, space monitoring, etc.);

	 economics (optimal control theory, financial mathematics, etc.).

More detailed examples of applications of inverse and ill-posed problems are given
in the next section, in the beginning of each chapter, and in the sections devoted to
specific applications.

Without going into further details of mathematical definitions, we note that, in most
cases, inverse and ill-posed problems have one important property in common: insta-
bility. In the majority of cases that are of interest, inverse problems turn out to be
ill-posed and, conversely, an ill-posed problem can usually be reduced to a problem
that is inverse to some direct (well-posed) problem.

To sum up, it can be said that specialists in inverse and ill-posed problems study
the properties of and regularization methods for unstable problems. In other words,
they develop and study stable methods for approximating unstable mappings, trans-
formations, or operations. From the point of view of information theory, the theory
of inverse and ill-posed problems deals with maps from data tables with very small
epsilon-entropy to tables with large epsilon-entropy (Babenko, 2002).
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Well-posed problems Ill-posed problems

Arithmetic

Multiplication by a small number A
Aq D f

Division by a small number A
q D A�1f (A
 1)

Algebra

Multiplication by a matrix
Aq D f

q D A�1f ,
A is ill-conditioned,
A is degenerate,

the system is inconsistent

Calculus

Integration

f .x/ D f .0/C

Z x

0

q.	/ d	

Differentiation
q.x/ D f 0.x/

Differential equations

The Sturm–Liouville problem
u00.x/ � q.x/u.x/ D �u.x/,

u.0/ � hu0.0/ D 0,
u.1/ �Hu0.1/ D 0

The inverse
Sturm–Liouville problem
¹�n; kunk

2º ! q.x/

Integral geometry

Find the integral
of a function q.x; y/
along a curve �.	; 
/

Find q.x; y/
from a family of integralsZ
�.�;�/

q.x; y/ ds D f .	; 
/

Integral equations

Volterra equations
and Fredholm equations of the second kind

q.x/C

Z x

0

K.x; 	/q.	/ d	 D f .x/

q.x/C

Z b

a

K.x; 	/q.	/ d	 D f .x/

Volterra equations
and Fredholm equations of the first kindZ x

0

K.x; 	/q.	/ d	 D f .x/

Z b

a

K.x; 	/q.	/ d	 D f .x/

Table 1
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Well-posed problems Ill-posed problems

Elliptic equations

�u D 0

Dirichlet and Neumann problems,
Robin problem (mixed)

�u D 0

Cauchy problem
Initial boundary value problem

with data given on a part of the boundary

Parabolic equations

1) Cauchy problem
�u D ut ; t > 0

u
ˇ̌
tD0
D f .x/

2) Initial boundary value problem
�u D ut ; t > 0

u
ˇ̌
tD0
D 0

u
ˇ̌
S
D g.x; t/

Cauchy problem
in reversed time
�ut D �u

u
ˇ̌
tD0
D f

Initial boundary value problem
with data given on a part of the boundary

ut D �u

u
ˇ̌
xD0
D f1, ux

ˇ̌
xD0
D f2

Hyperbolic equations

Cauchy problem
Initial boundary value problem

Dirichlet and Neumann problems
Cauchy problem with data on

a time-like surface

Direct problems Coefficient inverse problems

²
ut t D uxx � q.x/u

ujtD0 D '.x/; ut jtD0 D  .x/²
ut D uxx � q.x/u

ujtD0 D 0

r.q.x/ru/ D 0, ujS D g

´
ut t D uxx � q.x/u

ujtD0 D '.x/; ut jtD0 D  .x/

u.0; t/ D f .t/²
ut D uxx � q.x/u

ujtD0 D 0; u.0; t/ D f .t/

r.q.x/ru/ D 0, ujS D g,
@u

@n

ˇ̌̌
S
D f

Table 2

1.2 Examples of inverse and ill-posed problems

Example 1.2.1 (algebra, systems of linear algebraic equations). Consider the system
of linear algebraic equations

Aq D f; (1.2.1)

where A is an m � n matrix, q and f are n- and m-dimensional vectors, respectively.
Let the rank of A be equal to min.m; n/. If m < n, the system has many solutions.
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If m > n, there may be no solutions. If m D n, the system has a unique solution
for any right-hand side. In this case, there exists an inverse operator (matrix) A�1. It
is bounded, since it is a linear operator in a finite-dimensional space. Thus, all three
conditions of well-posedness in the sense of Hadamard are satisfied.

We now analyze in detail the dependence of the solution on the perturbations of the
right-hand side f in the case where the matrix A is nondegenerate.

Subtracting the original equation (1.2.1) from the perturbed equation

A.q C ıq/ D f C ıf; (1.2.2)

we obtain Aıq D ıf , which implies ıq D A�1ıf and kıqk � kA�1kkıf k. We also
have kAkkqk � kf k.

As a result, the best estimate for the relative error of the solution is

kıqk

kqk
� kAkkA�1k

kıf k

kf k
; (1.2.3)

which shows that the error is determined by the constant �.A/ D kAkkA�1k called
the condition number of the system (matrix). Systems with relatively large condition
number are said to be ill-conditioned. For normalized matrices .kAk D 1/, it means
that there are relatively large elements in the inverse matrix and, consequently, small
variations in the right-hand side may lead to relatively large (although finite) variations
in the solution. Therefore, systems with ill-conditioned matrices can be considered
practically unstable, although formally the problem is well-posed and the stability
condition kA�1k <1 holds.

For example, the matrix 0
BBBBB@
1 a 0 : : : 0

0 1 a : : : 0
:::

:::
:::

: : :
:::

0 0 0 : : : a

0 0 0 : : : 1

1
CCCCCA

is ill-conditioned for sufficiently large n and jaj > 1 because the inverse matrix has
elements of the form an�1.

In the case of perturbations in the elements of the matrix, the estimate (1.2.3) be-
comes as follows:

kıqk

kqk
� �.A/

kıAk

kAk

ı �
1 � �.A/

kıAk

kAk

�
(for kA�1kkıAk < 1).

If m D n and the determinant of A is zero, then the system (1.2.1) may have either
no solutions or more than one solution. It follows that the problem Aq D f is ill-
posed for degenerate matrices A .detA D 0/.
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Example 1.2.2 (calculus; summing a Fourier series). The problem of summing a
Fourier series consists in finding a function q.x/ from its Fourier coefficients.

We show that the problem of summing a Fourier series is unstable with respect to
small variations in the Fourier coefficients in the l2 metric if the variations of the sum
are estimated in the C metric. Let

q.x/ D

1X
kD1

fk cos kx;

and let the Fourier coefficients fk of the function q.x/ have small perturbations: Qfk D
fk C "=k. Set

Qq.x/ D

1X
kD1

Qfk cos kx:

The difference between the coefficients of these series in the l2 metric is

° 1X
kD1

.fk � Qfk/
2
±1=2
D "

° 1X
kD1

1

k2

±1=2
D "

s
�2

6
;

which vanishes as "! 0. However, the difference

q.x/ � Qq.x/ D "

1X
kD1

1

k
cos kx

can be as large as desired because the series diverges for x D 0.
Thus, if the C metric is used to estimate variations in the sum of the series, then

summation of the Fourier series is not stable.

Example 1.2.3 (geometry). Consider a body in space that can be illuminated from
various directions. If the shape of the body is known, the problem of determining the
shape of its shadow is well-posed. The inverse problem of reconstructing the shape
of the body from its projections (shadows) on various planes is well-posed only for
convex bodies, since a concave area obviously cannot be detected this way.

As noted before, Aristotle was one of the first to formulate and solve a problem of
this type. Observing the shadow cast by the Earth on the moon, he concluded that the
Earth is spherical.

Example 1.2.4 (integral geometry on straight lines). One of the problems arising in
computerized tomography is to determine a function of two variables q.x; y/ from
the collection of integrals Z

L.p;'/

q.x; y/ d l D f .p; '/
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along various lines L.p; '/ in the plane (x, y), where p and ' are the line parameters.
This problem is not well-posed because the condition for the existence of a solution
for any right-hand side f .�; '/ does not hold (see Section 5.1).

Example 1.2.5 (integral geometry on circles). Consider the problem of determining
a function of two variables q.x; y/ from the integral of this function over a collection
of circles whose centers lie on a fixed line.

Assume that q.x; y/ is continuous for all .x; y/ 2 R2. Consider a collection of
circles whose centers lie on a fixed line (for definiteness, let this line be the coordinate
axis y D 0). Let L.a; r/ denote the circle .x � a/2C y2 D r2, which belongs to this
collection. It is required to determine q.x; y/ from the function f .x; r/ such thatZ

L.x;r/

q.	; �/ d l D f .x; r/; (1.2.4)

and f .x; r/ is defined for all x 2 .�1;1/ and r > 0.
The solution of this problem is not unique in the class of continuous functions, since

for any continuous function Qq.x; y/ such that Qq.x; y/ D �Qq.x;�y/ the integralsZ
L.x;r/

Qq.	; �/ d l

vanish for all x 2 R and r > 0. Indeed, using the change of variables 	 D xCr cos',
� D r sin', we obtainZ

L.x;r/

Qq.	; �/ d l D

Z 2�

0

Qq.x C r cos'; r sin'/r d'

D

Z �

0

Qq.x C r cos'; r sin'/r d'

C

Z 2�

�

Qq.x C r cos'; r sin'/r d': (1.2.5)

Putting N' D 2� � ' and using the condition Qq.x; y/ D �Qq.x;�y/, we transform the
last integral in the previous formula:Z 2�

�

Qq.x C r cos'; r sin'/r d' D
Z 0

�

Qq.x C r cos N';�r sin N'/r d N'

D �

Z �

0

Qq.x C r cos N'; r sin N'/r d N':

Substituting the result into (1.2.5), we haveZ
L.x;r/

Qq.	; �/ d l D 0

for x 2 R, r > 0.
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Thus, if q.x; y/ is a solution to the problem (1.2.4) and Qq.x; y/ is any continuous
function such that Qq.x; y/ D �Qq.x;�y/, then q.x; y/C Qq.x; y/ is also a solution to
(1.2.4). For this reason, the problem can be reformulated as the problem of determin-
ing the even component of q.x; y/ with respect to y.

The first well-posedness condition is not satisfied in the above problem: solutions
may not exist for some f .x; r/. However, the uniqueness of solutions in the class
of even functions with respect to y can be established using the method described in
Section 5.2.

Example 1.2.6 (a differential equation; Denisov, 1994). The rate of radioactive decay
is proportional to the amount of the radioactive substance. The proportionality con-
stant q1 is called the decay constant. The process of radioactive decay is described by
the solution of the Cauchy problem for an ordinary differential equation

du

dt
D �q1u.t/; t � 0; (1.2.6)

u.0/ D q0; (1.2.7)

where u.t/ is the amount of the substance at a given instant of time and q0 is the
amount of the radioactive substance at the initial instant of time.

The direct problem: Given the constants q0 and q1, determine how the amount of
the substance u.t/ changes with time. This problem is obviously well-posed. More-
over, its solution can be written explicitly as follows:

u.t/ D q0e�q1t ; t � 0:

Assume now that the decay constant q1 and the initial amount of the radioactive
substance q0 are unknown, but we can measure the amount of the radioactive sub-
stance u.t/ for certain values of t . The inverse problem consists in determining the
coefficient q1 in equation (1.2.6) and the initial condition q0 from the additional in-
formation about the solution to the direct problem u.tk/ D fk , k D 1; 2; : : : ; N .

Exercise 1.2.1. Use the explicit formula for the solution of the direct problem

u.t/ D q0e�q1t

to determine if the inverse problem is well-posed, depending on the number of points
tk , k D 1; 2; : : : ; N , at which the additional information fk D u.tk/ is measured.

Example 1.2.7 (a system of differential equations). A chemical kinetic process is
described by the solution to the Cauchy problem for the system of linear ordinary
differential equations

dui

dt
D qi1u1.t/C qi2u2.t/C � � � C qinun.t/; (1.2.8)

ui .0/ D Nqi ; i D 1; : : : ; N: (1.2.9)
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Here ui .t/ is the concentration of the i th substance at the instant t . The constant
parameters qij characterize the dependence of the change rate of the concentration of
the i th substance on the concentration of the substances involved in the process.

The direct problem: Given the parameters qij and the concentrations Nqi at the initial
instant of time, determine ui .t/.

The following inverse problem can be formulated for the system of differential
equations (1.2.8). Given that the concentrations of substances ui .t/, i D 1; : : : ; N ,
are measured over a period of time t 2 Œt1; t2
, it is required to determine the values
of the parameters qij , i.e., to determine the coefficients of the system (1.2.8) from a
solution to this system. Two versions of this inverse problem can be considered. In
the first version, the initial conditions (1.2.9) are known, i.e., Nqi are given and the
corresponding solutions ui .t/ are measured. In the second version, Nqi are unknown
and must be determined together with qij (Denisov, 1994).

Example 1.2.8 (differential equation of the second order). Suppose that a particle of
unit mass is moving along a straight line. The motion is caused by a force q.t/ that
depends on time. If the particle is at the origin x D 0 and has zero velocity at the
initial instant t D 0, then, according to Newton’s laws, the motion of the particle is
described by a function u.t/ satisfying the Cauchy problem

Ru.t/ D q.t/; t 2 Œ0; T 
; (1.2.10)

u.0/ D 0; Pu.0/ D 0; (1.2.11)

where u.t/ is the coordinate of the particle at the instant t . Assume now that the
force q.t/ is unknown, but the coordinate of the particle u.t/ can be measured at any
instant of time (or at certain points of the interval Œ0; T 
). It is required to reconstruct
q.t/ from u.t/. Thus, we have the following inverse problem: determine the right-
hand side of equation (1.2.10) (the function q.t/) from the known solution u.t/ to the
problem (1.2.10), (1.2.11).

We now prove that the inverse problem is unstable.
Let u.t/ be a solution to the direct problem for some q.t/. Consider the following

perturbations of the solution to the direct problem:

un.t/ D u.t/C
1

n
cos.nt/:

These perturbations correspond to the right-hand sides

qn.t/ D q.t/ � n cos.nt/:

Obviously, ku � unkCŒ0;T � ! 0 as n!1, and kq � qnkcŒ0;T � !1 as n!1.
Thus, the problem of determining the right-hand side of the linear differential equa-

tion (1.2.10), (1.2.11) from its right-hand side is unstable.
Note that the inverse problem is reduced to double differentiation if the values of

u.t/ are given for all t 2 Œ0; T 
.
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Exercise 1.2.2. Analyze the differentiation operation for stability (see Example 2.5.1).

Example 1.2.9 (Fredholm integral equation of the first kind). Consider the problem
of solving a Fredholm integral equation of the first kind (see Section 4.1)Z b

a

K.x; s/q.s/ ds D f .x/; c � x � d; (1.2.12)

where the kernelK.x; s/ and the function f .x/ are given and it is required to find q.s/.
It is assumed that f .x/ 2 C Œc; d 
, q.s/ 2 C Œa; b
, and K.x; s/, Kx.x; s/, and
Ks.x; s/ are continuous in the rectangle c � x � d , a � s � b. The problem
of solving equation (1.2.12) is ill-posed because solutions may not exist for some
functions f .x/ 2 C Œc; d 
. For example, take a function f .x/ that is continuous but
not differentiable on Œc; d 
. With such a right-hand side, the equation cannot have a
continuous solution q.s/ since the conditions for the kernelK.x; s/ imply that the in-
tegral in the left-hand side of (1.2.12) is differentiable with respect to the parameter x
for any continuous function q.s/.

The condition of continuous dependence of solutions on the initial data is also not
satisfied for equation (1.2.12). Consider the sequence of functions

qn.s/ D q.s/C n sin.n2s/; n D 0; 1; 2; : : : :

Substituting qn.s/ into (1.2.12), we obtain

fn.x/ D

Z b

a

K.x; s/qn.s/ ds

D f .x/C

Z b

a

K.x; s/n sin.n2s/ ds; n D 0; 1; : : : :

We now estimate kfn � f kCŒc;d�. Since

jfn.x/ � f .x/j �
ˇ̌̌ Z b

a

K.x; s/n sin.n2s/ ds
ˇ̌̌

D
ˇ̌̌
�
1

n
cos.n2s/K.x; s/

ˇ̌̌b
a
C
1

n

ˇ̌̌ Z b

a

Ks.x; s/ cos.n2s/ ds
ˇ̌̌
�
K1

n
;

where the constant K1 does not depend on n, we have

kfn � f kCŒc;d� �
K1

n
; n D 0; 1; : : : :

On the other hand, from the definition of the sequence qn.s/ it follows that

kqn � qkCŒa;b� !1 as n!1:

Thus, as n!1, the initial data fn.x/ are as close to f .x/ as desired, but the corre-
sponding solutions qn.s/ do not converge to q.s/, which means that the dependence
of solutions on the initial data is not continuous.
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Example 1.2.10 (Volterra integral equation of the first kind). Consider a Volterra in-
tegral equation of the first kind (see Section 4.1)Z x

0

K.x; s/ q.s/ ds D f .x/; 0 � x � 1: (1.2.13)

Assume thatK.x; s/ is continuous, has partial derivatives of the first order for 0 � s �
x � 1, and K.x; x/ D 1 for x 2 Œ0; 1
. Suppose also that the unknown function q.s/
must belong to C Œ0; 1
 and f .x/ 2 C0Œ0; 1
, where C0Œ0; 1
 is the space of functions
f .x/ continuous on Œ0; 1
 such that f .0/ D 0, endowed with the uniform metric.

Exercise 1.2.3. Prove that the problem of solving equation (1.2.13) is ill-posed.

Example 1.2.11 (the Cauchy problem for Laplace equation). Let u D u.x; y/ be a
solution to the following problem (see Chapter 7):

�u D 0; x > 0; y 2 R; (1.2.14)

u.0; y/ D f .y/; y 2 R; (1.2.15)

ux.0; y/ D 0; y 2 R: (1.2.16)

Let the data f .y/ be chosen as follows:

f .y/ D fn.y/ D u.0; y/ D
1

n
sin.ny/:

Then the solution to the problem (1.2.14)–(1.2.16) is given by

un.x; y/ D
1

n
sin.ny/.enx C e�nx/; n 2 N: (1.2.17)

For any fixed x > 0, the solution un.x; y/ tends to infinity as n!1, while f .y/
tends to zero as n!1. Therefore, small variations in the data of the problem in C l

or W l
2 (for any l <1) may lead to indefinitely large variation in the solution, which

means that the problem (1.2.14)–(1.2.16) is ill-posed.

Example 1.2.12 (an inverse problem for a partial differential equation of the first
order). Let q.x/ be continuous and '.x/ be continuously differentiable for all x 2 R.
Then the following Cauchy problem is well-posed:

ux � uy C q.x/u D 0; .x; y/ 2 R2; (1.2.18)

u.x; 0/ D '.x/; x 2 R: (1.2.19)

Consider the inverse problem of reconstructing q.x/ from the additional information
about the solution to the problem (1.2.18), (1.2.19)

u.0; y/ D  .y/; y 2 R: (1.2.20)



Section 1.2 Examples of inverse and ill-posed problems 17

The solution to (1.2.18), (1.2.19) is given by the formula

u.x; y/ D '.x C y/ exp
� Z x

xCy

q.	/ d	
�
; .x; y/ 2 R2:

The condition (1.2.20) implies

 .y/ D '.y/ exp
� Z 0

y

q.	/ d	
�
; y 2 R: (1.2.21)

Thus, the conditions

1) '.y/ and  .y/ are continuously differentiable for y 2 R;

2)  .y/='.y/ > 0, y 2 R;  .0/ D '.0/

are necessary and sufficient for the existence of a solution to the inverse problem,
which is determined by the following formula (Romanov, 1973a):

q.x/ D �
d

dx

h
ln
 .x/

'.x/

i
; x 2 R: (1.2.22)

If '.y/ and  .y/ are only continuous, then the problem is ill-posed.

Example 1.2.13 (the Cauchy problem for the heat conduction equation in reversed
time). The Cauchy problem in reversed time is formulated as follows: Let a function
u.x; t/ satisfy the equation

ut D uxx ; 0 < x < �; t > 0 (1.2.23)

and the boundary conditions

u.0; t/ D u.�; t/ D 0; t > 0: (1.2.24)

It is required to determine the values of u.x; t/ at the initial instant t D 0:

u.x; 0/ D q.x/; 0 � x � �; (1.2.25)

given the values of u.x; t/ at a fixed instant of time t D T > 0

u.x; T / D f .x/; 0 � x � �: (1.2.26)

This problem is inverse to the problem of finding a function u.x; t/ satisfying (1.2.23)–
(1.2.25) where the function q.x/ is given. The solution to the direct problem (1.2.23)–
(1.2.25) is given by the formula

u.x; t/ D

1X
nD1

e�n
2tqn sinnx; (1.2.27)
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where ¹qnº are the Fourier coefficients of q.x/:

qn.x/ D
2

�

Z �

0

q.x/ sin.nx/ dx:

Setting t D T in (1.2.27), we get

f .x/ D

1X
nD1

e�n
2T qn sinnx; x 2 Œ0; �
; (1.2.28)

which implies

qn D fnen
2T ; n D 1; 2; : : : ;

where ¹fnº are the Fourier coefficients of f .x/.
Since the function q.x/ 2 L2.0; �/ is uniquely determined by its Fourier coeffi-

cients ¹qnº, the solution of the inverse problem is unique in L2.0; �/. Note that the
condition (1.2.25) holds as a limit condition:

lim
t!C0

Z �

0

Œu.x; t/ � q.x/
2 dx D 0:

The inverse problem (1.2.23)–(1.2.26) has a solution if and only if

1X
nD1

f 2n e2n
2T <1;

which obviously cannot hold for all functions f 2 L2.0; �/.

Example 1.2.14 (coefficient inverse problem for the heat conduction equation). The
solution u.x; t/ to the boundary value problem for the heat conduction equation

c�ut D .kux/x � ˛uC f; 0 < x < l; 0 < t < T; (1.2.29)

u.0; t/ � �1ux.0; t/ D �1.t/; 0 � t � T; (1.2.30)

u.`; t/ � �2ux.l; t/ D �2.t/; 0 � t � T; (1.2.31)

u.x; 0/ D '.x/; 0 � x � l; (1.2.32)

describes many physical processes such as heat distribution in a bar, diffusion in a
hollow tube, etc. The equation coefficients and the boundary conditions represent the
parameters of the medium under study. If the problem (1.2.29)–(1.2.32) describes the
process of heat distribution in a bar, then c and k are the heat capacity coefficient and
the heat conduction coefficient, respectively, which characterize the material of the
bar. In this case, the direct problem consists in determining the temperature of the
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bar at a point x at an instant t (i.e., determining the function u.x; t/) from the known
parameters c, �, k, ˛, f , �1, �2, �1, �2, and '. Now suppose that all coefficients and
functions that determine the solution u.x; t/ except the heat conduction coefficient
k D k.x/ are known, and the temperature of the bar can be measured at a certain
interior point x0, i.e., u.x0; t / D f .t/, 0 � t � T . The following inverse problem
arises: determine the heat conduction coefficient k.x/, provided that the function f .t/
and all other functions in (1.2.29)–(1.2.32) are given. Other inverse problems can be
formulated in a similar way, including the cases where C D C.u/, k D k.u/, etc.
(Alifanov, Artyukhin, and Rumyantsev, 1988).

Example 1.2.15 (interpretation of measurement data). The operation of many mea-
surement devices that measure nonstationary fields can be described as follows: a
signal q.t/ arrives at the input of the device, and a function f .t/ is registered at the
output. In the simplest case, the functions q.t/ and f .t/ are related by the formulaZ t

0

g.t � �/q.�/ d� D f .t/: (1.2.33)

In this case, g.t/ is called the impulse response function of the device. In theory, g.t/
is the output of the device in the case where the input is the generalized function ı.t/,
i.e., Dirac’s delta function (see its definition in Appendix A):

R t
a g.t � �/ı.t/d� D

g.t/. In practice, in order to obtain g.t/, a sufficiently short and powerful impulse is
provided as an input. The resulting output function is close to the impulse response
function in a certain sense.

Thus, the problem of interpreting measurement data, i.e., determining the form
of the input signal q.t/ is reduced to solving the integral equation of the first kind
(1.2.33) (see Section 4.2).

The relationship between the input signal q.t/ and the output function f .t/ can be
more complicated. For a “linear” device, this relationship has the formZ t

0

K.t; �/q.�/ d� D f .t/:

The relationship between q.t/ and f .t/ can be nonlinear (see Section 4.6):Z t

0

K.t; �; q/ d� D f .t/:

This model describes the operation of devices that register alternate electromagnetic
fields, pressure and tension modes in a continuous medium, seismographs, which
record vibrations of the Earth’s surface, and many other kinds of devices.

Remark 1.2.1. To solve the simple equation (1.2.33), one can use Fourier or Laplace
transforms. For example, extend all functions in (1.2.33) by zero to t < 0, and let
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Qg.�/, Qq.�/, and Qf .�/ be the Fourier transforms of the functions g.t/, q.t/, and f .t/,
respectively:

Qg.�/ D

Z 1
0

ei�tg.t/ dt; Qq.�/ D

Z 1
0

ei�tq.t/ dt; Qf .�/ D

Z 1
0

ei�tf .t/ dt:

Then, by the convolution theorem,

Qg.�/ Qq.�/ D Qf .�/;

and, consequently, the inversion of the Fourier transform yields the formula for the
solution of (1.2.33):

q.t/ D
1

2�

Z 1
�1

e�i�t Qq.�/ d� D
1

2�

Z 1
�1

e�i�t
Qf .�/

Qg.�/
d�: (1.2.34)

The calculation method provided by formula (1.2.34) is unstable because the function
Qg.�/, which is the Fourier transform of the impulse response function of the device,
tends to zero as � ! 1 in real-life devices. This means that arbitrarily small varia-
tions in the measured value of Qf .�/ can lead to very large variations in the solution
q.t/ for sufficiently large �.

Remark 1.2.2. If g.t/ is a constant, then the problem of solving (1.2.33) is the dif-
ferentiation problem.

Example 1.2.16 (continuation of stationary fields). Some problems of interpreting
gravitational and magnetic fields related to mineral exploration lead to ill-posed prob-
lems equivalent to the Cauchy problem for Laplace equation. If the Earth were a
spherically uniform ball, the gravitational field strength on the surface of the Earth
would be constant. The inhomogeneity of the land surface and the density distribu-
tion within the Earth causes the gravitational field strength on the Earth’s surface to
deviate from its mean value. Although these deviations are small in terms of percent-
age, they are reliably registered by physical devices (gravimeters). Gravimetric data
are used in mineral exploration and prospecting.

The purpose of gravimetric exploration is to determine the location and shape of
subsurface inhomogeneities based on gravimetric measurement data.

If the distance between geological bodies is greater than the distance between either
of them and the surface of the Earth, then their locations correspond to the local
maxima of the anomalies. Otherwise, the two bodies may be associated with a single
local maximum. Geophysical measurements and the interpretation of their results
represent the preliminary stage in prospecting for mineral deposits. The main stage
of prospecting consists in drilling the exploratory wells and analyzing the drilling
data. If the shape of an anomaly leads us to the conclusion that it represents a single
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body, then a natural choice would be to drill in the center of the anomaly. However,
if the conclusion is wrong, the decision to drill in the center will result in the well
being drilled between the actual bodies that we are interested in. This was often the
case in the practice of geological exploration. Then it was proposed to calculate the
anomalous gravitational field at a certain depth under the surface based on the results
of the gravitational measurements performed on the surface of the Earth (i.e., to solve
the Cauchy problem for Laplace equation). If it turns out that the anomaly at that
depth still has a single local maximum, then it is highly probable that the anomaly
is generated by a single body. Otherwise, if two local maxima appear as a result of
recalculation, then it is natural to conclude that there are two bodies, and the locations
for drilling must be chosen accordingly.

A similar problem formulation arises when interpreting anomalies of a constant
magnetic field, since the potential and the components of the field strength outside the
magnetic bodies also satisfy Laplace equation.

In electrical sounding using direct-current resistivity methods, direct current is ap-
plied to two electrodes inserted into the ground and the potential difference on the
surface is measured. It is required to determine the structure of the subsurface area
under study based on the measurement results. If the sediment layer is a homogeneous
conductive medium and the basement resistivity is much higher, then the electric cur-
rent lines will run along the relief of the basement surface. Consequently, to determine
the relief of the basement surface, it suffices to determine the electric current lines in
the sediment layer. In a homogeneous medium, the direct current potential satisfies
Laplace equation. The normal derivative of the electric potential on the Earth’s sur-
face is equal to zero. The potential is measured. Thus, we again arrive at the Cauchy
problem for Laplace equation.



Chapter 2

Ill-posed problems

Happy families are all alike;
every unhappy family is unhappy in its own way.

Leo Tolstoy. “Anna Karenina”.

There is no universal method for solving ill-posed problems. In every specific case,
the main “trouble”—instability—has to be tackled in its own way.

This chapter is a brief introduction to the foundations of the theory of ill-posed
problems. We begin with abstract definitions of well-posedness, ill-posedness, and
conditional well-posedness (Section 2.1), since it is assumed that the reader is already
familiar with relevant examples from various areas of mathematics and other sciences
after having read the first chapter. Paying tribute to the founders of the theory of
ill-posed problems, we devote the next three sections (2.2–2.4) to the theorems and
methods formulated by A. N. Tikhonov, V. K. Ivanov, and M. M. Lavrentiev. Theo-
rem 2.2.1 on the continuity of the inverse mapping A�1 W A.M/! M for any com-
pact set M and continuous one-to-one operator A provides the basis for the theory of
conditionally well-posed problems and for constructing a variety of effective numeri-
cal algorithms for solving them (Section 2.2). The concept of a quasi-solution intro-
duced by V. K. Ivanov (Section 2.3) serves three purposes: it generalizes the concept
of a solution, restores all the well-posedness conditions, and yields new algorithms for
the approximate solution of ill-posed problems. The Lavrentiev method (Section 2.4)
is used to construct numerical algorithms for solving a wide class of systems of alge-
braic equations (Chapter 3), linear and nonlinear integral equations of the first kind
(Chapter 4). The concept of a regularizing family of operators (Section 2.5) is funda-
mental to the theory of ill-posed problems. In brief, a regularizing family ¹R˛º˛>0 (or
a regularizing sequence ¹Rnº) consists of operators R˛ such that there exists a stable
procedure for constructing approximate solutions q˛ D R˛f to the equationAq D f
which converge to the exact solution qe as ˛ ! C0. Another important property of
regularizing operators consists in providing a way to construct an approximate solu-
tion q˛ı D R˛fı from the approximate data fı for which the solution to the equation
Aq D fı may not exist. In many cases, it can be proved that q˛ı converge to the
exact solution qe if the regularization parameter ˛ and the error ı in the right-hand
side f tend to zero at concerted rates (see, for example, Theorem 2.5.2). Iterative
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regularization based on the minimization of the objective functional J.q/ D kAq �
f k2 by gradient descent methods (Section 2.5) is one of the most effective and com-
monly used regularization methods. Gradient methods have their origins in the well-
known fact that if the gradient J 0q of the functional J.q/ does not vanish at a point
q 2 Q, then moving in the antigradient direction to the point qCıq, we can reduce the
value of the functional J.qC ıq/, provided that the descent step is sufficiently small.
Indeed, choosing ıq D �˛J 0q, where ˛ is positive, and recalling the definition of the
gradient (for simplicity, Q is assumed to be a Hilbert space), we can write

J.q � ˛J 0q/ � J.q/ D hJ 0q;�˛J 0qi C o.˛kJ 0qk/ D �˛kJ 0qk2 C o.˛kJ 0qk/;

which shows that the right-hand side becomes negative as ˛ !C0 and, consequently,
J.q C ıq/ D J.q � ˛J 0q/ < J.q/ for sufficiently small ˛. Therefore, varying the
descent step size ˛n and sometimes adjusting the direction of the descent (see, for
example, the conjugate gradient method), we can construct a minimizing sequence
qnC1 D qn � ˛nJ

0qn such that J.qnC1/ < J.qn/. Furthermore, it turns out that
the rate of decrease of the functional J.qn/ can be estimated for many gradient meth-
ods even if the problem Aq D f is ill-posed (Section 2.7). The strong convergence
kqn � qek ! 0 as n ! 1 is more problematic. Clearly, it is possible only if the
equation Aq D f has at least one exact solution qe . If the sequence qn is constructed
using the method of simple iteration, the steepest descent method, or the conjugate
gradient method, the monotonic convergence kqn � qek & 0 can be easily estab-
lished (Section 2.6). However, for the numerical solution of ill-posed problems it is
especially important to estimate the rate of convergence and to have a stopping crite-
rion for the iterative process. It has been observed experimentally that in solving an
ill-posed problem Aq D f with approximate data fı (kf � fık � ı) by a gradient
method, the minimizing sequence ¹qnıº may approach the exact solution at an early
stage, but the value of kqnı � qek may start to increase at later stages. Then how to
formulate the criterion for stopping the iterative process? The most commonly used
criterion is the minimal residual principle, which is based on the credible specula-
tion that it is probably not worth continuing the process after the residual kAq � fık
becomes less than the measurement error ı. This also applies to the choice of the
regularization parameter ˛, except that we can, for example, choose a set of regu-
larization parameters 0 < ˛1 < ˛2 < � � � < ˛k , calculate the corresponding q

j̨ ı ,
and compare the residuals kAq

j̨ ı � fık for j D 1; 2; : : : ; k instead of performing
sequential iterations.

If further investigation of the problem Aq D f allows one to obtain a conditional
stability estimate (Section 2.8), then it is possible to estimate the rate of strong con-
vergence and obtain a new stopping criterion for the iterative process.

The singular value decomposition of a linear compact operator A W Q! F , where
Q and F are separable Hilbert spaces, is presented in Section 2.9. This technique
allows one to take a closer look into the properties of A and to estimate to what extent
the problem Aq D f is ill-posed.
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2.1 Well-posed and ill-posed problems

Let an operator A map a topological space Q into a topological space F (A W Q !
F ). For any topological space Q, let O.q/ denote a neighbourhood of an element
q 2 Q. Throughout what follows, D.A/ is the domain of definition and R.A/ is the
range of A.

Definition 2.1.1 (well-posedness in the sense of Hadamard). The problemAq D f is
well-posed on the pair of topological spacesQ and F if the following three conditions
hold:

.1/ for any f 2 F there exists a solution qe 2 Q to the equation Aq D f , i.e.,
R.A/ D F .the existence condition/;

.2/ the solution qe to the equation Aq D f is unique in Q (the uniqueness condi-
tion);

.3/ for any neighbourhood O.qe/ � Q of the solution qe to the equation Aq D f ,
there is a neighbourhood O.f / � F of the right-hand side f such that for all
fı 2 O.f / the element A�1fı D qı belongs to the neighbourhood O.qe/, i.e.,
the operator A�1 is continuous .the stability condition/.

Definition 2.1.1 can be made more specific by replacing the topological spaces Q
andF by metric, Banach, Hilbert, or Euclidean spaces. In some cases, it is reasonable
to take a topological space forQ and a Euclidean space for F , and so on. Fixed in the
definition are only the requirements of the existence, uniqueness, and stability of the
solution.

Definition 2.1.2. The problem Aq D f is ill-posed on the pair of spaces Q and F if
at least one of the three well-posedness conditions does not hold.

M. M. Lavrentiev proposed to distinguish the class of conditionally well-posed
problems as a subclass of ill-posed problems. Let Q and F be topological spaces
and let M � Q be a fixed set. We denote by A.M/ the image of M under the map
A W Q ! F , i.e., A.M/ D ¹f 2 F : 9q 2 M such that Aq D f º. It is obvious that
A.M/ � F .

Definition 2.1.3 (conditional/Tikhonov well-posedness). LetM �Q and f 2A.M/,
i.e., there exists a solution qe 2M to the problem Aq D f . Then the problem Aq D

f is said to be conditionally well-posed on the setM if the following conditions hold:

.1/ for any f 2 A.M/, the equation Aq D f has a unique solution on M ;

.2/ for any neighbourhood O.qe/ of the solution to the equation Aq D f , there
exists a neighbourhood O.f / such that for any fı 2 O.f /\A.M/ the solution
to the equation Aq D fı belongs to O.qe/ .conditional stability/.
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It should be emphasized that the variations fı of the data f in the second condition
are assumed to lie within the class A.M/, which ensures the existence of solutions.

Definition 2.1.4. The set M in Definition 2.1.3 is called the well-posedness set for
the problem Aq D f .

Remark 2.1.1. To prove that the problem Aq D f is well-posed, it is necessary to
prove the existence, uniqueness and stability theorems for its solutions. To prove that
the problem Aq D f is conditionally well-posed, it is necessary to choose a well-
posedness set M , prove that the solution of the problem is unique on M and that
q D A�1.f / is conditionally stable with respect to small variations in the data f that
keep the solutions within M .

Remark 2.1.2. It should be emphasized that proving the well-posedness of a prob-
lem necessarily involves proving the existence of a solution, whereas in the case of
conditional well-posedness the existence of a solution is assumed. It certainly does
not mean that the existence theorem is of no importance or that one should not aim to
prove it. We only draw reader’s attention to the fact that in the most interesting and
important cases, the conditions on the data f which provide the existence of a solu-
tion qe to a conditionally well-posed problem Aq D f turn out to be too complicated
to verify and to apply them in numerical algorithms .see the Picard criterion, the solv-
ability conditions for the inverse Sturm–Liouville problem, etc./. In this sense, the
title of V. P. Maslov’s paper “The existence of a solution of an ill-posed problem is
equivalent to the convergence of a regularization process” .Maslov, 1968/ is signifi-
cant. It reveals one of the main problems in the study of ill-posed problems. For this
reason, the introduction of the concept of conditional well-posedness shifts the focus
to the search for stable methods for the approximate solution of ill-posed problems.
We repeat, however, that this does not make the task of detailed mathematical analy-
sis of the solvability conditions for any specific problem less interesting or important.
Note that if a problem has no exact solution, we may construct a regularized family
of approximate solutions converging to a quasi-solution of the problem .Ivanov et al.,
2002/.

In the following section we will show that the uniqueness of a solution implies its
conditional stability if the well-posedness set M is compact.

2.2 On stability in different spaces

The trial-and-error method (Tikhonov and Arsenin, 1986) was one of the first methods
for the approximate solution of conditionally well-posed problems. We will describe
this method assuming that Q and F are metric spaces and M is a compact set. For
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an approximate solution, we choose an element qK from the well-posedness set M
such that the residual �F .Aq; f / attains its minimum at qK , i.e.,

�F .AqK ; f / D inf
q2M

�F .Aq; f /

(see Definition 2.3.1).
Let ¹qnº be a sequence of elements in Q such that limn!1 �F .Aqn; f / D 0. We

denote by qe the exact solution to the problem Aq D f . If M is compact, then from
limn!1 �F .Aqn; f / D 0 it follows that limn!1 �Q.qn; qe/ D 0, which is proved
by the next theorem.

Theorem 2.2.1. LetQ and F be metric spaces, and letM � Q be compact. Assume
that A is a one-to-one map from M onto A.M/ � F . Then, if A is continuous, then
so is the inverse map A�1 W A.M/!M .

Proof. Let f 2 A.M/ and Aqe D f . We will prove that A�1 is continuous at f .
Assume the contrary. Then there exists an "� > 0 such that for any ı > 0 there is an
element fı 2 A.M/ for which

�F .fı ; f / < ı and �Q.A
�1.fı/; A

�1.f // � "�:

Consequently, for any n 2 N there is an element fn 2 A.M/ such that

�F .fn; f / < 1=n and �Q.A
�1.fn/; A

�1.f // � "�:

Evidently,

lim
n!1

fn D f:

Since A�1.fn/ 2 M and M is compact, the sequence ¹A�1.fn/º has a converging
subsequence: limk!1 A�1.fnk / D Nq.

Since �Q. Nq;A�1.f // � "�, we conclude that Nq ¤ A�1.f / D qe . On the
other hand, from the continuity of the operator A it follows that the subsequence
A.A�1.fnk // converges and limk!1A.A�1.fnk // D limk!1 fnk D f D Aqe .
Hence, Nq D qe . We have arrived at a contradiction, which proves the theorem.

Theorem 2.2.1 provides a way of minimizing the residual. Let A be a continuous
one-to-one operator fromM to A.M/, whereM is compact. Let ¹ınº be a decreasing
sequence of positive numbers such that ın & 0 as n!1. Instead of the exact right-
hand side f we take an element fn 2 A.M/ such that �F .f; fn/ � ın. For any n,
we use the trial-and-error method to find an element qn such that �F .Aqn; fn/ � ın.
The elements qn approximate the exact solution qe to the equation Aq D f . Indeed,
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since A is a continuous operator, the image A.M/ of the compact set M is compact.
Consequently, by Theorem 2.2.1, the inverse map A�1 is continuous on A.M/. Since

�F .Aqn; f / � �F .Aqn; fn/C �F .fn; f /;

the following inequality holds:

�F .Aqn; f / � ın C ın D 2ın:

Hence, in view of the continuity of the inverse map A�1 W A.M/ ! M , we have
�Q.qn; qe/ � ".2ın/, where ".2ın/! 0 as ın ! 0.

Note that Theorem 2.2.1 implies the existence of a steadily increasing function ˇ.ı/
such that

1) limı!0 ˇ.ı/ D 0;

2) for all q1; q2 2 M the inequality �F .Aq1; Aq2/ � ı implies �Q.q1; q2/ �
ˇ.ı/.

Definition 2.2.1. Assume that Q and F are metric spaces, M � Q is a compact set,
and A W Q ! F is a continuous one-to-one operator that maps M onto A.M/ � F .
The function

!.A.M/; ı/ D sup
f1;f22A.M/

	F .f1;f2/�ı

�Q.A
�1f1; A

�1f2/

is called the modulus of continuity of the operator A�1 on the set A.M/.

Given the modulus of continuity !.A.M/; ı/ or a function that majorizes it (for ex-
ample, the conditional stability estimate ˇ.ı/), one can evaluate the norm of deviation
of the exact solution from the solution corresponding to the approximate data. Indeed,
let qe 2M be an exact solution to the problem Aq D f and qı 2M be a solution to
the problem Aq D fı , where kf � fık � ı. Then kq � qık � !.A.M/; ı/ if M is
compact. Therefore, after proving the uniqueness theorem, the most important stage
in the study of a conditionally well-posed problem is obtaining a conditional stability
estimate (see Section 2.8).

Remark 2.2.1. Stability depends on the choice of topologies on Q and F . Formally,
the continuity of the operator A�1 can be ensured by endowing F with a stronger
topology. For example, if A is a linear one-to-one operator and Q and F are normed
spaces, then the following norm can be introduced in F :

kf kA D kA
�1f k:
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In this case

kA�1k D sup
f¤0

kA�1f k

kf kA
D 1

and therefore A�1 is continuous. In practice, however, the most commonly used
spaces are Cm and Hn (see Subsection A.1.5), where m and n are not very large.

Remark 2.2.2. Theorem 2.2.1 can be extended to the case when Q is a topological
space and F is a Hausdorff space (see Definition A.1.36) (Ivanov et al., 2002).

Ill-posed problems can be formulated as problems of determining the value of a
(generally, unbounded) operator T at a point f :

Tf D q; f 2 F; q 2 Q: (2.2.1)

If the operator A is invertible, then the problem Aq D f is equivalent to prob-
lem (2.2.1). The operator A�1, however, may not exist. Moreover, in many applied
problems (for example, differentiating a function, summing a series, etc.) the repre-
sentation Aq D f may be inconvenient or even unachievable, although both prob-
lems can theoretically be studied using the same scheme (Ivanov et al., 2002; Mo-
rozov, 1987). We now reformulate the conditions for well-posedness in the sense of
Hadamard for problem (2.2.1) as follows:

1) the operator T is defined on the entire space F : D.T / D F ;

2) T is a one-to-one map;

3) T is continuous.

Problem (2.2.1) is said to be ill-posed if at least one of the well-posedness con-
ditions is not fulfilled. The case when the third condition does not hold (the case
of instability) is the most important and substantial. In this case, problem (2.2.1) is
reduced to the problem of approximating an unbounded operator with a bounded one.

2.3 Quasi-solution. The Ivanov theorems

Other approaches can be applied to ill-posed problems which involve a generalization
of the concept of a solution.

Let A be a completely continuous operator (see Definition A.2.11). If q is assumed
to belong to a compact set M � Q and f 2 A.M/ � F , then the formula

q D A�1f

can be used to construct an approximate solution that is stable with respect to small
variations in f .
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It should be noted that the condition that f belongs to A.M/ is essential for the
applicability of the formula q D A�1f for finding an approximate solution, since
the expression A�1f may be meaningless if this condition does not hold. However,
finding out whether f belongs to A.M/ is a complicated problem. Furthermore, even
if f 2 A.M/, measurement errors may cause this condition to fail, i.e., fı may not
belong to A.M/. To avoid the difficulties arising when the equation Aq D f has no
solutions, the notion of a quasi-solution to Aq D f is introduced as a generalization
of the concept of a solution to this equation (Ivanov, 1963).

Assume that F is a metric space.

Definition 2.3.1. A quasi-solution to the equation Aq D f on a set M � Q is an
element qK 2M that minimizes the residual:

�F .AqK ; f / D inf
q2M

�F .Aq; f /:

If M is compact, then there exists a quasi-solution for any f 2 F . If, in addition,
f 2 A.M/, then qK coincides with an exact solution.

Note that the quasisolution qK is not necessarily unique. We will give a sufficient
condition for a quasi-solution to be unique and continuously depend on the right-hand
side f .

Definition 2.3.2. Let h be an element of a metric space F , and let G � F . An
element g 2 G is called a projection of h onto the set G if

�F .h; g/ D �F .h;G/ WD inf
p2G

�F .h; p/:

The projection g of h onto G is written as g D PGh.

Theorem 2.3.1. Assume that the equation Aq D f has at most one solution on a
compact set M and for any f 2 F its projection onto A.M/ is unique. Then a
quasi-solution to the equation Aq D f is unique and continuously depends on f .

The proof of this theorem and Theorem 2.3.2 can be found in (Ivanov et al., 2002)
and (Tikhonov and Arsenin, 1986).

Note that all well-posedness conditions are restored when passing to quasi-solutions
if the assumptions of Theorem 2.3.1 hold. Consequently, the problem of finding a
quasi-solution on a compact set is well-posed.

Remark 2.3.1. If the equation Aq D f has more than one quasi-solution on the
set M , they form a subset Qk

f
of the compact set M . In this case the set Qk

f
continu-

ously depends on f on the set A.M/ in the sense of continuity of multi-valued maps
.Ivanov, 1963/.



30 Chapter 2 Ill-posed problems

If the operator A is linear, the theorem takes the following specific form (Ivanov,
1963).

Theorem 2.3.2. Let A W Q ! F be a linear operator and assume that the homoge-
neous equation Aq D 0 has only one solution q D 0. Furthermore, assume that M is
a convex compact set and any sphere in F is strictly convex. Then a quasi-solution to
the equation Aq D f on M is unique and continuously depends on f .

We now consider the case where Q and F are separable Hilbert spaces. Let A W
Q! F be a completely continuous operator and

M D B.0; r/ WD ¹q 2 QW kqk � rº:

By A� we denote the adjoint of the operator A (see Definition A.3.13).
It is known that A�A is a self-adjoint positive completely continuous operator

from Q into Q (positivity means that hA�Aq; qi > 0 for all q ¤ 0).
Let ¹�nº be a sequence of eigenvalues of the operatorA�A (in nonincreasing order),

and let ¹'nº be the corresponding complete orthonormal sequence of eigenfunctions.

The element A�f can be represented as a series:

A�f D

1X
nD1

fn'n; fn D hA
�f; 'ni: (2.3.1)

Under these conditions, the following theorem holds (Ivanov, 1963).

Theorem 2.3.3. A quasi-solution to the equation Aq D f on the set B.0; r/ is deter-
mined by the formulae

qK D

8̂<
:̂
P1
nD1

fn
�n
'n if

P1
nD1

f 2n
�2n
� r2;P1

nD1
fn

�nCˇ
'n if

P1
nD1

f 2n
�2n
> r2;

where ˇ satisfies the equation

1X
nD1

f 2n
.�n C ˇ/2

D r2:

Proof. If
P1
nD1 f

2
n =�

2
n � r

2, then a quasi-solution qK that minimizes the functional
�2
F .Aq; f / WD J.q/ D hAq � f;Aq � f i on B.0; r/ can be obtained by solving the

Euler–Lagrange equation

A�Aq D A�f: (2.3.2)
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We will seek a solution to this equation in the form of a series:

qK D

1X
nD1

qn'n:

Substituting this series into equation (2.3.2) and using the expansion (2.3.1) for
A�f , we obtain

A�AqK D

1X
nD1

qnA
�A'n D

1X
nD1

qn�n'n D

1X
nD1

fn'n:

Hence, qn D fn=�n. Since
P1
nD1 f

2
n =�

2
n � r

2, we deduce that

qK D

1X
nD1

.fn=�n/'n 2 B.0; r/

minimizes the functional J.q/ on B.0; r/.
On the other hand, if

P1
nD1 f

2
n =�

2
n > r2, then, taking into account that qK must

belong to B.0; r/, it is required to minimize the functional J.q/ D hAq � f;Aq � f i
on the sphere kqk2 D r2.

Applying the method of Lagrange multipliers, this problem is reduced to finding
the global extremum of the functional

J˛.q/ D hAq � f;Aq � f i C ˛hq; qi:

To find the minimum of J˛, we solve the corresponding Euler equation

˛q C A�Aq D A�f: (2.3.3)

Substituting qK D
P1
nD1 qn'n and A�f D

P1
nD1 fn'n into this equation, we

obtain qn D fn=.˛C�n/. The parameter ˛ is determined from the condition kqk2 D
r2, which is equivalent to the condition w.˛/ WD

P1
nD1 f

2
n =.˛ C �n/

2 D r2. It
remains to take the root of the equation !.˛/ D r2 for ˇ to complete the proof of the
theorem.

Remark 2.3.2. The equation w.˛/ D r2 is solvable because w.0/ > r2 and w.˛/
steadily decreases with increasing ˛ and tends to zero as ˛ !1.

2.4 The Lavrentiev method

If the right-hand side fı of the equation Aq D fı does not belong to A.M/, then one
can try to replace this equation with a close equation

˛q C Aq D fı ; ˛ > 0 (2.4.1)
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for which the problem becomes well-posed. In what follows, we prove that in many
cases this equation has a solution q˛ı that tends to the exact solution qe of the equation
Aq D f as ˛ and the error ı in the approximation of f tend to zero at concerted rates
(Lavrentiev, 1959).

Let H be a separable Hilbert space and A W H ! H be a linear, completely
continuous, positive, and self-adjoint operator.

Assume that for f 2 H there exists such qe 2 H that Aqe D f . Then we take
the solution q˛ D .˛E C A/�1f to the equation ˛q C Aq D f as an approximate
solution to the equation Aq D f (the existence of q˛ will be proved below).

If the data f is approximate, i.e., instead of f we have fı such that kf � fık � ı,
then we set

q˛ı D .˛E C A/
�1fı :

The family of operators R˛ D .˛E CA/�1, ˛ > 0, is regularizing for the problem
Aq D f (see Definition 2.5.2). Consider this matter in more detail. Let ¹'kº be a
complete orthonormal sequence of eigenfunctions and ¹�kº (0 < � � � � �kC1 � �k �
� � � � �1) be the corresponding sequence of eigenvalues of the operator A. Assume
that the equation

Aq D f (2.4.2)

has a solution qe . Substituting the expansions

qe D

1X
kD1

qk'k ; qk D hqe; 'ki;

f D

1X
kD1

fk'k; fk D hf; 'ki;

(2.4.3)

into (2.4.2), we conclude that qk D fk=�k and therefore

qe D

1X
kD1

fk

�k
'k :

Note that

1X
kD1

�fk
�k

�2
<1: (2.4.4)

Consider the auxiliary equation

˛q C Aq D f: (2.4.5)
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As before, a solution q˛ to equation (2.4.5) can be represented in the form

q˛ D

1X
kD1

fk

˛ C �k
'k : (2.4.6)

Taking into account that fk D �kqk , we estimate the difference

qe � q˛ D

1X
kD1

qk'k �

1X
kD1

�kqk

˛ C �k
'k

D

1X
kD1

�
qk �

�kqk

˛ C �k

�
'k D ˛

1X
kD1

qk

˛ C �k
'k :

Consequently,

kqe � q˛k
2 D ˛2

1X
kD1

q2
k

.˛ C �k/
2
: (2.4.7)

It is now easy to show that lim˛!C0 kqe � q˛k D 0. Indeed, let " be an arbitrary
positive number. The series (2.4.7) is estimated from above as follows:

˛2
1X
kD1

q2
k

.˛ C �k/
2
D ˛2

nX
kD1

q2
k

.˛ C �k/
2
C ˛2

1X
kDnC1

q2
k

.˛ C �k/
2

�
˛2

�2n
kqk2 C

1X
kDnC1

q2k: (2.4.8)

Since the series
P1
kD1 q

2
k

converges, there is a number n such that the second term
in the right-hand side of (2.4.8) is less than "=2. Then we can choose ˛ > 0 such that
the first term is also less than "=2. It follows that lim˛!C0 kqe � q˛k D 0.

We now return to the problem with approximate data

Aq D fı ; (2.4.9)

where kf � fık � ı, and the regularized problem (2.4.1):

˛q C Aq D fı :

Put fı;k D hfı ; 'ki. Then the solution q˛ı to (2.4.1) can be represented as a series

q˛ı D

1X
kD1

fı;k

˛ C �k
'k :



34 Chapter 2 Ill-posed problems

We now estimate the difference

kqe � q˛ık � kqe � q˛k C kq˛ � q˛ık: (2.4.10)

The first term in the right-hand side of (2.4.10) tends to zero as ˛ ! 0. The second
term is estimated as follows:

kq˛ � q˛ık
2 D

��� 1X
kD1

� fk

˛ C �k
�

fı;k

˛ C �k

�
'k

���2 D 1X
kD1

.fk � fı;k/
2

.˛ C �k/
2

(2.4.11)

�
1

˛2

1X
kD1

.fk � fı;k/
2 D

1

˛2
kf � fık

2 �
ı2

˛2
:

We now prove that q˛ı ! qe when ˛ and ı tend to zero at such rates that ı=˛ ! 0

as well. Take an arbitrary positive number ". Choose ˛ such that kqe � q˛k < "=2.
Then find ı > 0 such that ı=˛ < "=2. Then from (2.4.10) and (2.4.11) it follows that

kqe � q˛ık � kqe � q˛k C kq˛ � q˛ık � "=2C "=2 D ":

We will apply the Lavrentiev method for the regularization of Volterra integral
equations of the first kind in both linear case (Section 4.2) and nonlinear case (Sec-
tion 4.6).

In conclusion, we note that if A is not positive and self-adjoint, then the equation
Aq D f can be reduced to an equation with a positive self-adjoint operator by apply-
ing the operator A�:

A�Aq D A�f:

Then the regularizing operator is written as

R˛ D .˛E C A
�A/�1A�:

2.5 The Tikhonov regularization method

In many ill-posed problems Aq D f , the class M � Q of possible solutions is not a
compact set, and approximate data fı may not belong to the classA.M/ for which so-
lutions exist. The regularization method developed by A. N. Tikhonov (1963b, 1964)
can be used to construct approximate solutions to such problems.

First, we give the general definition of a regularizing algorithm for the problem
Aq D f (Vasin and Ageev, 1995). LetQ and F be Banach spaces and letA W Q! F

be a bounded linear operator. Suppose that, instead of the operator A and the right-
hand side f , we have their approximations Ah and fı that satisfy the conditions

kA � Ahk � h; kf � fıkF � ı:
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Recall that the norm of an operator A W Q! F is defined as

kAk D sup
q2Q

q¤0

kAqkF

kqkQ
:

For simplicity, when writing the norms we will omit the index specifying the space.
Denote B.A; h/ D ¹Ah: Q ! F such that kA � Ahk � hº, B.f; ı/ D ¹fı 2 F :
kf � fık � ıº, Qf D ¹q 2 Q: Aq D f º.

Definition 2.5.1. A family of mappings Rıh: B.f; ı/ � B.A; h/ ! Q is called a
regularizing algorithm for the problem Aq D f if

sup
fı2B.f;ı/

Ah2B.A;h/

kRıh.fı ; Ah/ �Qf k ! 0

as ı ! 0 and h! 0 for all f 2 R.A/ D A.Q/. The set ¹Rıh.fı ; Ah/º, ı 2 .0; ı0
,
h 2 .0; h0
 is called a regularized family of approximate solutions to the problem
Aq D f .

Here the distance betweenRıh.fı ; Ah/ and the setQf is as usual: kRıh.fı ; Ah/�
Qf k D minq2Qf kRıh.fı ; Ah/ � qk.

If the equation Aq D f is known a priori to have a solution qe 2M � Q, then the
set Qf in the above definition can be replaced with Qf \M . In the sequel, in most
cases we assume that the representation of the operator A is given exactly.

Let qe be an exact solution to the ill-posed problem Aq D f for some f 2 F .

Definition 2.5.2. A family of operators ¹R˛º˛>0 is said to be regularizing for the
problem Aq D f if

1/ for any ˛ > 0 the operator R˛ W F ! Q is continuous,

2/ for any " > 0 there exists an ˛� > 0 such that

kR˛f � qek < "

for all ˛ 2 .0; ˛�/, in other words,

lim
˛!C0

R˛f D qe: (2.5.1)

If the right-hand side of the equation Aq D f is approximate and the error kf �
fık � ı in the initial data is known, then the regularizing family ¹R˛º˛>0 allows us
not only to construct an approximate solution q˛ı D R˛fı , but also to estimate the
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deviation of the approximate solution q˛ı from the exact solution qe . Indeed, using
the triangle inequality, we have

kqe � q˛ık � kqe �R˛f k C kR˛f �R˛fık: (2.5.2)

The first term in the right-hand side of (2.5.2) tends to zero as ˛ ! C0. Since the
problem is ill-posed, the estimation of the second term as ˛ ! C0 and ı ! C0 is a
difficult task which is usually solved with due consideration of the specific character
of the problem including an a priori and/or a posteriori information about its exact
solution.

For example, consider the case where Q and F are Banach spaces, A W Q ! F is
a completely continuous linear operator, and R˛ is a linear operator for any ˛ > 0.
Assume that there exists a unique solution qe for f 2 F , and fı 2 F is an approxi-
mation of f such that

kf � fık � ı: (2.5.3)

We now estimate the difference between the exact solution qe and the regularized
solution q˛ı D R˛fı using (2.5.2).

Set kqe � R˛f k D �.qe; ˛/. The property (2.5.1) of a regularizing family im-
plies that the first term in the right-hand side of (2.5.2) vanishes as ˛ ! C0, i.e.,
lim˛!C0 �.qe; ˛/ D 0.

Since R˛ is linear, from the condition (2.5.3) it follows that

kR˛f �R˛fık � kR˛k ı: (2.5.4)

The norm kR˛k cannot be uniformly bounded because the problem is ill-posed. In-
deed, otherwise we would have lim˛!C0R˛ D A�1 and the problemAq D f would
be well-posed in the classical sense. However, if ˛ and ı tend to zero at concerted
rates, then the right-hand side of the obtained estimate

kqe � q˛ık � �.qe; ˛/C kR˛kı (2.5.5)

tends to zero. Indeed, setting !.qe; ı/ D inf˛>0¹�.qe; ˛/ C kR˛kıº, we will show
that

lim
ı!0

!.qe; ı/ D 0:

Take an arbitrary " > 0. Since lim˛!0 �.qe; ˛/ D 0, there exists an ˛0."/ such
that for all ˛ 2 .0; ˛0."// we have

�.qe; ˛/ < "=2:

Put �0."/ D inf˛2.0;˛0."// kR˛k and take ı0."/ D "=.2�0."//. Then

inf
˛>0
¹kR˛k ıº � ı inf

˛2.0;˛0."//
¹kR˛kº � "=2:

for all ı 2 .0; ı0."//.
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Thus, for any " > 0 there exist ˛0."/ and ı0."/ such that

kqe � q˛ık < "

for all ˛ 2 .0; ˛0."// and ı 2 .0; ı0."//.
For specific operators A and families ¹R˛º˛>0, an explicit formula relating the

regularization parameter ˛ to the data error ı can be derived.
One of the well-known methods for constructing a regularizing family is the mini-

mization of the Tikhonov functional

M.q; fı ; ˛/ D kAq � fık
2 C ˛�.q � q0/;

where q0 is a test solution, ˛ is the regularization parameter, and � is a stabilizing
functional, which is usually represented by the norm (or a seminorm), for example,
�.q/ D kqk2. The stabilizing functional � uses the a priori information about the
degree of smoothness of the exact solution (or about the solution structure) and de-
termines the type of the convergence of approximate solutions to the exact one for a
given relationship between ˛.ı/! 0 and ı ! 0. For example, the Tikhonov method
is effective for �.q/ D kqk2

W 1
2

in the numerical solution of integral equations of the

first kind that have a unique solution smooth enough (see (Vasin and Ageev, 1995)
and the bibliography therein).

Consider a regularizing functional M.q; fı ; ˛/ in the case of �.q/ D kqk2:

M.q; fı ; ˛/ D kAq � fık
2 C ˛kqk2; ˛ > 0: (2.5.6)

Theorem 2.5.1. Let Q and F be Hilbert spaces and A be a completely continuous
linear operator. Then for any f 2 F and ˛ > 0, the functional M.q; f; ˛/ attains its
greatest lower bound at a unique element q˛.

Applying Theorem 2.5.1, we can construct an approximate solution q˛ı from the
approximate data fı 2 F satisfying the condition kf � fık � ı and prove that q˛ı
converges to the exact solution qe to the equation Aq D f as the parameters ˛ and ı
tend to zero at concerted rates (Denisov, 1999). Indeed, let the functionalM.q; fı ; ˛/
attain its lower bound at a point q˛ı , whose existence and uniqueness is guaranteed
by Theorem 2.5.1.

Theorem 2.5.2. Let the assumptions of Theorem 2.5.1 hold. Assume that there ex-
ists a unique solution qe to the equation Aq D f for some f 2 F . Let ¹fıºı>0
be a family of approximate data such that kf � fık < ı for each of its elements.
Then, if the regularization parameter ˛ D ˛.ı/ is chosen so that limı!0 ˛.ı/ D 0

and limı!0 ı2=˛.ı/ D 0, then the element q˛.ı/;ı which minimizes the regularizing
functional M.q; fı ; ˛/ tends to the exact solution qe to the equation Aq D f , i.e.,
limı!0 kq˛.ı/;ı � qek D 0.
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Consider now the case when the equation Aq D f is solvable but its solution is not
unique. In this case we will seek a solution which is closest to a given element q0.

Definition 2.5.3. Let Qf be a set of all solutions to the equation Aq D f and let an
element q0 2 Q be given. The solution q0n 2 Qf minimizing the functional kq� q0k
on the set Qf is called normal with respect to q0: q0n D arg minq2Qf kq � q

0k. If

q0 D 0, the solution qn D arg minq2Qf kqk is called normal solution to the equation
Aq D f .

There holds the following theorem (Vasin, 1989).

Theorem 2.5.3. Let the operator Ah and the right-hand side fı satisfy the approxi-
mation conditions

kAh � Ak � h; kf � fık � ı; (2.5.7)

where h 2 .0; h0/, ı 2 .0; ı0/. Assume that A and Ah are bounded linear operators
fromQ into F , whereQ and F are Hilbert spaces. Let q0n be a solution to the problem
Aq D f that is normal with respect to q0. Then for all ˛ > 0, q0 2 Q, h 2 .0; h0/,
and ı 2 .0; ı0/ there exists a unique solution q˛

hı
to the problem

min¹kAhq � fık
2 C ˛kq � q0k2; q 2 Qº: (2.5.8)

Furthermore, if the regularization parameter ˛ satisfies the conditions

lim

!0

˛.�/ D 0; lim

!0

.hC ı/2

˛.�/
D 0;

where � D
p
h2 C ı2, then

lim

!0
kq˛hı � q

0
n k D 0:

Example 2.5.1 (differentiation problem). Suppose that the function f .x/ 2 C 1.0; 1/
is given approximately:

kf � fıkC.0;1/ < ı:

It is required to determine approximately the derivative f 0.x/ from the function
fı.x/ 2 C.0; 1/.

The ill-posedness of this problem readily follows from the fact that the function
fı.x/may not have a derivative at all. However, even if f 0

ı
.x/ exists, the problem may

turn out to be unstable. Indeed, with an error of the form ı sin.x=ı2/, the approximate
function

fı.x/ D f .x/C ı sin.x=ı2/
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tends to f .x/ as ı ! 0. At the same time, the difference between the derivatives

f 0ı .x/ � f
0.x/ D

1

ı
cos.x=ı2/

increases indefinitely.
Consider a simple regularizing family R˛f .x/ D .f .x C ˛/ � f .x//=˛, where

x 2 .0; 1/ and ˛ 2 .0; 1 � x/. We now estimate the deviation f 0.x/ � R˛fı.x/ at a
fixed point x 2 .0; 1/. Since f .x/ is differentiable, we have

f .x C ˛/ D f .x/C f 0.x/˛ C o.˛/:

Hence

f .x C ˛/ � f .x/

˛
� f 0.x/ D

o.˛/

˛
:

Therefore,

jf 0.x/ �R˛fı.x/j �
ˇ̌̌
f 0.x/ �

f .x C ˛/ � f .x/

˛

ˇ̌̌
C
ˇ̌̌f .x C ˛/ � f .x/

˛
�
fı.x C ˛/ � fı.x/

˛

ˇ̌̌
�
o.˛; x/

˛
C
2ı

˛
: (2.5.9)

In this case, for the right-hand side of inequality (2.5.9) to tend to zero, it is suffi-
cient to require that ˛ and ı tend to zero in such a way that ı=˛ ! 0, i.e., ı D o.˛/.

The estimate (2.5.9) can be improved by imposing stronger requirements on the
smoothness of f .x/. For example, suppose that f .x/ has the second derivative f 00.x/
whose absolute value is bounded by a constant c1 in a neighbourhood O.x; "/ D
¹y 2 R W jx � yj < "º of x:

sup
y2O.x;"/

jf 00.y/j < c1: (2.5.10)

Then take ˛ 2 .0;min¹"; 1 � xº/ and apply the Taylor formula with Lagrange
remainder:

f .x C ˛/ D f .x/C f 0.x/˛ C
f 00.x C �˛/˛2

2
; � 2 .0; 1/:

Hence ˇ̌̌f .x C ˛/ � f .x/
˛

� f 0.x/
ˇ̌̌
�
c1˛

2
:
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Thus, we get the following estimate instead of (2.5.9):

jf 0.x/ �R˛fı.x/j �
c1˛

2
C
2ı

˛
: (2.5.11)

The conditions expressing the dependence of ˛ on ı can be refined, for example,
by choosing ˛ > 0 so as to minimize the right-hand side of (2.5.11). Its minimum
with respect to ˛ is attained at the positive solution to the equation

c1

2
D
2ı

˛2
;

i.e., at ˛ D 2
p
ı=c1. In this case we have

jf 0.x/ �R˛fı.x/j � 2
p
c1ı:

Remark 2.5.1. Other families of regularizing operators can be constructed. For ex-
ample, R˛f .x/ D .f .x/�f .x�˛//=˛ or R˛f .x/ D .f .xC˛/�f .x�˛//=.2˛/.

Remark 2.5.2. We estimated the deviation jf 0.x/�R˛fı.x/j in the neighbourhood
of an arbitrary fixed point x 2 .0; 1/. Clearly, the estimate (2.5.11) will hold for all
x 2 .0; 1/ if the condition (2.5.10) is replaced with the condition kf 00kC.0;1/ < const.
(For an extended discussion of the pointwise and uniform regularization, see (Ivanov
et al., 2002).)

Remark 2.5.3. In practice, aside from the fact that the values of f .x/ are specified
approximately, they are often given only at several points of the interval being studied.
In such situations, one can use interpolation polynomials .Newtonian and Lagrange
polynomials, splines/ and take the derivative of the interpolation polynomial for an
approximate derivative of f .x/. In this case, estimating the deviation of the approxi-
mate derivative from the exact one requires additional assumptions on the smoothness
of the derivative and a concordance between the measurement accuracy and the dis-
cretization step.

Remark 2.5.4. Another regularization method for evaluating f 0.x/ consists in taking
the convolution of the function fı.x/ with a smooth function !˛.x/ enjoying the
following properties:

a/ supp ¹!˛.x/º � Œ�˛; ˛
;

b/
R ˛
�˛ !˛.x/ dx D 1.

For example, the family ¹!˛.x/º, ˛ > 0, can be chosen as follows:

!˛.x/ D

´
c˛ exp¹�˛2=.˛2 � x2/º; jxj � ˛;

0; jxj > ˛;

c˛ D
� Z ˛

�˛

exp
°
�

˛2

˛2 � x2

±
dx
��1

:



Section 2.5 The Tikhonov regularization method 41

It is easy to verify that the operators R˛ defined by the formula

R˛fı.x/ D

Z 1
�1

fı .y/!
0
˛.x � y/ dy

constitute a family of regularizing operators.

Regularizing sequence. In the construction of a regularizing family of operators,
the real parameter ˛ ! 0 is sometimes replaced by a natural number n ! 1. Con-
sider several examples.

Example 2.5.2 (expansion in eigenfunctions). Assume that H is a separable Hilbert
space. As in Section 2.3, let A W H ! H be a completely continuous positive self-
adjoint linear operator, and let ¹'nº and ¹�nº be the sequences of eigenfunctions and
eigenvalues of A, respectively, where �kC1 � �k , k 2 N. An exact solution qe to the
equation Aq D f can be represented in the form

qe D

1X
kD1

fk

�k
'k ; fk D hf; 'ki: (2.5.12)

Since the solution exists and belongs to the Hilbert space H , the series (2.5.12) andP1
kD1.fk=�k/

2 converge. However, if the equation Aq D fı has no solutions for
some fı 2 H satisfying the condition kf �fık < ı, then the series

P1
kD1.fık=�k/

2,
fık D hfı ; 'ki, diverges .see the Picard criterion in Corollary 2.9.1/. We now con-
struct the sequence of operators ¹Rnº such that

Rnfı D

nX
kD1

fık

�k
'k (2.5.13)

and show that it has all the properties of a regularizing family as n ! 1. The
operators Rn are obviously continuous, kRnk D 1=�n, and for all q 2 Q

lim
n!1

RnAq D lim
n!1

nX
kD1

qk'k D q; qk D hq; 'ki:

Then the following estimate holds for the exact solution (2.5.12) to the equation
Aq D f and the regularized solution qın D Rnfı :

kqe � qınk � kqe �Rnf k C kRnf �Rnfık � kqe �RnAqek C kRn.f � fı/k

�

1X
kDnC1

q2k C kRnkı D

1X
kDnC1

q2k C
ı

�n
:

Consequently, for any " > 0we can find a number n0 such that
P1
kDn0C1

q2
k
< "=2

and then choose ı > 0 to satisfy the condition ı < �n"=2. Then the inequality
kqe � qınk < " holds for all n > n0 and ı 2 .0; �n"=2/.
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Example 2.5.3 (the method of successive approximations). Under the assumptions
of the preceding example, suppose that �1 < 1. Take a sequence ¹qnº defined by the
formula

qnC1 D qn � Aqn C f; q0 D f; n D 0; 1; 2; : : : :

We will show that if the equation Aq D f has an exact solution qe 2 H , then

lim
n!1

qn D qe:

Indeed,

qn D

nX
kD0

.E � A/kf D

nX
kD0

.E � A/kAqe:

It is not difficult to prove that

qe � qn D .E � A/
nC1qe: (2.5.14)

We expand (2.5.14) in the eigenfunctions 'n to get

qe � qn D

1X
kD1

.1 � �k/
nC1qn'k ; qk D hqe; 'ki:

Then

kqe � qnk
2 D

1X
kD1

.1 � �k/
2.nC1/q2k :

We leave it to the reader to complete the proof.

Exercise 2.5.1. Prove that limn!1 kqe � qnk D 0.

Exercise 2.5.2. Prove that the sequence of operators defined by the equality Rnf DPn
kD0.E � A/

kf is regularizing and kRnk D nC 1.

The next section deals with gradient methods, which represent one of the most
effective and commonly used class of iterative regularization methods.

2.6 Gradient methods

The idea of replacing the original equation (problem)

Aq D f (2.6.1)
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with the problem of finding the minimum of the objective functional

J.q/ D kAq � f k2 ! min (2.6.2)

dates back to the works of A. M. Legendre (1806) and K. Gauss (1809), who pro-
posed the least squares method for solving systems of linear algebraic equations.
A. Cauchy (1847) proposed the steepest descent method for solving the problem of
finding the minimum of a function of n variables. L. V. Kantorovich proposed to
solve linear operator equations Aq D f in Hilbert spaces by minimizing the func-
tional H.q/ D hAq; qi � 2hf; qi using the steepest descent method. He also studied
the convergence of this method in the case where mhq; qi � hAq; qi � M hq; qi,
m > 0, and pointed out the guidelines for investigating the case of m D 0 (Kan-
torovich, 1952). In what follows, we will minimize the functional J.q/, which is
more commonly used in practice than H.q/. Note that for A D A�, the gradient H 0q
of the functionalH.q/ is equal to 2.Aq�f /, and its decrease with respect to q means
that q approaches the solution to the equation Aq D f .

In this section, we briefly describe the general structure of several gradient methods
for solving ill-posed problemsAq D f and discuss the convergence of these methods.
A more detailed description of the gradient methods and their application to inverse
problems can be found in (Alifanov et al., 1988).

The structure of gradient methods. We consider the case where Q and F are
Hilbert spaces, A is a Fréchet-differentiable operator from Q into F . To solve the
equation Aq D f , we minimize the objective functional

J.q/ D hAq � f;Aq � f i D kAq � f k2:

Lemma 2.6.1. If A is a Fréchet-differentiable operator, then the functional J.q/ is
also differentiable and its gradient J 0q is expressed in terms of A0 by the formula

J 0q D 2.A0q/�.Aq � f /: (2.6.3)

Proof. Formula (2.6.3) follows from the obvious equalities

J.q C ıq/ � J.q/ D hA.q C ıq/ � f;A.q C ıq/ � f i � hA.q C ıq/ � f;Aq � f i

C hA.q C ıq/ � f;Aq � f i � hAq � f;Aq � f i

D hA.q C ıq/ � f; .A0q/ıqi C h.A0q/ıq; Aq � f i C o.kıqk/

D h2.A0q/ıq; Aq � f i C o.kıqk/

D hıq; 2.A0q/�.Aq � f /i C o.kıqk/:

Remark 2.6.1. If A is a linear operator, then J 0q D 2A�.Aq � f /.
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The simplest gradient methods have the form

qnC1 D qn � ˛nJ
0qn: (2.6.4)

This formula represents different methods depending on the way of defining the pos-
itive parameter ˛n. Throughout this section, we assume that A is a linear operator.

Theorem 2.6.1. Assume that Q and F are Hilbert spaces, and A W Q ! F is a
continuous linear operator such that both A and A� have zero kernels. Then the
functional

J.q/ D hAq � f;Aq � f i

has no more than one stationary point.

Proof. Suppose that J.q/ has two stationary points q1; q2 2 Q. Then J 0q1 D 0 and
J 0q2 D 0. By Lemma 2.6.1, we have J 0qj D 2A�.Aqj � f / D 0 for j D 1; 2,
which means that Aqj � f 2 KerA�.

Hence, Aqj D f and therefore q1 D q2, since the solution is unique.

Consider several examples of gradient methods

qnC1 D qn � ˛nJ
0qn; qn 2 Q; ˛n > 0; (2.6.5)

such that the descent parameter ˛n is either fixed or determined from the minimum
condition for a quality functional. As before, let qe denote an exact solution to the
problem Aq D f (which is not necessarily unique).

The method of simple iteration (also known as the Landweber iteration in the theory
of ill-posed problems). The parameter ˛n is fixed:

˛n D ˛ 2
�
0;

1

kAk2

�
:

The minimum error method. The parameter ˛n is determined so as to minimize

kqnC1 � qek
2 D kqn � ˛J

0qn � qek
2

D kqn � qek
2 � 2˛hqn � qe; J

0qni C ˛
2kJ 0qnk

2:

The quantity kqnC1 � qek2 attains its minimum at the point

˛n D
hqn � qe; J

0qni

kJ 0qnk2
D
hqn � qe; 2A

�.Aqn � f /i

kJ 0qnk2

D 2
hAqn � f;Aqn � f i

kJ 0qnk2
D

2J.qn/

kJ 0qnk2
:

Note that qe appears in the expression kqnC1 � qek2, but the descent step does not
depend on qe .
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Remark 2.6.2. The conditions J.qn/ ¤ 0 and J 0qn ¤ 0 will be used below in the
analysis of gradient methods. The first condition must be verified before each descent
step. Even if J.qn/ ¤ 0, further calculations may become meaningless if J.qn/ is
extremely small. When J.qn/ D 0, the procedure must be stopped, since we get the
required solution: qe D qn.

The second condition J 0qn ¤ 0 means that we do not arrive at a minimum of the
functional.

The steepest descent method. We choose, as the parameter ˛n, the minimizer of
the expression

J.qnC1/ D J.qn � ˛J
0qn/ D kAqn � ˛AJ

0qn � f k
2

D kAqn � f k
2 � 2hAqn � f; ˛AJ

0qni C ˛
2kAJ 0qnk

2

D J.qn/ � ˛kJ
0qnk

2 C ˛2kAJ 0qnk
2:

Exercise 2.6.1. Prove that the minimum of the above expression is attained at the
point

˛n D
kJ 0qnk

2

2kAJ 0qnk2
:

If there exists a continuous inverse of the operator A, then the rate of convergence
of the method of simple iteration, the minimum error method, and the steepest descent
method is linear. The implementation of these methods requires minimal amount of
calculations per iteration (compared to other methods, such as the conjugate gradient
method).

method descent parameter ˛

simple iteration ˛ D const 2 .0; kAk�2/

minimum error ˛n D 2J.qn/kJ
0qnk

�2

steepest descent ˛n D .1=2/kJ
0qnk

2kAJ 0qnk
�2

The conjugate gradient method. At first, an initial approximation q0 is specified
and p0 D J 0q0 is calculated. Suppose that qn and pn have already been determined.

At step nC 1, we first calculate the auxiliary function

pn D J
0qn C kJ

0qnk
2kJ 0qn�1k

�2 pn�1;

then the descent parameter

˛n D
hJ 0qn; pni

kApnk2
;
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and then the approximate solution

qnC1 D qn � ˛npn:

Convergence of gradient methods. Let A be a continuous linear operator, and let
the equation Aq D f have more than one solution. Then one can introduce additional
requirements for the desired solution, for example, the requirement that the solution
have minimal norm or be the closest to a certain element q0 2 Q. DenoteQf D ¹q 2
Q W Aq D f º. Recall that a normal solution to the equation Aq D f with respect to
some q0 2 Q is a solution q0n 2 Qf that has the least deviation from q0, i.e.,

kq0n � q
0k D min

q2Qf
kq � q0k:

Remark 2.6.3. The element q0 is usually chosen on the basis of some a priori infor-
mation about the solution.

Consider the problem of finding a normal solution to the equation Aq D f with
respect to a given q0 2 Q. We denote the range of A by

R.A/ D A.Q/ D ¹f 2 F W 9q 2 Q such that Aq D f º: (2.6.6)

Note that, the results concerning the convergence and stability of gradient methods
as applied to well-posed problems remain valid in the case of finding a normal solution
with respect to q0 if the range R.A/ of the operator A is closed.

If R.A/ is not closed, then some minimizing sequences may be divergent even
when the solution of the equation Aq D f is unique, since A�1 is not bounded. It
can be proved, however, that the minimizing sequence ¹qkº constructed using gradient
methods converges with respect to the functional (J.qn/& 0 as n!1) and in norm
(kqk � q0n k ! 0 as k ! 1) to the normal solution to the equation Aq D f with
respect to the initial approximation q0 D q0 (Alifanov et al., 1988).

Let A be a continuous linear operator that has no bounded inverse. Suppose that
the equation

Aq D f (2.6.7)

has a solution (which is not necessarily unique).
Consider the method of simple iteration for solving equation (2.6.7):

qnC1 D qn � ˛J
0qn; q0 2 Q; n 2 N [ ¹0º;

˛ D const 2 .0; kAk�2/:
(2.6.8)

The condition imposed on ˛ will be needed in the proof of convergence.
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Lemma 2.6.2. For all n 2 N [ ¹0º

J.qn/ � J.qnC1/ D ˛kJ
0qnk

2 � ˛2kAJ 0qnk
2: (2.6.9)

Proof. Develop the difference J.qn/�J.qnC1/ taking into account (2.6.3) and (2.6.8):

J.qn/ � J.qnC1/ D kAqn � f k
2 � kAqn � A˛J

0qn � f k
2

D 2hAqn � f;A˛J
0qni � ˛

2kAJ 0qnk
2

D ˛h2A�.Aqn � f /; J
0qni � ˛

2kAJ 0qnk
2

D ˛kJ 0qnk
2 � ˛2kAJ 0qnk

2;

which proves the lemma.

Lemma 2.6.3. Let qe 2 Qf be a solution to (2.6.7). Then for all n 2 N [ ¹0º

kqn � qek
2 � kqnC1 � qek

2 D 4˛J.qn/ � ˛
2kJ 0qnk

2: (2.6.10)

Equality (2.6.10) follows from the trivial equalities

kqn � qek
2 � kqn � ˛J

0qn � qek
2 D 2˛hqn � qe; J

0qni � ˛
2kJ 0qnk

2

D 4˛hAqn � f;Aqn � f i � ˛
2kJ 0qnk

2:

Since 0 < ˛ < kAk�2, from Lemmas 2.6.2, 2.6.3 it follows that

0 < J.qnC1/ < J.qn/;

0 < kqnC1 � qek < kqn � qek;

i.e., the sequences ¹J.qn/º, ¹kqn � qekº converge.
We now turn to the steepest descent method:

qnC1 D qn � ˛nJ
0qn; q0 2 Q; n 2 N [ ¹0º (2.6.11)

˛n D arg min
˛�0

J.qn � ˛J
0qn/: (2.6.12)

Lemma 2.6.4. The sequence defined by formulae (2.6.11), (2.6.12) has the following
properties:

J.qn/ � J.qnC1/ D
˛n

2
kJ 0qnk

2; (2.6.13)

˛n D kJ
0qnk

2=.2kAJ 0qnk
2/: (2.6.14)
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Proof. Proving (2.6.14) was suggested as an exercise to the reader (see Exercise 2.6.1).
To prove (2.6.13), we substitute ˛ D ˛n into (2.6.9) and perform simple manipula-
tions:

J.qn/ � J.qnC1/ D ˛n.kJ
0qnk

2 � ˛nkAJ
0qnk

2/

D ˛n

�
kJ 0qnk

2 �
kJ 0qnk

2

2kAJ 0qnk2
kAJ 0qnk

2
�
D
˛n

2
kJ 0qnk

2:

Lemma 2.6.5. Let qe 2 Q be a solution to the problem (2.6.7). Then for all n 2
N [ ¹0º there holds

kqn � qek
2 � kqnC1 � qek

2 D 2˛n.J.qn/C J.qnC1//: (2.6.15)

Proof. Substituting ˛n for ˛ in (2.6.10) and using (2.6.13), we have

kqn � qek
2 � kqnC1 � qek

2 D 4˛nJ.qn/ � ˛
2
n

2

˛n
.J.qn/ � J.qnC1//

D 2˛n.J.qn/C J.qnC1//: (2.6.16)

Lemma 2.6.6. If ˛n is chosen to satisfy the condition (2.6.12), then the following
inequality holds for all n 2 N [ ¹0º:

1

2kAk2
� ˛n: (2.6.17)

Proof. Inequality (2.6.17) follows from (2.6.14) and the definition of the operator
norm:

˛n D
kJ 0qnk

2

2kAJ 0qnk2
�

kJ 0qnk
2

2kAk2kJ 0qnk2
D

1

2kAk2
:

Theorem 2.6.2. Let A W Q ! F be a linear continuous operator, and let Q, F be
Hilbert spaces. If there exists a unique solution qe to the problem Aq D f , then
the sequence of approximate solutions (2.6.11), (2.6.12) obtained using the steepest
descent method converges to the solution qe .

Proof. From Lemmas 2.6.4 and 2.6.5 it follows that

0 < J.qnC1/ < J.qn/; (2.6.18)

0 < kqnC1 � qek < kqn � qek; (2.6.19)

which means that the sequences ¹J.qn/º and ¹kqn � qekº are positive and monotoni-
cally decreasing, and therefore convergent.
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Summing (2.6.15) over n D 0; k yields:

kq0 � qek
2 � kqkC1 � qek

2 D 2

kX
nD0

˛n.J.qn/C J.qnC1//: (2.6.20)

Since the sequence ¹kqn � qekº has a limit, from (2.6.20) it follows that

2

kX
nD0

˛n.J.qn/C J.qnC1// � C

for all k 2 N [ ¹0º, where C is a constant. On the other hand, in view of (2.6.17),

2

kX
nD0

˛n.J.qn/C J.qnC1// �
1

kAk

kX
nD0

.J.qn/C J.qnC1// �
2

kAk

kC1X
nD0

J.qn/:

Hence,
Pk
nD0 J.qn/ � C for any k 2 N [ ¹0º, i.e.,

1X
nD0

J.qn/ <1: (2.6.21)

Then limn!1 J.qn/ D 0, and ¹qnº is a minimizing sequence.
In view of (2.6.19), the sequence ¹qnº is bounded. Then there exists a subsequence
¹qnkºk2N and qc 2 Q such that limk!1hq; qnk i D hq; qci for all q 2 Q.

Note that the continuity of A implies its weak continuity. Indeed, for any ' 2 F ,
A�' D w 2 R.A�/ � Q, which implies that hqnk ; wi D hAqnk ; 'i and hw; qci D
h';Aqci. Therefore, the sequence ¹Aqnkº, k 2 N, weakly converges to Aqc . On
the other hand, ¹qnkºk2N is also a minimizing sequence, i.e., ¹Aqnkºk2N strongly
(and therefore weakly) converges to f . As a result, Aqc D f and, since the solution
of the problem Aq D f is unique, we conclude that qc D qe , which completes the
proof.

A more detailed analysis of these methods and other gradient methods can be found
in (Alifanov et al., 1988).

2.7 An estimate of the convergence rate with respect to the
objective functional

In this section we estimate the rate of convergence of the steepest descent method with
respect to the objective functional. With the inverse problem

Aq D f (2.7.1)

we associate the objective functional

J.q/ D kAq � f k2: (2.7.2)
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Lemma 2.7.1. Let Q and F be Hilbert spaces and A W Q! F be a bounded linear
operator. Then for all q; ıq 2 Q there holds

jJ.q C ıq/ � J.q/ � hıq; J 0qij � kAk2kıqk2: (2.7.3)

Proof. Taking into account the definition of the functional J.q/ and Remark 2.6.1,
we have

J.q C ıq/ � J.q/ � hıq; J 0qi

D kAq C Aıq � f k2 � kAq � f k2 � hAıq; 2.Aq � f /i

D hAq � f C Aıq;Aq � f C Aıqi � kAq � f k2 � hAıq; 2.Aq � f /i

D hAq � f;Aq � f i C hAıq;Aq � f i C hAq � f;Aıqi C kAıqk2

� kAq � f k2 � hAıq; 2.Aq � f /i

D kAıqk2;

which yields the inequality (2.7.3).

Consider the steepest descent method

qnC1 D qn � ˛nJ
0qn; n 2 N [ ¹0º; q0 2 Q; (2.7.4)

where the descent parameter is determined by the formula

˛n D arg min
˛�0

J.qn � ˛J
0qn/: (2.7.5)

Theorem 2.7.1 (on the convergence of the steepest descent method with respect to
the objective functional). Let Q and F be Hilbert spaces and A be a bounded linear
operator. Assume that there exists a solution qe 2 Q to equation (2.7.1) for some
f 2 F . Then the sequence ¹qnº defined by (2.7.4) and (2.7.5) converges to zero
with respect to the objective functional .i.e., limn!1 J.qn/ D 0/ and the following
estimate holds:

J.qn/ �
kAk2kq0 � qek

2

n
: (2.7.6)

Proof. Substituting q D qn and ıq D �˛J 0qn .n 2 N [ ¹0º, ˛ > 0/ into (2.7.3), we
obtain

jJ.qn � ˛J
0qn/ � J.qn/C ˛kJ

0qnk
2j � kAk2˛2kJ 0qnk

2: (2.7.7)

From (2.7.7) it follows that

J.qn � ˛J
0qn/ � J.qn/ � ˛.˛kAk

2 � 1/kJ 0qnk
2: (2.7.8)
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By the definition of ˛n, the following inequality holds for all ˛ > 0:

J.qnC1/ D J.qn � ˛nJ
0qn/ � J.qn � ˛J

0qn/:

Then (2.7.8) can be written in the form

J.qnC1/ � J.qn/ � J.qn � ˛J
0.qn// � J.qn/ � ˛.˛kAk

2 � 1/kJ 0qnk
2;

which implies

˛.1 � ˛kAk2/kJ 0qnk
2 � J.qn/ � J.qnC1/; ˛ > 0: (2.7.9)

The right-hand side of (2.7.9) does not depend on ˛. Thus, inequality (2.7.9) holds
for all ˛ and, in particular, for ˛ D 1=.2kAk2/. Then (2.7.9) implies that

J.qnC1/C
1

4kAk2
kJ 0qnk

2 � J.qn/: (2.7.10)

From (2.7.10) we conclude that 0 < J.qnC1/ < J.qn/. Being decreasing and
bounded from below, the sequence ¹J.qn/º has a limit.

Then from (2.7.10) it follows that the sequence ¹kJ 0qnk2º has a limit:

lim
n!1

kJ 0qnk
2 D 0: (2.7.11)

In view of the obvious equalities

J.qn/ D hAqn � f;Aqn � f i D hA.qn � qe/; A.qn � qe/i

D
1

2
hqn � qe; 2A

�A.qn � qe/i D
1

2
hJ 0qn; qn � qei;

we have

J.qn/ �
1

2
kJ 0qnkkq0 � qek; (2.7.12)

which yields limn!1 J.qn/ D 0 because of (2.7.11).
From inequality (2.7.12) it follows that

2J.qn/

kq0 � qek
� kJ 0qnk: (2.7.13)

Then (2.7.10) implies

J 2.qn/

kAk2kq0 � qek2
� J.qn/ � J.qnC1/: (2.7.14)

To establish the estimate (2.7.6), we formulate and prove the following lemma,
which is presented in (Vasil’ev, 1988) in a more general form.
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Lemma 2.7.2. Assume that the elements of a sequence a0; a1; a2; : : : are positive
and satisfy the conditions

a2n�1
B
� an�1 � an; B D const > 0; n 2 N: (2.7.15)

Then for all k 2 N

ak <
B

k
: (2.7.16)

Proof. Note that ¹anº is a decreasing sequence. Divide (2.7.15) by anan�1:

0 <
an�1

Ban
�

1

an
�

1

an�1
:

Since the sequence is decreasing, we have

1

B
�

1

an
�

1

an�1
:

Then, summing these inequalities over n from 1 to k, we arrive at the estimate

k

B
�

kX
nD1

� 1
an
�

1

an�1

�
D

1

ak
�
1

a0
<

1

ak
;

which implies (2.7.16). The lemma is proved.

To verify the estimate (2.7.6), it remains to apply Lemma 2.7.2 to the sequence
¹J.qn/º using the inequality (2.7.14) for (2.7.15). Thereby Theorem 2.7.1 is proved.

Theorem 2.7.2 (on the convergence of the method of simple iteration with respect to
the objective functional). Let Q and F be Hilbert spaces and A be a bounded linear
operator. Assume that there exists an exact solution qe 2 Q to the equation Aq D f
for some f 2 F . Then, for any q0 2 Q and ˛ 2 .0; kAk�2/, the sequence ¹qnº
defined by the equalities

qnC1 D qn � ˛J
0qn; n 2 N [ ¹0º; (2.7.17)

converges with respect to the objective functional and the following estimate holds:

J.qn/ �
kq0 � qek

2

4n˛.1 � ˛kAk2/
: (2.7.18)
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The proof is similar to that of the previous theorem. Indeed, it is not difficult to
verify that inequalities (2.7.9) and (2.7.13) are valid not only for the steepest descent
method but also for the method of simple iteration, that is, when ˛ is fixed. From
these inequalities it follows that

4˛.1 � ˛kAk2/

kq0 � qek2
J 2.qn/ � J.qn/ � J.qnC1/: (2.7.19)

Putting

an D J.qn/; B D
kq0 � qek

2

4˛.1 � ˛kAk2/

in Lemma 2.7.2, we obtain the desired estimate (2.7.18).

2.8 Conditional stability estimate and strong convergence
of gradient methods applied to ill-posed problems

Theorem 2.2.1 guarantees the continuity of the operator A�1 W A.M/ ! M if M �
Q is compact and the operator A W Q ! F is a continuous one-to-one map from M

ontoA.M/. M. M. Lavrentiev pointed out that for conditionally well-posed problems,
Theorem 2.2.1 implies the existence of the modulus of continuity of the operator A�1

on the set A.M/ (see Definition 2.2.1), i.e., the function !.A.M/; ı/.
If the form of the function!.ı; A.M// or of its majorant (for example, a conditional

stability estimate) is known, it is possible to estimate in norm the difference between
the solution of the equation Aq D f and that of Aq D fı .

Definition 2.8.1. Let the problem Aq D f be conditionally well-posed on a set
M � Q. We say that a conditional stability estimate is obtained on the well-posedness
set M if an increasing real-valued function ˇ.ı/ is found such that

1/ limı!C0 ˇ.ı/ D 0;

2/ for any f 2 A.M/ and fı 2 A.M/ satisfying the estimate kf � fık � ı, the
inequality

kqe � qık � ˇ.ı/

holds true, where qe 2 M is a solution to the equation Aq D f and qı 2 M is
a solution to the equation Aq D fı .
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As an example, we consider two well-known ill-posed problems. (A detailed anal-
ysis of these problems is given in the corresponding sections.)

Example 2.8.1 (see Chapter 8). Consider the Cauchy problem for a parabolic equa-
tion in reversed time:

ut D �uxx ; x 2 .0; 1/; t 2 .0; T /; T > 0I

u.x; 0/ D f .x/; x 2 .0; 1/I

u.0; t/ D u.1; t/ D 0; t 2 .0; T /:

Let ue.x; t/ be an exact solution to this problem. We denote by uı.x; t/ the solution
to the perturbed problem

ut D �uxx; x 2 .0; 1/; t 2 .0; T /I

u.x; 0/ D fı.x/; x 2 .0; 1/I

u.0; t/ D u.1; t/ D 0; t 2 .0; T /:

Then from the conditions kue. � ; T /kL2.0;1/ � C , kuı. � ; T /kL2.0;1/ � C , and kf �
fıkL2.0;1/ � ı it follows that

kue. � ; t / � uı. � ; t /kL2.0;1/ � .2C /
t=T ı.T�t/=T ; t 2 .0; T /:

Example 2.8.2 (see Chapter 9). The Cauchy problem for Laplace’s equation has the
form

uxx C uyy D 0; x > 0; y 2 RI (2.8.1)

u.0; y/ D f .y/; y 2 RI (2.8.2)

ux.0; y/ D 0; y 2 R: (2.8.3)

This problem will be considered in the domain .x; y/ 2 � D .0; 1/ � .0; 1/ with
boundary conditions

u.x; 0/ D u.x; 1/ D 0; x 2 .0; 1/: (2.8.4)

The problem of determining u.x; y/ in� will be solved if we find the trace of u.x; y/
for x D 1, i.e.,

q.y/ D u.1; y/; y 2 .0; 1/: (2.8.5)

Indeed, knowing q.y/, we can solve the well-posed Dirichlet problem for Laplace’s
equation (2.8.1), (2.8.2), (2.8.4), (2.8.5) and determine the exact solution ue.x; y/ to
the original problem in �.
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Assume that the problem (2.8.1)–(2.8.4) has an exact solution ue with the trace
(2.8.5), and kqkL2.0;1/ < C . Then, if uı is a solution to the perturbed problem (with
kf � fıkL2.0;1/ � ı)

uxx C uyy D 0; x 2 .0; 1/; y 2 .0; 1/I

u.0; y/ D fı.y/; ux.0; y/ D 0; y 2 .0; 1/I

u.x; 0/ D u.x; 1/ D 0; x 2 .0; 1/I

and qı.y/ D uı.1; y/ satisfies the estimate kqıkL2.0;1/ � C , then

kue.x; � / � uı .x; � /kL2.0;1/ � .2C /
xı1�x ; x 2 .0; 1/:

Strong convergence of the steepest descent method. If a conditional stability es-
timate ˇ.ı/ is obtained on the well-posedness set

M D ¹q 2 Q W kqk � C º;

then an estimate of the strong convergence rate for gradient methods can be derived
from the estimate of the rate of convergence with respect to the objective functional.
For example, consider the steepest descent method

qnC1 D qn � ˛nJ
0qn; n D 0; 1; 2; : : : ; q0 2 Q; (2.8.6)

˛n D arg min
˛�0

J.qn � ˛J
0qn/: (2.8.7)

Theorem 2.8.1 (an estimate of the strong convergence rate for the steepest descent
method). Let Q and F be Hilbert spaces and A W Q ! F be a continuous linear
operator. Assume that the problem Aq D f has a solution qe 2 Q for f 2 F and a
conditional stability estimate ˇ.ı/ is obtained on the set

M D ¹q 2 Q W kqk � 2kqekº:

Then the following estimate holds if kqe � q0k � kqek:

kqe � qnk � ˇ
�2kAkkqe � q0k

p
n

�
: (2.8.8)

Proof. From (2.6.19) and the assumptions of the theorem, it follows that

8n 2 N kqe � qnk � kqe � q0k � kqek:

Hence
kqnk � 2kqek; n 2 N [ ¹0º;

which means that qn 2M .
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Since there exists an exact solution qe 2M to the equation Aq D f ,

J.qn/ D kAqn � f k
2 D kAqn � Aqek

2:

By Theorem 2.7.1,

kAqn � Aqek
2 �
kAk2kqe � q0k

2

n
:

By Definition 2.8.1 (the definition of a conditional stability estimate), this inequality
implies (2.8.8).

Theorem 2.8.2. Under the assumptions of Theorem 2.8.1, the convergence rate of the
method of simple iteration (2.6.8) is

kqe � qnk � ˇ
� kqe � q0k

2
p
˛n
p
1 � ˛kAk2

�
:

The proof of this theorem is similar to that of Theorem 2.8.1.

Remark 2.8.1. Note that a conditional stability estimate can be obtained under the
assumption that the exact solution is sourcewise representable, i.e., it can be repre-
sented in the form qe D Bv, where B is an operator with sufficiently good properties
and v belongs to a certain ball. We give a simple example as an illustration. Let H be
a separable Hilbert space, A W H ! H be a self-adjoint compact linear operator, and
let ¹�n; 'nº be the sequence of eigenvalues and orthonormal eigenfunctions of A. Put

M D ¹q 2 H W q D Av; kvk � cº:

Expand q 2 H and v 2 H in the basis ¹'kº:

q D
X
k

qk'k ; f D Aq D
X
k

qk�k'k ;

v D
X
k

vk'k ; f D AAv D
X
k

�2kvk'k;

where qk D hq; 'ki and vk D hv; 'ki. Note that if q D Av, kvk � c, and kf k � ı,
then

kqk2 D kAvk2 D
X
k

v2k�
2
k D

X
k

jvkj jvkj�
2
k

�

sX
k

v2
k

sX
k

v2
k
�4
k
D kvkkf k � cı;

which yields

kqk �
p
cı:
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Then the modulus of continuity of the operator A on A.M/ can be estimated from
above:

!.A.M/; ı/ D sup
q2M; kAqk�ı

kqk <
p
cı:

In a more general case (Vainikko and Veretennikov, 1986), the well-posedness set
can be chosen as follows:

Mp	 D ¹q 2 H W q D .A�A/p=2v; v 2 H W kvk � �º; p > 0; � > 0:

In this case a conditional stability estimate takes the form

!.A.Mp	/; ı/ � �
1=.pC1/ıp=.pC1/:

Regularizing properties of gradient methods. Suppose that the assumptions of
Theorem 2.8.2 hold, but the function f 2 F is given approximately and the approx-
imation fı 2 B.f; ı/ may not belong to A.M/. We will show that if ı ! 0 and
n ! 1 at concerted rates, then the exact solution qe can be approximated as accu-
rately as desired. To solve the problem of minimizing the functional

Jı.q/ D kAq � fık
2; (2.8.9)

we will use the method of simple iteration (with a somewhat stronger condition on the
parameter ˛):

qı nC1 D qın � ˛J
0qın; qı0 D q0; (2.8.10)

˛ 2
�
0;

1

2kAA�k

�
: (2.8.11)

We need to find out how large the difference between qı nC1 and qnC1 may become
as the iteration index n increases, where qnC1 is calculated using the method of sim-
ple iteration with exact data (qnC1 D qn � ˛J

0qn) and the same q0 as an initial
approximation. Consider the difference

qnC1 � qı nC1 D qn � qın � ˛J
0qn C ˛J

0qın

D qn � qın � ˛.J
0qn � J

0qın/

D .I � ˛2A�A/.qn � qın/C 2˛A
�.f � fı/: (2.8.12)

Using (2.8.11), from (2.8.12) we obtain

kqnC1 � qı nC1k � kqn � qınk C 2˛kA
�kı:

Consequently,

kqnC1 � qı nC1k � kq1 � qı1k C 2˛nkA
�kı: (2.8.13)



58 Chapter 2 Ill-posed problems

Since both processes start with the same initial approximation, we have

kq1 � qı1k � 2˛kA
�kı: (2.8.14)

Then (2.8.13) and (2.8.14) imply

kqn � qınk � ˇ2.n/ı; n 2 N [ ¹0º; (2.8.15)

where

ˇ2.n/ D 2˛nkA
�k: (2.8.16)

The derived estimates are used to prove the following statement.

Theorem 2.8.3 (the regularizing properties of the method of simple iteration). Let
Q and F be Hilbert spaces, and let A W Q ! F be a continuous linear operator.
Assume that the problem Aq D f has a solution qe 2 Q for f 2 F , a conditional
stability estimate ˇ.ı/ is determined on the set

M D ¹q 2 Q W kqk � 2kqekº;

and the following conditions hold:

kqe � q0k � kqek; (2.8.17)

kf � fık � ı: (2.8.18)

Then the sequence qın of the method of simple iteration (2.8.10), (2.8.11) satisfies the
estimate

kqe � qınk � ˇ
� kqe � q0k

2
p
˛n
p
1 � ˛kAk2

�
C 2˛nkA�kı: (2.8.19)

Proof. Let ¹qnº be the sequence constructed using the method of simple iteration with
exact data and q0 as an initial approximation. Then

kqe � qınk � kqe � qnk C kqn � qınk:

The estimate of the first term is provided by Theorem 2.8.2 and the second term
by (2.8.15).

Remark 2.8.2. The estimate (2.8.19) shows that the sequence ¹qınº of the method
of simple iteration is a regularizing sequence with n as the regularization parameter.
Indeed, write (2.8.19) in the form

kqe � qınk � ˇ1.n/C ıˇ2.n/; (2.8.20)
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where

ˇ1.x/ D ˇ
� kqe � q0k

2
p
˛x
p
1 � ˛kAk2

�
; ˇ2.x/ D 2˛kA

�kx:

Since ˇ1.n/ monotonically tends to zero and ˇ2.n/ monotonically tends to infinity as
n!1, the iteration number n� at which the iterative process should be stopped can
be chosen in a neighbourhood of a point x� such that

ˇ01.x�/C ıˇ
0
2.x�/ D 0:

Remark 2.8.3. The estimate (2.8.20) allows one to see the reason of a “strange”
behaviour of the approximations qın in practical implementation of gradient methods.
It was noticed that qın approaches the exact solution .i.e., kqın � qek decreases/ at
early stages of the iterative process, but kqın � qek may start to increase at later
stages. Indeed, if Aq D fı has a solution for some fı , then the estimate (2.8.8)
holds. Otherwise, if there is no solution for fı , then Theorem 2.8.1 is not applicable
and the error starts to increase with n. In this case the function ˇ2.n/ increases and
for n > x� D x�.ı/ the right-hand side of (2.8.20) may become as large as desired.

Exercise 2.8.1. Analyze the function ˇ.x/ D ˇ1.x/C ıˇ2.x/ for convexity.

Remark 2.8.4. More detailed analysis of the method can be found in (Engl et al.,
1996).

Note that if an estimate from below is available for the operator A, for example, if
there is a constant m > 0 such that the inequality

mhq; qi � hAq; qi

holds for all q 2 Q, then the estimates for both weak and strong convergence of gra-
dient methods can be substantially improved (Vainikko and Veretennikov, 1986; Kan-
torovich and Akilov, 1982). However, we are interested in analyzing strong conver-
gence in the case where the problem is strongly ill-posed (the rate of convergence with
respect to the objective functional was already estimated in Theorems 2.7.1 and 2.7.2,
since a compact linear operator satisfies the assumptions of these theorems). Consider
an already familiar example (see Example 2.8.2):

�u D 0; .x; y/ 2 �; (2.8.21)

ux.0; y/ D 0; y 2 .0; 1/; (2.8.22)

u.0; y/ D f .y/; y 2 .0; 1/; (2.8.23)

u.x; 0/ D u.x; 1/ D 0; x 2 .0; 1/: (2.8.24)
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It was indicated in Example 2.8.2 that in order to solve this problem it is sufficient
to find a function q.y/ such that

u.1; y/ D q.y/ (2.8.25)

and then to solve the well-posed problem (2.8.21), (2.8.22), (2.8.24), (2.8.25) (whose
well-posedness is established in Section 9.3). In other words, it suffices to solve an
operator equation

Aq D f: (2.8.26)

The properties of the operator A are analyzed in detail in Chapter 9. In particular,
it is shown that the linear operator A acts from L2.0; 1/ to L2.0; 1/ and kAk � 1. In
the same chapter an estimate will be obtained in the formZ 1

0

u2.x; y/ dy �
� Z 1

0

f 2.y/ dy
�1�x� Z 1

0

q2.y/ dy
�x
; x 2 .0; 1/: (2.8.27)

The main difference of this estimate from the conditional stability estimate (see
Definition 2.8.1) is that (2.8.27) depends on the parameter x. Nevertheless, it can be
used to estimate the rate of strong convergence not of the gradient method itself but of
the iterative process of approximate calculation of un.x; y/ generated by this method.
We will explain this in detail.

Suppose that the nth approximation qn.y/ 2 L2.0; 1/ has been constructed in solv-
ing the operator equation (2.8.26) using the method of simple iteration

qnC1 D qn � ˛J
0qn; ˛ 2 .0; kAk�2/: (2.8.28)

In view of the choice of ˛, we have

kqn � qek � kqn�1 � qek � � � � � kq0 � qek: (2.8.29)

By Theorem 2.7.2,

J.qn/ D kAqn � f k
2 �

kq0 � qek
2

4n˛.1 � ˛kAk2/
:

At the same time, Aqn D un.0; y/, where un.x; y/ is a solution to the problem

�u D 0; .x; y/ 2 �;

ux.0; y/ D 0; y 2 .0; 1/;

u.1; y/ D qn.y/; y 2 .0; 1/;

u.x; 0/ D u.x; 1/ D 0:

(2.8.30)
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In Section 9.3 we will prove that there exists a unique solution un.x; y/ to prob-
lem (2.8.30) that satisfies the estimate

kunk
2
L2.�/

�
p
2 kqnk

2
L2.0;1/

:

Moreover, the solution has a trace un.0; y/ D fn.y/ such that

kfnkL2.0;1/ � kqnkL2.0;1/:

Since the problem in question is linear, the estimate (2.8.27) implies thatZ 1

0

Œun.x; y/ � ue.x; y/

2 dy

�
� Z 1

0

ŒAqn � Aqe

2 dy

�1�x� Z 1

0

Œqn.y/ � qe.y/

2 dy

�x
; x 2 .0; 1/;

where ue is an exact solution to the problem (2.8.21)–(2.8.24).
From (2.8.29) it follows thatZ 1

0

Œun.x; y/ � ue.x; y/

2 dy

�
� Z 1

0

ŒAqn � f .y/

2 dy

�1�x
kq0 � qek

2x; x 2 .0; 1/:

It remains to apply Theorem 2.7.2:Z 1

0

Œun.x; y/ � ue.x; y/

2 dy �

kq0 � qek
2�2x

Œ4n˛.1 � ˛kAk2/
1�x
kq0 � qek

2x

D
kq0 � qek

2

Œ4n˛.1 � ˛kAk2/
1�x
; x 2 .0; 1/: (2.8.31)

Thus, we have shown that (2.8.27) allows us to estimate the rate of strong conver-
gence not of the gradient method qnC1 D qn � ˛nJ

0qn itself, but of the iterative
process generated by this method. Note that as x tends to 1 from below (x ! 1 � 0),
the estimate (2.8.31) becomes as follows:

kqn � qek
2 � kq0 � qek

2:

This reminds us that the assumption that qe is bounded in the norm is not suffi-
cient to estimate the rate of convergence of kqn � qek. To this end, we can either
impose a stronger smoothness condition on qe , or assume that qe is sourcewise rep-
resentable (Bakushinskii and Goncharskii, 1989; Bakushinskii and Kokurin, 2004,
2006; Vainikko and Veretennikov, 1986), or assume that the well-posedness set is
compact.



62 Chapter 2 Ill-posed problems

2.9 The pseudoinverse and the singular value
decomposition of an operator

In this section, we study two highly important and interrelated concepts: the pseudo-
inverse operator and the singular value decomposition of a linear operator. These
concepts, which originate from the related areas of linear algebra (see the works by
S. K. Godunov, V. V. Voevodin, M. Z. Nashed, and others in the supplementary ref-
erences to Chapters 2 and 3), provide a way to study extensively the characteristic
features of linear ill-posed problems and numerical methods for solving them. The
results presented in this section can be regarded as a generalization of the correspond-
ing results of Chapter 3 to the case of separable Hilbert spaces.

Any continuous linear operator A from a Hilbert space Q to a Hilbert space F
generates an orthogonal direct sum decomposition of these spaces:

Q D N.A/˚N.A/? D N.A/˚R.A�/;

F D N.A�/˚N.A�/? D N.A�/˚R.A/;

where A� is the adjoint of A, N.A/ and N.A�/ are the kernels of the operators A
and A�, and R.A/ and R.A�/ are the ranges of A and A�, respectively. This decom-
position induces a pair of orthogonal projectors PN.A/ and P

R.A/
such that

PN.A/ W Q! Q; R.PN.A// D N.A/I

P
R.A/

W F ! F; R.P
R.A/

/ D R.A/:

In its turn, this pair of orthogonal projectors uniquely defines a pseudoinverse operator
A� (which in this case is also called an orthogonal generalized inverse or a generalized
inverse operator) by the following relations (Nashed and Votruba, 1976; Beutler and
Root, 1976):

D.A�/ D R.A/˚N.A�/; (2.9.1)

AA�f D P
R.A/

f for all f 2 D.A�/; (2.9.2)

A�Aq D .I � PN.A//q for all q 2 Q: (2.9.3)

The pseudoinverse operator is densely defined in F and can be represented on its
domain of definition as

A� D
�
A
ˇ̌
R.A�/

��1
P
R.A/

;

where A
ˇ̌
R.A�/

is the restriction of A to the linear manifold R.A�/. Moreover, A� is

continuous on the entire F if and only if R.A/ D R.A/.
A distinguishing feature of the pseudoinverse operator as compared to other gener-

alized inverses is its close association with pseudo-solutions to the operator equation

Aq D f: (2.9.4)
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Definition 2.9.1. An element qp 2 Q is called a pseudo-solution to the equation
Aq D f .or a least squares solution/ if

kAqp � f k
2 D inf

q2Q
kAq � f k2:

In other words, qp D arg minq2Q kAq � f k
2.

We call attention to the fact that the concepts of a pseudo-solution and a quasi-
solution (see Definition 2.3.1) are alike, with the only difference that the quasi-solution
is required to belong to a given setM . It should be noted, however, that this distinction
may be of considerable importance, for example, if M is assumed to be compact.

Let Qp
f

denote the set of all pseudo-solutions to the equation Aq D f for a fixed
f 2 F . Then

Q
p
f
D
®
qp W kAqp � f k D inf

q2Q
kAq � f k

¯
D ¹q W Aq D P

R.A/
f º;

which implies that Qp
f

is nonempty if and only if f 2 R.A/ ˚ N.A�/. In this

case, Qp
f

is a convex closed set, and it contains an element of minimal length qnp,
which is nothing but a pseudo-solution of minimal norm (Nashed and Votruba, 1976),
also called a normal pseudo-solution to the equationAq D f (with respect to the zero
element). The connection between qnp and the pseudoinverse operatorA� is described
by the following theorem (Nashed and Votruba, 1976).

Theorem 2.9.1. The equation Aq D f has a normal pseudo-solution qnp if and
only if f 2 R.A/˚ N.A�/. Moreover, qnp D A�f , where A� is the pseudoinverse
operator defined by (2.9.1)–(2.9.3).

The problems Aq D f with a compact linear operator A represent one of the most
important classes of ill-posed problems. It is worth noting that this class includes inte-
gral equations of the first kind with kernels satisfying sufficiently general assumptions.
The most natural method for the study (and, in many cases, for numerical solution) of
such problems is the singular value decomposition, which is presented below.

First, let A be a compact linear self-adjoint operator (A D A�). Assume that the
eigensystem ¹�n; 'nº of the operator A consists of nonzero eigenvalues ¹�nº and
a complete orthogonal sequence of the corresponding eigenvectors ¹'nº (A'n D
�n'n). Then A can be “diagonalized”, i.e.,

Aq D
X
n

�nhq; 'ni'n

for all q 2 Q.
If the operator A W Q ! F is linear and compact, but not self-adjoint, then

we can construct an analog of the eigensystem ¹�n; 'nº called the singular system
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¹�n; un; vnº of A. This construction is based on the connection between the equa-
tions Aq D f and A�Aq D A�f . First, we give a formal definition. Let A W Q! F

be a compact linear operator, whereQ and F are separable Hilbert spaces (i.e., Hilbert
spaces with countable bases). A system ¹�n; un; vnº with n 2 N, �n � 0, un 2 F ,
and vn 2 Q will be called the singular system of the operator A if the following
conditions hold:

� the sequence ¹�nº consists of nonnegative numbers such that ¹�2nº is the se-
quence of eigenvalues of the operator A�A arranged in the nonincreasing order
and repeated according their multiplicity;

� the sequence ¹vnº consists of the eigenvectors of the operator A�A correspond-
ing to ¹�2nº (this system is orthogonal and complete, R.A�/ D R.A�A/ );

� the sequence ¹unº is defined in terms of ¹vnº as un D Avn=kAvnk.

The sequence ¹unº is a complete orthonormal system of eigenvectors of the opera-
tor AA�. Moreover,

Avn D �nun; A�un D �nvn; n 2 N;

and the following decompositions hold:

Aq D
X
n

�nhq; vniun; A�f D
X
n

�nhf; univn:

The infinite series in these decompositions converge in the norm of the Hilbert
spaces Q and F , respectively, and are called the singular value decomposition of the
operator A (similarly to the singular value decomposition of a matrix; see Chapter 3).

The structure of the range R.A/ and the range of the adjoint operator A� is de-
scribed by the following theorem (Nashed, 1976; Kato, 1995):

Theorem 2.9.2 (on the singular value decomposition of a compact operator). If Q
and F are separable Hilbert spaces and A W Q ! F is a compact linear opera-
tor, then there exist orthonormal sequences of functions ¹vnº � Q .right singular
vectors/, ¹unº � F .left singular vectors/, and a nonincreasing sequence of nonneg-
ative numbers ¹�nº .singular values/ such that

Avn D �nun;

A�un D �nvn;

span¹vnº D R.A�/ D N.A/
?;

span¹unº D R.A/ D N.A
�/?;

and the set ¹�nº has no nonzero limit points.
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Another important property of compact operators (Kato, 1966; Kantorovich and
Akilov, 1982) is that their nonzero singular values have finite multiplicity.

Corollary 2.9.1. If A is a compact operator, then

1) the Picard criterion for the solvability of the problem Aq D f holds: the prob-
lem is solvable, i.e., f 2 R.A/˚N.A�/, if and only if

X
�n¤0

hf; uni
2

�2n
<1I

2) for any f 2 R.A/˚N.A�/, the element

A�f D
X
�n¤0

hf; uni
2

�n
vn

is a normal pseudo-solution to the equation Aq D f .

Remark 2.9.1. As noted before, the operator A� is bounded on the entire space F
if and only if its range R.A/ is a closed subspace of F . At the same time, the range
of a compact operator is closed if and only if the operator has a finite singular sys-
tem ¹�n; un; vnº. Therefore, if the singular system of a compact linear operator A is
infinite, then A� is unbounded.

If f 2 D.A�/, then the equation Aq D f has a unique normal pseudo-solution
qnp D A�f , and pseudo-solutions qp are the only solutions to the equation A�Aq D
A�f , which is called normal with respect to the equation Aq D f .

The decomposition

qnp D A
�f D

X
n

hf; uni

�n
vn

shows how errors in the data f affect the result qnp, namely, errors in the compo-
nents fn D hf; uni corresponding to small singular values �n are divided by �n and
therefore increase indefinitely with n. This makes it possible to construct Hadamard’s
example illustrating the instability of the problem Aq D f with a linear compact
operator A. Indeed, assume that qe 2 Q is an exact solution to the problem Aq D f

and the perturbation of the right-hand side f has the form ıun, ı 2 RC. Then the
difference between the solution qın to the problem Aq D f C ıun and the exact
solution is

qe � qın D
hıun; uni

�n
vn:
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Then, on the one hand, the error kf � fınk D ı does not depend on n and can
be as small as desired. On the other hand, the corresponding error kqe � qınk D

ı=�n in the solution tends to infinity as n increases, and the faster the decrease of the
sequence of singular values ¹�nº, the faster the increase of the error. Thus, the degree
of ill-posedness of the problem Aq D f is directly related to the character of the
decrease of �n. For example, the problem Aq D f is said to be weakly ill-posed if
�n D O.n�
 / for some � 2 RC, and strongly ill-posed otherwise (for instance, if
�n D O.e�n/).

The singular value decomposition of the operator A can be used to construct a
regularization method for the problem Aq D f based on the projection:

qın D

nX
jD1

hfın; uj i

�j
vj :

It can be proved that

kqın � qnpk D O
�
�nC1 C

ı

�n

�
; n!1:

We introduce systems of subspaces and the corresponding orthogonal projectors:

Qr D span¹v1; : : : ; vrº � Q;

PQr W Q! Q; PQr .Q/ D Qr ;

Fr D span¹u1; : : : ; urº � F;

PFr W F ! F; PFr .F / D Fr ;

where the numbers r are chosen so that �r > �rC1. The reason for this requirement
is that the orthogonal projectors PQr and PFr are not well-defined if �r D �rC1 in
the sense that they depend on the indexing of the singular system.

Definition 2.9.2. The operator A�r D A�PFr W F ! Q is called the r-pseudoinverse
operator, and the element

q.r/ D A
�
rf D

rX
nD1

hf; uni

�n
vn

is called a generalized normal r-solution .referred to as an “r-solution” in the sequel/
to the operator equation (2.9.4).

This operator is obviously defined and bounded on the entire space F ,A�rf D A�f
for all f 2 Fr � R.A/, and A�rf D PQr .A

�f / for all f 2 R.A/ ˚ N.A�/.
Furthermore, since

S
r2N Qr D R.A

�/, it is clear that for any f 2 D.A�/ and ı > 0
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there exists r.ı; f / such that kA�f � A�rf k < ı. Thus, the family of operators
A
�
r can be viewed as approximating the pseudoinverse operator A� on its domain of

definition.
In the numerical solution of equation (2.9.4), the exact representations of the op-

erator A and the data f are not available. Instead, there are Ah and fı such that
kA � Ahk � h and kf � fık � ı (errors in the numerical approximation of the op-
erator and measurement errors), where fı does not necessarily belong to the domain
of definition of the pseudoinverse operator A�

h
(even if f 2 D.A�/), and therefore

it does not make sense to analyze the behavior of kA�f � A�
h
fık as ı; h ! 0. At

the same time, since the operators A�r and A�
hr

are defined and bounded on the entire

space F , the difference kA�rf � A
�

hr
f k characterizes the accuracy of calculation of

the projection of a solution onto the first r singular vectors.
The concept of an r-solution to a system of algebraic equations Aq D f makes

it possible to construct numerically stable algorithms for its solution if the condition
number of the matrix

�r .A/ D
�1.A/

�r.A/
;

the gap in the singular value spectrum

dr.A/ D
�1.A/

�r.A/ � �rC1.A/

and the system inconsistency parameter

�r .A; f / D
kAq.r/ � f k

�r.A/kq.r/k

are not too large. More specifically, the restriction on the size of admissible perturba-
tions h and ı can be expressed in terms of the quantities �r.A/, dr .A/, and �r.A; f /
(Godunov et al., 1993).



Chapter 3

Ill-posed problems of linear algebra

This chapter is of particular importance for the study of numerical methods for solving
linear inverse and ill-posed problems, since all of them can be reduced to systems of
linear algebraic equations in one way or another. For this reason, the main concepts
of the theory of ill-posed problems, such as regularization, quasi-solution, normal
solution, and others, are represented in this chapter.

The study of ill-posed problems of linear algebra is not only a necessary stage in
the numerical solution of linear ill-posed problems. Mathematicians were solving ap-
plied problems with overdetermined or underdetermined systems of equations long
before the terms “ill-posed problem” and “inverse problem” were coined. Linear al-
gebra was the first area where they started to study such concepts as a normal solution
(which provides a way for choosing a unique solution among many possible solu-
tions), a pseudo-solution (a generalized solution that coincides with an exact solution
if it exists), ill-conditioned systems, and singular value decomposition, which, like
an x-ray, highlights the degree of ill-posedness of the problem and indicates possible
ways for its numerical solution.

As we will see later, given the matrix A, the problem of finding a normal pseudo-
solution to the system Aq D f is well-posed (the pseudoinverse operator can be
determined exactly).

In Section 3.1 we introduce the concept of a pseudo-solution (a generalized solu-
tion) to the system of linear algebraic equations Aq D f (qp D arg minq2Rn kAq �
f k), the normal system ATAq D AT f , and the normal pseudo-solution qnp D

arg minqp2Q
p
f
kqpk, where Qp

f
is the set of all pseudo-solutions. In Section 3.2, we

consider regularizing algorithms for constructing a solution to the system Aq D f

from the approximate data ¹Ah; fıº based on using a regularization parameter ˛. Sec-
tion 3.3 deals with techniques for choosing the regularization parameter ˛, which is
the most important and complicated problem in regularization. Section 3.4 presents it-
erative algorithms for solving ill-posed problems of linear algebra where the iteration
index plays the role of the regularization parameter. Singular value decomposition,
which is briefly described in Sections 3.5 and 3.6, plays a special role in the theory
and numerical solution of ill-posed problems of linear algebra. Clearly, the singular
value decomposition procedure is complicated and laborious. However, if this task is
done, i.e., the m � n matrix A is represented as A D U†V T , where the matrices U
and V are orthogonal (or unitary in the complex case) and† D diag .�1; �2; : : : ; �p/,
0 � �p � �p�1 � � � � � �1, p D min¹m; nº, then the obtained decomposition
provides an almost complete answer to the question about the degree of ill-posedness
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of the problem Aq D f . Finally, in Section 3.7 we present a method devised for
symmetric matrices and especially for band matrices, which arise, for example, in the
numerical implementations of the Gelfand–Levitan methods.

Consider a system of m linear algebraic equations for n unknowns8̂̂̂
<
ˆ̂̂:

a11q1 C a12q2 C : : :C a1nqn D f1;

a21q1 C a22q2 C : : :C a2nqn D f2;
:::

am1q1 C am2q2 C : : :C amnqn D fm:

This system can be written in the matrix form

Aq D f;

where A is the m � n real matrix of system coefficients, f D .f1; f2; : : : ; fm/
T

2 Rm is the column vector of right-hand sides, and q D .q1; q2; : : : ; qn/
T 2 Rn is

the column vector of unknowns. In accordance with the previous notation, throughout
this chapter we assume Q D Rn, F D Rm, and A W Rn ! Rm. We will analyze the
methods for constructing approximate solutions to the problem Aq D f in the cases
where this problem is ill-posed (m ¤ n, A is degenerate, A is ill-conditioned, etc.).

As known, if m D n and detA ¤ 0, then the system has a unique solution. If A is
degenerate (detA D 0) or m ¤ n, then the system may have no solutions or infinitely
many solutions. In this case the concept of a normal pseudo-solution is introduced so
that any system Aq D f has a unique solution of this type.

Consider the case of a nondegenerate square matrix A in more detail. As noted
before, theoretically this case can be thought of as good in the sense that there exists
a unique solution. However, in the theory of numerical methods, nondegenerate ma-
trices are categorized as either “ill-conditioned” or “well-conditioned”. A matrix is
called ill-conditioned if the solution of the corresponding system is unstable. In other
words, small errors in the right-hand side of the system or the errors that inevitably
arise in the numerical implementation lead to a substantial deviation of the resulting
solution from the exact one.

The concept of a condition number is an important characteristic of the solution
stability for systems of linear equations. The condition number of a square matrix A
is defined as

�.A/ D sup
x¤0

�¤0

°kAxkk	k
kA	kkxk

±
:

To demonstrate the meaning of �.A/, we consider the system with perturbed right-
hand side A.q C ıq/ D f C ıf , where ıq is the deviation of the solution caused by
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the perturbation ıf in the right-hand side. It is obvious that Aıq D ıf . From the
definition of the condition number it follows that

kıqk

kqk
� �.A/

kAıqk

kAqk
D �.A/

kıf k

kf k
;

and �.A/ is the least constant that satisfies this inequality. Thus, the condition num-
ber �.A/ makes it possible to estimate the relative error of the solution kıqk=kqk in
terms of the relative error of the right-hand side kıf k=kf k. Ill-conditioned systems
have very large condition number �.A/.

A system of linear algebraic equations Aq D f is an ill-posed problem for rectan-
gular matrices A (m ¤ n) and square matrices that are degenerate or ill-conditioned.

Methods for solving systems of linear equations are classified under two types, di-
rect and iterative. Direct methods produce a solution in a predetermined number of
operations. These methods are relatively simple and universal. However, they usually
require large amounts of computer memory and accumulate errors during the solu-
tion process, since the calculation results of each stage are used at the subsequent
stage. For this reason, direct methods are appropriate for relatively small systems
(n < 200) with a dense matrix whose determinant is not close to zero. Direct meth-
ods (sometimes also called exact, although this term is not always adequate because
of inevitable errors of numerical implementations) include, for example, the Gauss
method, the Jordan method, the square root method, the singular value decomposition
method, etc.

Iterative methods are methods of successive approximations. In such methods, it is
difficult to estimate the amount of computation in advance, but they are more memory-
efficient than direct methods. Iterative methods are often used in the regularization of
ill-posed systems of linear equations. It should be noted, however, that a combination
of an iterative approach and a direct method often provides the most effective way of
solving linear systems. In mixed algorithms of this type, iterative methods are used to
refine the solutions produced by direct methods.

In this chapter, we consider a system of linear algebraic equations with a rectangular
matrix A and describe iterative (regularizing) algorithms and some direct algorithms
for solving this system.

3.1 Generalization of the concept of a solution.
Pseudo-solutions

Before describing methods for the approximate solution of a system of equations
Aq D f , we discuss the concept of a solution to this system, which may be overde-
termined, underdetermined, or ill-conditioned.

Henceforth we assume that q 2 Rn, f 2 Rm, A is an m � n real matrix.
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A vector qp 2 Rn minimizing the norm of the residual

J.q/ D kAq � f k2 ! min (3.1.1)

is called a pseudo-solution to the system Aq D f (see Definition 2.9.1), i.e., qp D

arg minq2Rn kAq � f k
2.

Since the increment of the functional J.q/ can be represented as

ıJ.q/ D J.q C h/ � J.q/ D 2.Aq;Ah/ � 2.Ah; f /C .Ah;Ah/;

a necessary condition for J.q/ to attain its minimum is

ATAq � AT f D 0;

whereAT is the transpose ofA. Consequently, the vector qp is a solution to the system
of equations

ATAq D AT f: (3.1.2)

Definition 3.1.1. The system of equations (3.1.2) is said to be normal with respect to
the system Aq D f .

It is not difficult to prove the converse, namely, that every solution to the sys-
tem (3.1.2) minimizes the residual in (3.1.2) (Ivanov et al., 2002). Hence, the prob-
lems (3.1.1) and (3.1.2) are equivalent. It is easy to verify that the problem (3.1.1)
always has a solution, although the solution is not necessarily unique. Therefore,
from the equivalence of the above problems it follows that the system (3.1.2) also has
a solution for any matrix A and any vector f . Thus, the set of solutions to the normal
system (3.1.2) coincides with the set of pseudo-solutions to the system Aq D f . This
set will be denoted by Qp

f
.

Consider the problem of finding the minimum of the functional kq � q0k2 on the
set Qp

f
:

min¹kq � q0k2 W q 2 Qp
f
º; (3.1.3)

where q0 is a fixed vector. There exists a unique solution q0np to the problem (3.1.3)
because the strictly convex functional k � k2

Q attains its minimum on the convex closed

set Qp
f

at a unique point.

Definition 3.1.2. The vector q0np is called a normal pseudo-solution to the system
Aq D f with respect to q0. A normal pseudo-solution to the system Aq D f

with respect to the zero vector (a pseudo-solution of minimal norm) is called a nor-
mal pseudo-solution to this system (or a normal generalized solution) and is denoted
by qnp: qnp D arg minqp2Q

p
f
kqpk.
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If the system Aq D f is solvable, then a normal pseudo-solution q0np with respect
to q0 is a normal solution to this system with respect to q0, i.e., the solution least
deviating from the vector q0 (in the norm). In particular, if the system Aq D f

has a unique solution, then its pseudo-solution is unique and coincides with the exact
solution.

A normal pseudo-solution exists, is unique, and depends continuously on the right-
hand side f . (Indeed, pseudoinverse operators in finite-dimensional spaces are
bounded.)

A normal pseudo-solution qnp is unstable with respect to perturbations in the matrix
elements. The following example illustrates the instability of the normal pseudo-
solution.

Example 3.1.1. Consider an inconsistent system²
1q1 C 0q2 D 1;

0q1 C 0q2 D 1;
A D

�
1 0

0 0

�
; f D

�
1

1

�
:

Pass on to the normal system (3.1.2) with

ATA D

�
1 0

0 0

�
; AT f D

�
1

0

�

and determine the set of pseudo-solutions to the system Aq D f :

Q
p
f
D ¹.q1; q2/ W q1 D 1; q2 2 Rº:

Then the vector qnp D .1; 0/
T is a normal pseudo-solution to the system Aq D f .

Assume that a perturbed system has the form²
1q1 C 0q2 D 1;

0q1 C hq2 D 1;

where h is a small parameter. Since this system has a unique solution qnphD .1;1=h/
T ,

it is also a unique (and therefore normal) pseudo-solution to the perturbed system. It
is obvious that qnph !1 as h! 0, i.e., kqnp � qnphk ! 1 as h! 0, which proves
that the normal pseudo-solution is unstable with respect to perturbations of the matrix
elements.

3.2 Regularization method

Consider the concepts of a regularization algorithm and a regularized family of ap-
proximate solutions introduced by A. N. Tikhonov (1963) (see Section 2.5). Through-
out this section we assume that A is a square matrix.
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Suppose that the data ¹A; f º of the problem Aq D f are known approximately
with error levels h and ı (h > 0, ı > 0), that is, we are given ¹Ah; fıº such that
kAh � Ak � h, kfı � f k � ı. We now consider the ways to construct families
of vectors converging to the normal pseudo-solution qnp of the equation Aq D f as
h; ı ! 0. Generally speaking, the normal pseudo-solution to the perturbed equation

Ahq D fı ; (3.2.1)

must not be chosen as an approximate solution because the normal pseudo-solution is
unstable (Example 3.1).

Let ¹R˛º˛>0 be a family of algorithms that associate the pair ¹Ah; fıº with a
unique vector R˛.Ah; fı/ D q˛

hı
2 Q D Rn. If the parameter ˛ D ˛.h; ı/ de-

pends on the data errors ı and h so that

lim
h;ı!0

˛.h; ı/ D 0; lim
h;ı!0

kq˛hı � qnpk D 0; (3.2.2)

then ¹q˛
hı
º (h > 0, ˛ > 0, ı > 0) is called a regularized family of approximate

solutions, and the algorithm R˛ is called a regularization algorithm for the problem
Aq D f . Recall that the normal pseudo-solution qnp to the system Aq D f coincides
with its exact solution if the system is uniquely solvable and with its normal solution
if the problem Aq D f has many solutions.

If A�1 exists, i.e., if A is a nondegenerate matrix, then for sufficiently small h the
inverse matrix A�1

h
also exists and the solution to (3.2.1) will theoretically converge

to the solution of the equation Aq D f as h; ı ! 0. However, if A is ill-conditioned,
which means that its condition number

�.A/ D sup
x¤0
�¤0

°kAxkk	k
kA	kkxk

±

is large, then the deviation of the solution to the perturbed system (3.2.1) from the
normal pseudo-solution to the system Aq D f may turn out to be unacceptably large
even for small h and ı, so the problem must be perceived as practically unstable (ill-
posed).

We now describe procedures of constructing a regularized family of approximate
solutions q˛

hı
.

First, consider a case whereA is a symmetric positive-semidefinite matrix such that
the system Aq D f is solvable for a given vector f . We will apply the regularization
method by M. M. Lavrentiev (see Section 2.4).

Take the regularized system

.AC ˛I /q D f C ˛q0; (3.2.3)
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where ˛ is a positive parameter, I is the unit matrix, and q0 is a test solution, i.e., a
certain approximation of the solution (if no information on the solution is available,
we can put q0 D 0).

Under the above conditions, the system (3.2.3) has a unique solution q˛ that con-
verges to a normal solution q0n with respect to q0 as ˛ ! 0 (see Section 2.6). If
the data ¹A; f º are given approximately, the following lemma is valid (Ivanov et al.,
2002).

Lemma 3.2.1. Let ¹Ah; fıº with h > 0 and ı > 0 be such that kAh � Ak � h,
kfı � f k � ı, and let Ah be a symmetric positive semidefinite matrix. Then the
system

.Ah C ˛I /q D fı C ˛q
0 (3.2.4)

has a unique solution q˛
hı

and if ˛.h; ı/ ! 0 and .h C ı/=˛.h; ı/ ! 0 as h ! 0

and ı ! 0, then the solution q˛
hı

converges to a normal solution q0n of the equation
Aq D f with respect to q0, i.e., to the solution least deviating from the vector q0.

By Definition 2.5.1, the solutions ¹q˛
h;ı
º to the systems (3.2.4) form a regularized

family of approximate solutions for the system Aq D f if we put, for example,
˛ D p

p
hC ı (p > 1) because ˛ D p

p
hC ı ! 0 and .h C ı/= p

p
hC ı D .h C

ı/1�1=p ! 0 as h! 0 and ı ! 0.

Remark 3.2.1. Let A be a positive semidefinite degenerate matrix and kAk D 1

(which can be achieved by an appropriate scaling of the system Aq D f ). Then
�.A/ D 1, while �.AC ˛E/ � .1C ˛/=˛. Therefore, with a reasonable choice of
the parameter ˛ the systems (3.2.3) and (3.2.4) can be made well-conditioned and the
approximation q˛ ' q0n can be satisfactory, although these requirements contradict
each other.

The role of the regularization parameter ˛ becomes clear if the solution q˛ to the
system (3.2.3) (for q0 D 0) is represented in the form

q˛ D

nX
iD1

fi

�i C ˛
'i ;

where �i are the eigenvalues (�i � 0) and 'i are the orthonormal eigenvectors of the
matrixA, and fi D hf; 'i i. This representation shows that for small �i the addition of
a positive parameter ˛ substantially increases the denominator and thus decreases the
adverse effect of possible errors in the corresponding components fi ( Qfi D fi C ıfi ).
At the same time, for �i � 0 the influence of small ˛ is negligible.

We now omit the requirement that the matrix A be symmetric and positive semidef-
inite, still assuming that the system Aq D f has a solution for a given f . Let B be
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a matrix such that for some ˛0 the matrix A C ˛0B is nondegenerate and therefore
invertible. Then the regularization of the form

.AC ˛B/q D f (3.2.5)

can be applied, where the parameter ˛ is not necessarily positive and j˛j � j˛0j.

Exercise 3.2.1. Analyze a connection between (3.2.5) and the following lemma (Na-
zimov, 1986).

Lemma 3.2.2. Let k.A C ˛B/�1Ak � C < 1 (as ˛ ! 0), kAh � Ak � h,
kB��Bk � �, kfı � f k � ıkf k. Then for sufficiently small h, �, and ı the system

.Ah C ˛B�/q D fı (3.2.6)

has a unique solution q˛
hı�

and there holds the error estimate

kq˛hı� � q
B
n k � C

�
j˛j C �C

hC ı

j˛j

�
; (3.2.7)

where qBn is a solution to the system Aq D f such that

kBqBn k D min¹kBqk W q 2 Qf º

(Qf is the set of solutions to the system Aq D f ).

From the estimate (3.2.7) it follows that if ˛.h; ı;�/! 0 and .hCı/=j˛.h; ı;�/j!
0 as h; ı; �! 0, then

lim
h;ı;�!0

kq˛hı� � q
B
n k D 0:

The most important step in the above regularization is finding a matrix B such that
AC˛0B is nondegenerate and k.AC˛B/�1Ak <1. Some methods for constructing
such matrices are described in (Nazimov, 1986).

We conclude by analyzing the general case, where the system Aq D f may have
no solution. In this case we find a normal pseudo-solution q0np with respect to some q0.
Consider the problem of stable approximation of q0np assuming A and f to be given
approximately. The normal pseudo-solution q0np with respect to q0 is unstable with
respect to perturbations of the matrix elements, which means that a regularization is
necessary. We take, as a regularized approximate solution, the vector q˛

hı
that satisfies

the system

.AThAh C ˛I /q D A
T
h fı C ˛q

0: (3.2.8)
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Lemma 3.2.3. Let kAh�Ak � h, kfı �f k � ı, and ˛ > 0. Then the system (3.2.8)
has a unique solution and the following estimate holds:

kq0np � q
˛
hık � c1˛ C

h

˛
.kAq0np � f k C 2c

2
2˛
2/1=2 C

1

˛1=2
.c3hC ı/; (3.2.9)

where ci .i D 1; 2; 3/ are constants that depend on kq0npk, i.e., on the norm of the
normal pseudo-solution with respect to q0.

Corollary 3.2.1. Assume that h and ı are of the same order of magnitude as ", where
" is sufficiently small. If there exists an exact solution to the equation Aq D f

(i.e., kAq0np � f k D 0), then, as a function of ˛ and ", the right-hand side of the
estimate (3.2.9) has the form

'.˛; "/ D ˛ C "C
"

˛1=2
: (3.2.10)

For ˛ D "2=3, '.˛; "/ is of the same order of magnitude as "2=3. If the systemAq D f
has no solutions .kAq0np � f k ¤ 0/, then the right-hand side of (3.2.9) is a function
of the form

 .˛; "/ D ˛ C
"

˛
C

"

˛1=2
: (3.2.11)

For ˛ D "1=2,  .˛; "/ is of the same order of magnitude as "1=2. These estimates
are obtained by minimizing the functions ' and  with respect to ˛ .i.e., solving the
equations '0˛.x/ D 0 and  0˛.x/ D 0/.

Thus, if the error in the input data of the system Aq D f has the same order
of magnitude as ", then the normal solution with respect to q0 can be determined
with an accuracy of order of "2=3 if the equation Aq D f is solvable; otherwise we
can construct a normal pseudo-solution with respect to q0 with an accuracy of order
of "1=2.

Note that a more complicated method for choosing the parameter ˛ can be used to
improve the accuracy of approximation to the order of hC ı (Djumaev, 1982).

Problem (3.2.8) is equivalent to the minimization problem

min¹kAhq � fık
2 C ˛kq � q0k2 W q 2 Rnº: (3.2.12)

This way of constructing q˛
hı

is known as the Tikhonov variational regularization
method.

In some cases, it is reasonable to use a stabilizing functional of a more general
form, namely,

min¹kAhq � fık
2 C ˛kL.q � q0/k2 W q 2 Rnº;

where L is a nondegenerate square matrix which, if chosen appropriately, makes it
possible to improve the accuracy of the regularized solution.
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3.3 Criteria for choosing the regularization parameter

It is necessary to associate the regularization parameter ˛ with the data errors ı and h:
˛ D ˛.ı; h/. In applied problems, the error level (ı, h) is usually fixed (ı and h do not
tend to zero) and it is required to identify a specific ˛.ı; h/ which is supposed to be
the best in a certain sense. The problem is that the condition number of the matrices of
regularized systems becomes higher as ˛ decreases, which may cause computational
errors. At the same time, an increase of ˛ leads to worse approximation of the exact
solution. Therefore, a reasonable compromise is necessary in this case.

We now describe some criteria for choosing the parameter ˛.

The residual principle .˛r/. Suppose that only the right-hand side of the system
Aq D f is approximate, i.e., Ah � A (h D 0), kfı � f k � ı. By q˛

ı
we denote a

solution to the system (3.2.8) for h D 0 and q0 D 0. The value of the parameter ˛ in
the residual principle is chosen so that

kAq˛ı � fık D ı

(Morozov, 1987; Tikhonov and Arsenin, 1974).

The generalized residual principle .˛gr/. This principle is appropriate in the gen-
eral case of approximate data: kA � Ahk � h, kf � fık � ı. The parameter ˛ is
determined from the following equation (here and in what follows, q˛

hı
is a solution

to equation (3.2.8) with q0 D 0):

kAhq
˛
hı � fık D hkq

˛
hık C ı:

There are numerical methods and computer programs developed for solving this equa-
tion (Tikhonov et al., 1983).

For a more detailed study, see also (Tikhonov et al., 1995; Lawson and Hanson,
1974; Golub, 1968).

3.4 Iterative regularization algorithms

Iterative methods can be applied for solving ill-conditioned systems Aq D f . In this
case a stopping criterion should be formulated for the iterative process depending on
the error level in the data. Note that it is not necessary in the case of well-conditioned
systems. The iteration index plays the role of a regularization parameter. For example,
consider the method of simple iteration

qnC1 D .I � A
TA/qn C A

T f; n D 0; 1; 2; : : : : (3.4.1)
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In the case of approximate data ¹Ah; fıº, we have the following iterative procedure
instead of (3.4.1):

qnC1 D .I � A
T
hAh/qn C A

T
h fı ; n D 0; 1; 2; : : : ; (3.4.2)

where kA � Ahk � h and kf � fık � ı.
Assume that the system Aq D f is solvable, kAk � 1, and kAhk � 1. The

condition kAk � 1 does not restrict the class of problems under study, since it can
always be satisfied by multiplying the equation Aq D f by an appropriate constant.
As before, let q0n be a normal solution with respect to q0 (i.e., a solution to the system
Aq D f such that the norm kq0n�q0k is minimal) where q0 is an initial approximation
in the iterative procedures (3.4.1) and (3.4.2).

We now define the rules for choosing the iteration index n at which the iterative
procedure (3.4.1) should be stopped (Vainikko, 1980):

Rule 1. Take numbers a1 > 0 and a2 > 0, and choose n.h; ı/ to be the smallest index
such that kqn � qn�1k � a1hC a2ı.

Rule 2. Take numbers a0 � kq0n k and a1 > 1, and choose n.h; ı/ to be the smallest
index such that kAhqn�fık � a0hC a1ı. (Naturally, in this case we assume that an
estimate of kq0n k from above is known.)

Rule 3. Take numbers a1 > 1, a2 > 1, and a > 0, and choose n to be the smallest
index satisfying at least one of the following inequalities:

kAhqn � fık � a1kqnkhC a2ı; n � a=.a1kqnkhC a2ı/
2:

Theorem 3.4.1. Suppose that one of the three above-mentioned rules is used as a
stopping criterion for the successive approximations procedure (3.4.2). Then

lim
h;ı!0

kqn.h;ı/ � q
0
n k D 0: (3.4.3)

If Rule 1 is used, then the number of iterations n.h; ı/ satisfies the condition

.hC ı/n.h; ı/! 0 as h; ı ! 0:

If Rule 2 or 3 is used, then

.hC ı/2n.h; ı/! 0 as h; ı ! 0:

Formula (3.4.3) means that rules 1, 2, and 3 determine regularization algorithms
for solving the equation Aq D f .

Remark 3.4.1. Theorem 3.4.1 also holds for the so-called implicit iterative procedure

qnC1 D qn � .A
T
hAh C B/

�1.AThAhqn � A
T
h fı/; (3.4.4)
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where B is a positive definite matrix that commutes with AT
h
Ah. The number of

iterations required to achieve the desired accuracy in the procedure (3.4.4) is usually
smaller than in (3.4.2), but the cost of each iteration step in (3.4.4) is higher because
we need to invert the matrix .AT

h
Ah C B/. Also, note that we can choose B D ˛I ,

˛ > 0.

Remark 3.4.2. If solutions to the system Aq D f are assumed to belong to a con-
vex set M , then we should use the following nonlinear iterative procedures instead
of (3.4.2) and (3.4.4) (Vasin, 1985, 1987):

qnC1 D PrM Œ.I � A
T
hAh/qn C A

T
h fı 
;

qnC1 D PrM Œ.A
T
hAh C B/

�1.Bqn C A
T
h fı/
:

Here PrM is a metric projection which to every vector q associates a vector in M that
is closest to q. The following are examples of a priori given sets M for which PrM
can be written explicitly:

M1 D ¹q 2 Rn W qi � 0º; i D 1; 2; : : : ; n; PrM1q D q
C D .qC1 ; q

C
2 ; : : : ; q

C
n /;

where

qCi D

´
qi for qi � 0;

0 for qi < 0I

M2 D ¹q 2 Rn W kq � q0k � rº; PrM2q D q
0 C

q � q0

kq � q0k
r I

M3 D ¹q 2 Rn W ai � qi � bi ; i D 1; 2; : : : ; nº; PrM3q D z;

where

zi D

8̂<
:̂
qi for ai � qi � bi ;

ai for qi < ai ;

bi for qi > bi :

3.5 Singular value decomposition

Singular value decomposition is one of the most common and effective methods for
the study and numerical solution of inverse and ill-posed problems. The reason is
that the singular value decomposition of a matrix (or, in the general case, of a com-
pact linear operator—see Section 2.9) provides a numerical characteristic for the ill-
posedness of the problem, namely, the rate of decrease of singular values expresses
the degree of instability of the solution of the problem Aq D f with respect to small
variations in the data f .



80 Chapter 3 Ill-posed problems of linear algebra

In this section, we describe the singular value decomposition method using the
results presented in (Godunov, 1980, 1998; Godunov et al., 1993).

Consider a system of linear algebraic equations

Aq D f;

where A is an m � n real matrix, q 2 Rn and f 2 Rm. It is required to solve the
system for the unknown vector q. The difficulty of solving this system obviously
depends on the structure of the matrix A. In terms of linear algebra, the matrix A is
the representation of a linear operator in some coordinate system. It is natural to try to
transform this coordinate system so that the linear operator would be represented by a
simpler matrix in the new system (for example, a block matrix with a number of zero
blocks). In other words, the matrix A can be represented as a product of matrices of
special form. A series of algorithms based on the decomposition of the matrix A have
been developed recently. One of the advantages of this approach to solving systems
of linear equations is its universality, i.e., it is applicable to well-conditioned systems
as well as to ill-conditioned or degenerate systems.

Orthogonal transformations, which are norm-preserving by definition, play a spe-
cial role in matrix decompositions. Recall that any orthogonal transformation is rep-
resented by an orthogonal matrix, i.e., by a matrix U such that U TU D UU T D I ,
where U T is the transpose of U and I is the unit matrix. In the problems of finding
pseudo-solutions to degenerate systems, the norm-preserving property of orthogonal
transformations allows us to replace the original problem of minimizing the residual
kAq � f k with the problem of minimizing the functional kU T .Aq � f /k where the
matrix U TA has a simpler structure (for example, it may be a block matrix) due to a
choice of the orthogonal matrix U .

The most effective (although resource-intensive) means for solving arbitrary sys-
tems of linear equations is provided by the so-called complete orthogonal decomposi-
tions which, by definition, have the form A D UKV T . Here U and V are orthogonal
matrices of dimensions m � m and n � n, respectively; K is an m � n matrix of the
form

K D

	
W 0

0 0



;

where W is a nondegenerate square matrix (of the same rank as the original matrix
A).

The most well-known complete orthogonal decomposition is the singular value de-
composition, which has the form

A D U†V T ; (3.5.1)

where V is an n � n orthogonal matrix, U is an m � m orthogonal matrix, and † is
an m � n diagonal matrix with �i i D �i � 0. The numbers �i are called the singular
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values of the matrix A. Here and in what follows, �i are assumed to be indexed in
nonincreasing order (�iC1 � �i ).

Recall that an m � n diagonal matrix S is an m � n matrix with elements sij such
that

sij D

´
0; i ¤ j;

si ; i D j:

The m � n diagonal matrix S has the form

S D

0
BBB@
s1 0 0 � � � 0

0 s2 0 � � � 0
:::
: : :
: : :
: : :

:::

0 � � � 0 sm 0 � � � 0

1
CCCA ; n > m;

or

S D

0
BBBBBBBBBBB@

s1 0 � � � 0

0 s2
: : :

:::
:::
: : :
: : : 0

0 � � � 0 sm
0 � � � 0
:::

: : :
:::

0 � � � 0

1
CCCCCCCCCCCA
; n < m:

For brevity, an m � n diagonal matrix of either form will be denoted by S D
diag .s1; s2; : : : ; sp/, p D min¹m; nº.

Theorem 3.5.1 (on the singular value decomposition). For any m � n real matrix,
there exists an m � m orthogonal matrix U , an n � n orthogonal matrix V , and an
m � n diagonal matrix

† D diag .�1; �2; : : : ; �p/; p D min¹m; nº;

such that 0 � �p � �p�1 � � � � � �2 � �1 and

A D U†V T : (3.5.2)

The numbers �i D �i .A/, i D 1; p, are determined uniquely and are called the
singular values of the matrix A.

Remark 3.5.1. Theorem 3.5.1 also holds for m � n complex matrices. In this case,
U and V are complex unitary matrices and V T is replaced by V � D V T in the
decomposition of A.
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Given an m � n matrix A, we construct the following .mCn/ � .mCn/ block
matrix A called an extended matrix:

A D

	
Onn AT

A Omm



: (3.5.3)

Exercise 3.5.1. Prove that all eigenvalues �i .A/, i D 1; 2; : : : ; nCm, of the extended
matrix are real.

Suppose that the eigenvalues are indexed in nonincreasing order:

�nCm.A/ � �nCm�1.A/ � � � � � �2.A/ � �1.A/:

Prove that this ordered set of eigenvalues coincides with the ordered set

��1.A/ � ��2.A/ � � � � � ��p.A/ � � � �
jn�mj zeros

� �p.A/ � � � � � �1.A/

and therefore �k.A/ D �k.A/, k D 1; 2; : : : ; p.

Since the scalar product in Rn defines the norm kxk D
p
hx; xi, the norm of an

m � n matrix A can be defined as follows:

kAk WD sup
x¤0

kAxk

kxk
:

Exercise 3.5.2. Verify that the function introduced above has all the properties of a
norm.

Exercise 3.5.3. Prove that kAk D �1.A/.

Let �k.A/ be a singular value of an m � n matrix A. Since �k.A/ D �k.A/, for
each � D �k.A/ the system of equations

Aw D �w (3.5.4)

has a solutionw.k/D .w.k/1; w.k/2; : : : ; w.k/mCn/T (which is not necessarily unique;
but in any case the total number of linearly independent w.k/ is equal to mC n). Let
two vectors v.k/ D .v.k/1; v.k/2; : : : ; v.k/n/T and u.k/ D .u.k/1; u.k/2; : : : ; u.k/m/T

be constructed from the vector w.k/ as follows: v.k/j D w.k/j , j D 1; 2; : : : ; n;
u.k/j D w.k/ nCj , j D 1; 2; : : : ; m. In view of (3.5.4), we have

Av.k/ D �k.A/u.k/; AT u.k/ D �k.A/v.k/: (3.5.5)

The vector v.k/ is called the right singular vector of the matrix A corresponding to
the singular value �k.A/, and the vector u.k/ is called the left singular vector.
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Lemma 3.5.1 (mutual orthogonality of singular vectors). Let v.k/ and u.k/ be the
right and the left singular vectors of the matrix A, respectively. Then hu.k/; u.j /i D 0
and hv.k/; v.j /i D 0 for k ¤ j .

From (3.5.4) and (3.5.5) it follows that

ATAv.k/ D A
T �.k/u.k/ D �

2
.k/v.k/; AAT u.k/ D �

2
.k/u.k/;

which means that the right singular vectors of them�nmatrix A are the eigenvectors
of the n�nmatrix ATA, and the left singular vectors of A are the eigenvectors of the
m �m matrix AAT .

Theorem 3.5.2. For any m � n matrix A, there exists an orthonormal system of n
right singular vectors and an orthonormal system of m left singular vectors, which
are called the singular bases of the matrix A.

Exercise 3.5.4. Given an m � n matrix A, rewrite its singular value decomposition
A D U†V T in the form AV D †U . Similarly, AT D V †U T is rewritten as
ATU D V †. Prove that the columns of the matrices V and U are the right and the
left singular vectors of A, respectively.

Exercise 3.5.5. For a given m � n matrix A, consider the n � n matrix ATA and the
m�m matrix AAT . Let e.1/; e.2/; : : : ; e.n/ be the orthonormal eigenvectors of ATA.
Prove that

� the vectors Ae.1/; Ae.2/; : : : ; Ae.n/ are orthogonal;

� every nonzero vector Ae.k/ is an eigenvector of AAT .

Exercise 3.5.6. Verify that an n � n matrix A is nondegenerate if and only if all its
singular values �i .A/ are positive. Prove the equality

jdetAj D
nY
iD1

�i .A/:

Lemma 3.5.2. An n � n square matrix A is normal (AA� D A�A) if and only if

j�i .A/j D �i .A/; i D 1; 2; : : : ; n:

Lemma 3.5.3. Let A D U†V T be a singular value decomposition of an m � n
matrix A, and let A� be the pseudoinverse of A. Then

A� D Vƒ�U T :
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Here

ƒ� D diag .��11 ; ��12 ; : : : ; ��1r ; 0; : : : ; 0„ ƒ‚ …
p�r

/; r D rankA; p D min¹m; nº;

i. e., ƒ� is an m � n diagonal matrix whose diagonal elements are the inverses of
nonzero singular values of A and all other elements are zero.

Given a singular value decomposition (3.5.1) of a matrix A, the system Aq D f

can be represented in the form

U†V T q D f (3.5.6)

or in an equivalent form (with z D V T q and g D U T f )

†z D g; (3.5.7)

where g 2 Rm and z 2 Rn is the unknown vector. This system is easy to solve, since
† is a diagonal matrix.

Assume, for definiteness, that the matrix A is overdetermined, i.e., the number of
unknowns in the system Aq D f does not exceed the number of rows (n � m). In
this case, the system †z D g can be written in the form

�j zj D gj ; if j � n; �j ¤ 0I

0zj D gj ; if j � n; �j D 0I (3.5.8)

0 D gj ; if n < j � mI

where the second subsystem is empty if r D n (the matrix A has full rank) and the
third subsystem is empty if n D m.

Note that the original equation has a solution if and only if gj D 0whenever �j D 0
or j > n. If �j D 0, then the corresponding unknown zj can take an arbitrary value
(playing the role of a parameter). The solution to the original system is given by the
formula q D Vz.

Another important property of the singular value decomposition A D U†V T of an
m�nmatrixA is that it provides an explicit representation of the kernel and the image
of the map A W Rm ! Rn, namely, the right singular vectors v.k/ corresponding to
the zero singular values span the kernel of A, while the left singular vectors u.k/
corresponding to the nonzero singular values span the image R.A/ � Rn.

Recall that the kernel of the matrixA is the setN.A/ of vectors q such thatAq D 0,
and the image of A is the set R.A/ of vectors f for which the system Aq D f has
a solution. We will show that the singular value decomposition makes it possible to
describe the structure of the sets N.A/ and R.A/. Indeed, let u.k/ and v.k/ denote the
columns of the matrices U and V , respectively. Due to (3.5.5),

Av.k/ D �ku.k/; k D 1; 2; : : : ; n: (3.5.9)
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If �k D 0, then (3.5.9) yields Av.k/ D 0, i.e., v.k/ 2 N.A/. If �k ¤ 0, then
u.k/ 2 R.A/.

Let U1 be a set of the left singular vectors corresponding to nonzero singular values
and U0 be a set of the remaining left singular vectors. Define V1 and V0 analogously.
Then

a) V0 is an orthonormal basis of the kernel N.A/;

b) U1 is an orthonormal basis of the image R.A/.

The singular value decomposition provides additional insights into the already fa-
miliar concepts of a pseudo-solution, stability and conditioning, regularization, etc. In
this section, we discuss only a few aspects of this subject. For an extended discussion
see (Godunov et al., 1993).

Let an m � n matrix A have rank r � p D min¹m; nº. Then the matrix † in the
singular value decomposition A D U†V T has the form † D diag .�1; �2; : : : ; �r ;
0; : : : ; 0/. If r < m, it is necessary that grC1 D grC2 D � � � D 0 for a system (3.5.7)
to be consistent. If r < n, the variables zrC1; zrC2; : : : ; zn do not occur in equa-
tion (3.5.7) and therefore the solution components zrC1; zrC2; : : : ; zn can be chosen
arbitrarily.

Choose z in such a way as to minimize the norm of the residual

†z � g D

0
BBBBBBBBBB@

�1z1 � g1
�2z2 � g2

:::

�rzr � gr
�grC1
:::

�gm

1
CCCCCCCCCCA
:

Exercise 3.5.7. Prove that min k†z � gk D
q
g2rC1 C g

2
rC2 C � � � C g

2
m and the

equality is attained if and only if

zi D gi=�i ; i � r: (3.5.10)

If n D r , there exists a unique vector (with components (3.5.10)) at which k†z �
gk attains its minimum. If r < n, the minimum is attained at any vector z D
.z1; z2; : : : ; zn/ with the first r components defined by (3.5.10) and the remaining
components being arbitrary (in particular, if zi D 0 for r < i � n, then z is a vector
of minimal norm at which k†z � gk attains its minimum). Consequently, for any
r � p WD min¹n;mº we can find a unique element z that has minimal norm among
all the vectors minimizing the functional k†z � gk. Since q D Vz, in view of the
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equalities

Aq � f D U†V T q � Ug D U.†z � g/;

kAq � f k D k†z � gk; kzk D kqk; q D Vz;

it is easy to verify that there is only one vector with minimal norm among the vectors
at which kAq � f k attains its minimum, that is, there exists a unique normal pseudo-
solution qnp to the system Aq D f .

Note that the systemAq D f , generally speaking, is unsolvable if r WD rank .A/ <
p D min¹m; nº, i.e., the residual y D Aq � f may be nonzero for all q. Therefore,
the equality Aq D f should be understood in a more general sense. The generaliza-
tion of the concept of a solution implies the minimization of the functional kAq�f k,
which yields the set Qp

f
of all pseudo-solutions to the system Aq D f , and then

another minimization (finding a vector qnp of minimal norm in Qp
f

). However, since
a variational definition is not always convenient for practical calculations, we will
consider one of the ways to extend the system Aq D f so that solving the extended
system would result in finding both a pseudo-solution qp and the corresponding resid-
ual vector yr D Aqp � f (Godunov et al., 1993).

Theorem 3.5.3. A solution to the extended system

Aq C y D f;

AT y D 0
(3.5.11)

consists of a pseudo-solution qp to the systemAq D f and the corresponding residual
vector yr. The determination of yr from (3.5.11) is unique.

In order to find the normal pseudo-solution to the system Aq D f , we can first
solve the extended system (3.5.11) and determine yr. Then the system Aq D f � yr

will be consistent, and therefore finding the normal pseudo-solution qnp will amount
to finding a solution to the system Aq D f � yr that has minimal norm. It is clear
that kyrk D minq kAq � f k, which means that kyrk characterizes the degree of
inconsistency of the system Aq D f . Following (Godunov et al., 1993), the number

�.A; f / D
minkqkD1 kAq � f k

min�i¤0¹�i .A/º
D
kyrk

kqk�r
(3.5.12)

will be called the inconsistency number of the system Aq D f .
In conclusion, it should be noted that the singular values and singular vectors of a

matrix make it possible to study various aspects of the ill-posedness of problems of
linear algebra, including the effect of the system inconsistency, the determination and
analysis of angles between subspaces, the theory of perturbations of r-solutions, etc.
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In Chapter 2, we mentioned only a simple case to associate the notion of an r-solution
with regularization.

Substantial difficulty may be encountered in the implementation of the singular
value decomposition method if the calculation produces relatively small singular val-
ues. In this case, large errors may appear in zj determined by the formula zj D gj =�j .
Therefore, the key to appropriate application of the singular value decomposition is
to introduce a thereshold � representing the accuracy of the initial data and computa-
tions. Namely, any �j > � is considered to be acceptable and the formula zj D gj =�j
is used for the corresponding zj , while any �j < � is thought of as zero and the corre-
sponding zj takes an arbitrary value (we can put zj D 0 to obtain a normal solution).
Here � plays the role of the regularization parameter.

3.6 The singular value decomposition algorithm and the
Godunov method

Solving an arbitrary system of equations with a rectangular matrix involves reducing
the system to a canonical form. In the case of the singular value decomposition, the
system is transformed to a diagonal form (a detailed description of the algorithm can
be found in (Godunov et al., 1993)).

Reduction to diagonal form is achieved by a series of orthogonal transformations
in the space of the right-hand sides of the system and a series of orthogonal trans-
formations in the space of solutions to the system. The elementary transformations
within these series are chosen to be either orthogonal reflections with respect to spe-
cific planes or sequences of two-dimensional rotations.

The singular value decomposition of an arbitrary rectangular matrix A is performed
in several steps:

1) reducing the matrixA to a bidiagonal formD by means of orthogonal reflections
(a rectangular matrix D D .dij / is called bidiagonal if dij D 0 for i ¤ j and
i ¤ j C 1);

2) determining the singular values of the bidiagonal matrix D:
0 � �n.D/ � �n�1.D/ � � � � � �1.D/;

3) reducing the bidiagonal matrix D to a diagonal form † by means of the proce-
dure of exhaustion that involves sequences of two-dimensional rotations.

Application to the least squares problem. The singular value decomposition can
be used to find a pseudo-solution (or a least squares solution)

qp D arg min ¹kAq � f k2 W q 2 Rnº:
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Since orthogonal matrices are norm-preserving, we have

kAq � f k D kU T .U†V T q � f /k D k†z � gk;

g D U T f; z D V T q:

The minimizer z is expressed as follows:

zj D gj =�j if �j ¤ 0 .j D 1; 2; : : : ; r/;

zj is arbitrary if �j D 0 .j D r C 1; : : : ; n/:

Note that min kAq � f k2 D
Pm
jDrC1 g

2
j . The set of all pseudo-solutions is de-

termined by the formula q D Vz. Putting zj D 0 for �j D 0 yields the normal
pseudo-solution (i.e., the pseudo-solution of minimal norm).

Numerical analysis of the least squares method is presented in (Lawson and Han-
son, 1974).

As mentioned above, if calculated singular values are very small, it is necessary to
include the operation of equating them to zero, which can be interpreted as a special
regularization procedure.

The Godunov Method (Godunov et al., 1993). We will give a more detailed de-
scription of the method proposed by S. K. Godunov, since it is probably the most
promising in the case where very large condition and inconsistency numbers of the
system under study seem to leave no chances for finding an acceptable solution.

Application of the least squares method J.q/ D kAq�f k2 ! min or the Tikhonov
regularization method (the simplest version of which is M˛.q/ D J.q/C ˛kqk2 !

min) leads to the systems ATAq D AT f and ˛q C ATAq D AT f , respectively. It
should be noted that although these methods have well-known advantages, they also
have serious disadvantages which complicate the original ill-posed problem Aq D f

in a certain sense. Firstly, the already large condition number of the matrix A is
squared when passing to ATA. Secondly, the characteristic features of the behavior
of the data f are smoothed out substantially as a result of applying the operator AT

(recall that the matrix A is usually obtained by discretization of a compact operator).
Thirdly, although introducing a small parameter ˛ improves the properties of the op-
erator to be inverted, it also changes the original problem and poses an additional
problem of choosing an appropriate value of ˛.

The first two disadvantages can be avoided by using the Lavrentiev method ˛q C
Aq D f , which is justified for a symmetric positive semidefinite matrix A (see Lem-
mas 3.2.1 and 3.2.2). S. K. Godunov proposed a regularization method for solving
the system Aq D f with an m � n rectangular matrix A based on the solution of the
following extended system:

.1 � ˛/Aq D .1 � ˛/f; (3.6.1)

˛Bq D 0: (3.6.2)
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Here ˛ is the regularization parameter and the system (3.6.2) defines the conditions
for a solution q to belong to a given well-posedness set. An algorithm of determining
a normal generalized r-solution to the system (3.6.1), (3.6.2) is described in detail in
(Godunov et al., 1993). It should be emphasized that the algorithm does not use the
normal system ATAq D AT f . We suggest considering this algorithm based on the
following example.

Take the Fredholm integral equationZ 5

0

q.t/ dt

t C s C 1
D f .s/; s 2 Œ0; 4
: (3.6.3)

Exercise 3.6.1. Prove that there exists f 2 C 1Œ0; 4
 for which the problem (3.6.3)
has no solution.

Exercise 3.6.2. Prove that as the solution qn.t/ D ne�n
4.t�1/2 to equation (3.6.3)

increases indefinitely with n, the right-hand side f .s/ satisfies the estimate

jfn.s/j D
ˇ̌̌ Z 5

0

qn.t/ dt

t C s C 1

ˇ̌̌
�

Z 5

0

qn.t/ dt � n

Z 1
�1

e�n
4.t�1/2 dt

D
1

n

Z 1
�1

e�z
2

dz D

p
�

n
:

Exercise 3.6.3. Given the test function

q.t/ D

´
.1 � t

3
/2; t 2 Œ0; 3
;

. t
3
� 1/3; t 2 .3; 5
;

calculate analytically f .s/ in (3.6.3).

Exercise 3.6.4. Divide the interval Œ0; 5
 into 50 and the interval Œ0; 4
 into 80 subin-
tervals of equal length. Substitute a quadrature formula for the integral in the left-hand
side of (3.6.3) and use the analytic solution to calculate the right-hand side fi of the
obtained system

50X
jD1

aij qj D fi ; i D 1; 2; : : : ; 80: (3.6.4)

Thus, the system (3.6.4) is consistent and we know the exact solution and its
second-order derivative

q00.t/ D

´
�2=3; t 2 Œ0; 3
;

2=3; t 2 .3; 5
:
(3.6.5)
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Exercise 3.6.5. Calculate the condition number �.A/, the inconsistency number
�.A; f / of the system (3.6.4), and the singular values of the matrix A.

Remark 3.6.1. Calculations (Godunov et al., 1993) demonstrated that �.A/ > 1015,
�.A; f / 
 0:6 � 10�15, and the 39 smallest singular values do not exceed 10�13,
which means that the problem (3.6.4) is strongly ill-posed.

We now construct an extended system of the form (3.6.1), (3.6.2). To this end, we
choose ˛ D 10�8 and define the elements of the matrix

B D

0
BBB@
b21 b22 : : : b2;50
b31 b32 : : : b3;50
:::

:::
: : :

:::

b50;1 b50;2 : : : b50;50

1
CCCA

by the formulas

bj�1;j D bjC1;j D 100; bj;j D �200;

bij D 0 for ji � j j � 2:

It is clear that the matrixB is chosen to stipulate the condition that the second-order
derivative of the solution (3.6.5) be relatively small. In other words, we first multiply
the discrete analog Bq D b of equality (3.6.5) by ˛ D 10�8 and then put ˛b D 0. As
a result, we obtain ˛Bq D 0.

Exercise 3.6.6. Calculate the condition number � and the inconsistency number � of
the extended system (3.6.1), (3.6.2) for ˛ and B specified above.

Remark 3.6.2. Calculations (Godunov et al., 1993) show that � D 0:29 � 106, � D
0:4 � 10�6, and the normal solution Qqn to the system (3.6.1), (3.6.2) with approximate
data Qf such that kf � Qf k � kf k � 0:57 � 10�3 deviates from the exact solution qe to
the system (3.6.4) by kqe � Qqnk � 0:39 � 10

�1kqek.

Thus, extending a system using additional information about its exact solution re-
duces the condition number substantially and allows us to calculate an approximate
solution.

Exercise 3.6.7. Use Lemma 3.2.2 to analyze the matching conditions for the approx-
imation accuracy ı of the right-hand side f .kf � fık � ı/ and the regularization
parameter ˛.

It should be emphasized that a normal solution to the system�
.1 � ˛/A

˛B

�
q D

�
.1 � ˛/f

0

�
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with nondegenerate compound coefficient matrix can be obtained as a solution to the
normal system

�
.1 � ˛/A

˛B

�T �
.1 � ˛/A

˛B

�
q D

�
.1 � ˛/A

˛B

�T �
.1 � ˛/f

0

�
;

which is a system with square nondegenerate coefficient matrix:

Œ.1 � ˛/2ATAC ˛2BTB
q D .1 � ˛/2AT f:

However, the condition number of the square matrix

.1 � ˛/2ATAC �BTB

is equal to the square of the condition number of the compound matrix. It turns out
to be .0:3 � 106/2 D 0:9 � 1011 in the above example for ˛ D 10�4. This is exactly
the reason why it is reasonable to try to find a normal solution using the technique
described in (Godunov et al., 1993; §§ 5–7) and to avoid passing to normal systems.

3.7 The square root method

In the Lavrentiev–Tikhonov regularization procedures, an approximate solution is de-
termined from the systems (3.2.4), (3.2.8) with an n � n symmetric positive definite
matrix, which is also well-conditioned if the value of ˛ is chosen reasonably. Aside
from iterative procedures, traditional direct methods (such as the Gaussian method,
the Gauss–Jordan method, etc.) can be used to solve these systems (Voevodin, 1966;
Fadeev and Fadeeva, 1963). We will confine ourselves to describing the square root
method, which is specially adapted for equations with symmetric matrices and is par-
ticularly efficient and stable.

The square root method is based on the Cholesky decomposition of a symmetric
matrix

A D U TU; (3.7.1)

where U is an upper triangular matrix. Denoting by uij the coefficients of the ma-
trix U and writing equality (3.7.1) in terms of the matrix elements, we arrive at the
system

nX
kD1

ukiukj D aij .i D 1; : : : ; nI j D 1; : : : ; n/: (3.7.2)
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Solving (3.7.2) for uij , we obtain the calculation formulas for the elements of U :

ui i D

vuutai i �

i�1X
kD1

u2
ki
; uij D

1

ui i

�
aij �

i�1X
kD1

ukiukj

�
.j D i C 1; : : : ; nI i D 1; 2; : : : ; n/:

Now, for solving the original system it suffices to solve two triangular systems

U T z D f; Uq D z: (3.7.3)

The square root method is especially convenient when applied to band matrices (Vo-
evodin, 1966), since the method can be easily adapted to their structure so that opera-
tions on zero elements are eliminated.

3.8 Exercises

Every statement in the following list is either a definition or a proposition. We suggest
that the reader identifies the propositions and proves them.

This section can be viewed as a useful appendix to Chapter 3. A more demanding
reader can find the proofs of these statements in the books by V. V. Voevodin et al. and
S. K. Godunov et al. (see the bibliography).

Pseudo-solutions. If a system Aq D f is consistent, then it has a unique solution
of minimal length. This solution qn is said to be normal.

Of all the solutions to a system Aq D f , its normal solution is the only one that
is orthogonal to the kernel N.A/ of the matrix A and belongs to the image R.AT / of
the matrix AT .

The vector y D Aq � f is called the residual of the vector q.
A solution to the system ATAq D AT f is called a pseudo-solution qp or a gener-

alized solution to the system Aq D f .
Pseudo-solutions qp are the only vectors in the space Q that guarantee that
� the residual y D Aq � f is orthogonal to the image of A;
� the residual y D Aq � f has minimal length.

Given a system Aq D f , take the image Of of the vector f under the projection
onto the range R.A/ of the matrix A. The system Aq D Of is always consistent and
the set of all solutions to this system coincides with the setQp

f
of all pseudo-solutions

to the original system.
The normal solution to the system ATAq D AT f is called the normal pseudo-

solution to the system Aq D f .
Of all the pseudo-solutions qp 2 Q

p
f

to the system Aq D f , only the normal
pseudo-solution qnp satisfies the following conditions:
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� the pseudo-solution has minimal length, i.e., qnp D arg minqp2Q
p
f
kqpk;

� the pseudo-solution is orthogonal to the kernelN.A/ of the matrix A, i.e., qnp ?

N.A/;

� the pseudo-solution belongs to the image R.AT / of the matrix AT , i.e., qnp 2

R.AT /.

The normal pseudo-solution qnp of the problemAq D f is equal to zero if and only
if the vector f belongs to the kernel of the matrix AT , i.e., qnp D 0, f 2 N.AT /.

If the existence of a solution to the system of linear algebraic equations Aq D f

is not guaranteed, we can always solve the system ATAq D AT f instead. In this
case, the norm of the residual Aq � f is guaranteed to be minimal, and the same is
true for the norm of the pseudo-solution itself if the normal pseudo-solution is found.
Passing from the system Aq D f to the normal system ATAq D AT f is called the
first Gaussian transformation or the least squares method. The latter term is explained
by the fact that formal expression of the condition for the square of the norm of the
residual kAq � f k2 to be minimal leads to the equation ATAq D AT f .

Note that all the properties of the normal pseudo-solution mentioned above are
equivalent. Therefore, verification of any one of them ensures that others hold as
well.

Pseudoinverse. A system Aq D f with nondegenerate matrix is solved using the
inverse matrix. The inverse plays an important role in many tasks, but it is defined
only for nondegenerate matrices. An analog of the inverse can be constructed for
degenerate and rectangular matrices on the basis of normal pseudo-solutions.

Let A be an arbitrary rectangular matrix. With every vector f 2 F we associate
the normal pseudo-solution qnp 2 Q to the system Aq D f . As a result, we have
a map qnp D A�f from the space F to the space Q represented by an operator A�,
which is called a pseudoinverse or a generalized inverse.

A pseudoinverse operator is linear.
The matrix of a pseudoinverse operator in natural bases is called the pseudoinverse

or the generalized inverse of the matrix A and is denoted by A�.
If A is an m � n matrix, then A� is an n �m matrix.
The normal pseudo-solution qnp to a system of linear algebraic equations Aq D f

satisfies the equality qnp D A
�f .

The pseudoinverse of a zero matrix is a zero matrix.
Every column vector of A� is orthogonal to the kernel of A.
Every column vector of A� is a linear combination of the column vectors of the

adjoint A� (we recall that A� D AT and in real spaces A� D AT ).
The matrix A� can be represented in the form A� D A�V , where V is a square

matrix.
Let a�i and a�i denote the i -th column vectors of the matrices A� and A�, respec-
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tively. A system of column vectors a�i1 ; : : : ; a
�
ir

is linearly dependent (linearly inde-
pendent) if and only if the system of column vectors a�i1 ; : : : ; a

�
ir

is linearly dependent
(linearly independent). This is true for any selection of indices i1; : : : ; ir .

For any matrix A, rankA� D rankA�.
Consider the matrix equation A�AZ D A�, where A is a givenm�nmatrix andZ

is a desired n �m matrix. The matrix A� satisfies this equation, i.e., A�AA� D A�.
Every row vector of the matrix A� is a linear combination of the row vectors of the

matrix A�.
Every row vector of the matrix A� is a linear combination of the row vectors of the

matrix A�.
The matrix A� can be represented in the form UA�, where U is a square matrix.
The kernel and image of the pseudoinverse A� coincide with those of the ad-

joint A�, i.e., R.A�/ D R.A�/ and N.A�/ D N.A�/.
The matrix A� has minimal rank among all solutions to the matrix equation

A�AZ D A�.
Among all solutions to the matrix equation A�AZ D A�, the matrix A� has mini-

mal sum of squares of the absolute values of elements in each column.
Among all solutions to the matrix equation A�AZ D A�, the matrix A� has mini-

mal sum of squares of the absolute values of all its elements.
Consider an m � n matrix A and the n � n unit matrix I . Take an n � n matrix

B.Z/ D AZ � I , where Z is an arbitrary n �m matrix. Among all the matrices Z,
the matrix A� minimizes the sum of squares of the absolute values of all elements
of B.Z/. Furthermore, among all the matrices that minimize this sum, A� minimizes
the sum of squares of the absolute values of all elements of Z.

IfA is nondegenerate, thenB.A�1/ D 0 and therefore the sum of squares of the ab-
solute values of all elements of B.Z/ attains its absolute minimum at the matrix A�1.
The matrix A� minimizes this sum in the case of an arbitrary matrix A. This cir-
cumstance also emphasizes the “similarity” between the pseudoinverse matrix and
the inverse matrix.

So far we have been considering the properties of a pseudoinverse matrix as the
properties of the matrix of a pseudoinverse operator in natural bases. It is more con-
venient to study many properties of a pseudoinverse matrix using an equivalent defi-
nition in terms of matrices.

The matrix F is a zero matrix if and only if at least one of the matrices F �F
or FF � is a zero matrix.

For a given m � n matrix A, consider the matrix relations

A�AX D A�; X D UA� D A�V;

for the unknown n � m matrix X , where U and V are n � n and m � m matrices,
respectively. The matrix X D A� is the only matrix satisfying these relations.

The above definitions of a pseudoinverse are equivalent. Note that there are many
other equivalent definitions of a pseudoinverse matrix in addition to the ones given
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above. The proof that these definitions are equivalent is made easier by the fact that
the matrix expression for a pseudoinverse is known.

If an m � n matrix A has full rank, then

A� D

´
.A�A/�1A�; n � m;

A�.AA�/�1; n � m:

Let A be an m � n matrix of rank r > 0. There exist an m � r matrix B and an
r � n matrix C such that rankB D r , rankC D r , and A D BC . The decomposition
A D BC is called a skeleton decomposition of the matrix A.

In the skeleton decomposition, any r basis columns of the matrixA can be chosen as
columns of the matrix B . Then the columns of the matrix C consist of the coefficients
of the linear combinations that express all the columns of A in terms of its basis
columns.

If a matrix A is represented by its skeleton decomposition A D BC , then

A� D C �.CC �/�1.B�B/�1B� D C �.B�AC �/�1B�;

A� D C �B�; A� D C �B�;

C � D C �.CC �/�1; B� D .B�B/�1B�

are skeleton decompositions of the matrices A�, A�, C �, and B�, respectively.
The matrices A, A�, and A� are related by the formulas

.A�/� D .A�/�; .A�/� D A;

.AA�/� D AA�; .AA�/2 D AA�;

.A�A/� D A�A; .A�A/2 D A�A;

A�AA� D A�; AA�A D A:

Given an m � n matrix A, consider the matrix relations

AXA D A; X D UA� D A�V;

where X is an unknown n � m matrix, U and V are n � n and m � m matrices,
respectively. The matrix X D A� is the only matrix satisfying these relations.

The Penrose equations. For a given m � n matrix A, consider the matrix relations

AXA D A; XAX D X;

.XA/� D XA; .AX/� D AX;

for an n � m matrix X . The matrix X D A� is the only matrix satisfying these
relations.

The pseudo-solutions to the system Aq D f are the only solutions to the system
Aq D AA�f .
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Singular value decomposition. For any m � n rectangular matrix A, the matrices
A�A and AA� are Hermitian and their principal minors are nonnegative.

The nonzero eigenvalues of the matrix A�A are positive and coincide with those
of AA�.

The arithmetical values of the square roots of the common eigenvalues of A�A
and AA� are called the singular (principal) values of the matrix A.

Throughout what follows, the nonzero singular values of A will be denoted by
�1; : : : ; �r and they will be assumed to be indexed in nonincreasing order, i.e., �1 �
�2 � � � � � �r > 0 (r � p D min.m; n/). The singular values �rC1; : : : will be
considered to be equal to zero (if r < p).

Let A be an m � n rectangular matrix. Let x1; : : : ; xn denote the orthonormal
eigenvectors of the matrix A�A. Then

� the system of vectors Ax1; : : : ; Axn is orthogonal;

� any nonzero vector Axk is an eigenvector of AA� corresponding to the eigen-
value �2

k
;

� jAxkj D �k for all k.

Let A be an m � n rectangular matrix. There exist orthonormal systems of vectors
x1; : : : ; xn and y1; : : : ; ym such that

Axk D

´
�kyk ; k � r;

0; k > r;
A�yk D

´
�kxk ; k � r;

0; k > r:

The orthonormal systems x1; : : : ; xn and y1; : : : ; ym are called the singular bases of
the matrix A.

A square matrix is nondegenerate if and only if all of its singular values are nonzero:

jdetAj2 D detA�A D
mY
iD1

�2i :

Let U†V T be a singular value decomposition of a matrix A. Then the pseudoin-
verse A� can be represented in the form A� D V †�U T .

Suppose that the first diagonal elements �1; �2; : : : ; �r of an m � n diagonal ma-
trix † are nonzero and the remaining elements are zero. The matrix †� is an n � m
diagonal matrix with the first diagonal elements ��11 ; ��12 ; : : : ; ��1r and the remaining
elements being zero.

For any m � n matrix A with elements aij and singular values �k , there holds

mX
iD1

nX
jD1

jaij j
2 D

min.m;n/X
kD1

�2k :
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For any m � m matrix A with eigenvalues �1; : : : ; �m and singular values �1, �2,
: : : , �m, there holds

mX
iD1

�2k �

mX
iD1

j�i j
2;

the equality being attained if and only if A is a normal matrix.

Connection between the singular value decomposition and the Tikhonov reg-
ularization. Suppose that A D U†V T , where † is an m � n diagonal matrix,
† D diag .�1; �2; : : : ; �p/, p D min¹m; nº. Then a solution q˛ to the equation

˛q C ATAq D AT f; ˛ > 0;

has the form

q˛ D V †˛U
T f; †˛ D diag

� �1

�21 C ˛
;

�2

�22 C ˛
; : : : ;

�p

�2p C ˛

�
:



Chapter 4

Integral equations

Integral equations of the first kind considered in Sections 4.1 and 4.2 are the most suit-
able subject for the introduction of ill-posed problems in infinite-dimensional spaces.
On one hand, there is no simpler example to be found. On the other hand, in the
general case, the compactness of integral operators makes their inversion an almost
insurmountable problem.

The reader should not be misled by the relative simplicity of the first sections of
this chapter. We recommend that the reader finds a practical example for each of the
problems to be considered here and, conversely, tries to come up with a generalization
and to analyze it.

Sections 4.3–4.6, which are devoted to the Volterra operator equations, are the most
difficult for understanding, but the results presented there are applicable to a large
class of coefficient inverse problems for hyperbolic equations.

4.1 Fredholm integral equations of the first kind

Consider the Fredholm integral equation of the first kind

Aq.x/ D

Z b

a

K.x; s/q.s/ ds D f .x/; x 2 .a; b/: (4.1.1)

The ill-posedness of equation (4.1.1) can be illustrated by the following simple
example. Assume the kernel K.x; s/ and the function f .x/ to be constant. Then
problem (4.1.1) becomes the problem of recovering a curve from the area under the
curve. Evidently, this problem has at least continuum of solutions.

Let the kernel K.x; s/ be real and symmetric, i.e., K.s; x/ D K.x; s/. We also
assume that K.x; s/ 2 L2..a; b/2/, q 2 Q D L2.a; b/, and f .x/ 2 F D L2.a; b/.
Then there exists a complete orthonormal sequence of eigenfunctions ¹'n.x/º and a
sequence of the corresponding eigenvalues ¹�nº of the operator A (j�nC1j � j�nj,
�n 2 R) such that

A'n.x/ D

Z b

a

K.x; s/'n.s/ ds D �n'n.x/; n 2 N:

The completeness of the system ¹'n.x/º means that any function f .x/ 2 F such that
kf kL2.a;b/ <1 is representable as a Fourier series:

f .x/ D

1X
nD1

fn'n.x/:
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It will be shown below that the case where all �n are nonzero is substantially different
from the general case. Let the kernel K.x; s/ be represented in the form of a series

K.x; s/ D

1X
nD1

�n'n.x/'n.s/

that converges in the norm:

kK.x; s/k D

sZ b

a

Z b

a

K2.x; s/ dx ds D

1X
nD1

�2n <1:

In this case j�nj ! 0 as n!1.
The kernel K.x; s/ of an integral operator A is said to be degenerate if there exists

such n0 2 N that �n ¤ 0 for 1 � n � n0 and �n D 0 for all n > n0.
Consider the problem (4.1.1) assuming K.x; s/ as degenerate:

K.x; s/ D

n0X
nD1

�n'n.x/'n.s/:

In this case

Z b

a

K.x; s/q.s/ds D

n0X
nD1

�n

Z b

a

'n.x/'n.s/q.s/ds

D

n0X
nD1

�n.'n; q/'n.x/ D f .x/:

Therefore, the problem (4.1.1) has a solution only if f .x/ is a linear combination
of '1.x/; : : : ; 'n0.x/, i.e., if it can be written as

f .x/ D

n0X
nD1

fn'n.x/:

Exercise 4.1.1. Verify that if the problem (4.1.1) with the degenerate kernel K.x; s/
is solvable, then any function q.x/ of the form

q.x/ D

n0X
nD1

fn

�n
'n.x/C

1X
nDn0C1

cn'n.x/;

where
P1
nDn0C1

c2n <1, is a solution to the equation (4.1.1).
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Thus, if the kernel is degenerate, the problem (4.1.1) has either no solutions or
infinitely many solutions, depending on the right-hand side f .x/.

Consider the case where �n ¤ 0 for all n. If kf k D
qR b

a f
2.x/ dx < 1, then

f .x/ can be represented by a Fourier series converging in the norm of the space L2:

f .x/ D

1X
nD1

fn'n.x/; fn D hf; 'ni;

1X
nD1

f 2n D kf k
2:

Put S D
P1
nD1

�
fn
�n

�2
.

Exercise 4.1.2. Prove that the function q.x/ D
P1
nD1

fn
�n
'n.x/ is a solution to the

equation (4.1.1) if S <1.

Exercise 4.1.3. Prove that the problem (4.1.1) has no solutions if S D1.

Exercise 4.1.4. Show that the problem (4.1.1) cannot have two different solutions if
�n ¤ 0 for all n 2 N (the solutions that differ from each other on a set of zero
measure are considered to be the same).

Thus, if �n ¤ 0 for all n 2 N, then the problem (4.1.1) has no more than one solu-
tion, and the solution exists only if the right-hand side satisfies the condition S <1.

Exercise 4.1.5. Study the case where infinitely many �n are nonzero and infinitely
many �n are equal to zero.

It is clear that the solution to the equation (4.1.1) can be represented by a series
only if ¹�nº and ¹'n.x/º are given. For the numerical solution of applied problems
having the form (4.1.1), the following approaches are commonly used:

� discretization of (4.1.1) combined with the Tikhonov regularization (Vasin and
Ageev, 1995);

� iterative regularization (Vainikko, 1982);

� singular value decomposition combined with regularization (Godunov et al.,
1993).

Problem with perturbed data. The following situation is frequent in the problems
of interpreting observational data, also known as the problems of processing experi-
mental data.

Suppose that a function q.x/ is the function of interest in a certain research, but
the function measured in the experiment is a different function f .x/ that is related
to q.x/ by the formula f .x/ D

R b
a K.x; s/q.s/ds. Furthermore, the values of f .x/

have measurement errors.
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Thus, the problem Z b

a

K.x; s/q.s/ds D f .x/

is known to have a solution, but the solution can be found only approximately from
the equation Z b

a

K.x; s/q.s/ ds D fı.x/ (4.1.2)

with such function fı.x/ that

kf � fık � ": (4.1.3)

Let qe.x/ be a solution to the problem (4.1.1) and qı .x/ be a solution to (4.1.2).
Set Qq D q � qı , Qf D f � fı . Then Qq.x/ satisfies the integral equationZ b

a

K.x; s/ Qq.s/ ds D Qf .x/: (4.1.4)

Let Qf .x/ D
P1
nD1

Qfn'n.x/. The condition (4.1.3) means that
P1
nD1 j

Qfnj
2 � ı2.

First, consider the case where �n ¤ 0 for all n 2 N. If the series
P1
nD1 j

Qfn
�n
j2

diverges, then equation (4.1.4) has no solutions. Even if this series converges, this
cannot guarantee that the error Qq.x/ will tend to zero as ı ! 0.

Indeed, among all right-hand sides Qf such that k Qf k � ı there is a right-hand
side Qf D ı'n.x/ with index n such that j�nj � ı. Then Qq D .ı=�n/'n.x/, i.e.,
k Qqk D ı=j�nj > 1.

Regularization. Consider the equation

˛q.x/C

Z b

a

K.x; s/q.s/ ds D fı.x/; ˛ > 0; (4.1.5)

where ˛ is the regularization parameter.

Theorem 4.1.1. Assume that all eigenvalues of the operator

Aq D

Z b

a

K.x; s/q.s/ ds; x 2 .a; b/;

are positive. Suppose that there exists a solution qe 2 L2.a; b/ to equation (4.1.1)
for some f 2 L2.a; b/. Then there exist ˛�; ı� 2 RC such that for all ˛ 2 .0; ˛�/,
ı 2 .0; ı�/ and for any fı 2 L2.a; b/ satisfying (4.1.3), equation (4.1.5) has a
solution q˛ı and the following estimate holds:

kq˛ı � qek �
ı

˛
C !.˛/; (4.1.6)

where the function !.˛/ tends to zero as ˛ ! 0.
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Proof. Let q˛ı.x/ denote a solution to equation (4.1.5). We will seek the solution in
the form of a series in terms of the eigenfunctions of the operator A:

q˛ı.x/ D
X

q˛ın'n.x/: (4.1.7)

Let Qf .x/ D fı.x/ � f .x/. Then

fı.x/ D

1X
nD1

fın'n.x/ D

1X
nD1

. Qfn C fn/'n.x/; (4.1.8)

where fın D hfı ; 'ni, Qfn D . Qf ; 'n/.
Multiply (4.1.5) by 'n.x/ and integrate it with respect to x from a to b. Taking into

account the form of the kernel, the orthonormality of the system of functions ¹'n.x/º
and using (4.1.7), (4.1.8), we get

˛q˛ın C �nq˛ın D Qfn C fn D fın: (4.1.9)

Consequently, a regularized solution obtained from the approximate data has the
form

q˛ı.x/ D

1X
nD1

q˛ın'n.x/; (4.1.10)

q˛ın D
fın

˛ C �n
D
Qfn C fn

˛ C �n
: (4.1.11)

Let

qe.x/ D

1X
nD1

qn'n.x/:

Then the error

Qq.x/ D qe.x/ � q˛ı.x/ D

1X
nD1

�
qn �

Qfn C fn

˛ C �n

�
'n.x/

can be represented as

Qq.x/ D Q̌˛.x/C ˇ˛.x/; (4.1.12)

where

Q̌
˛.x/ D �

1X
nD1

Qfn

˛ C �n
'n.x/;

ˇ˛.x/ D

1X
nD1

˛qn

˛ C �n
'n.x/:
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First, we estimate Q̌˛ taking into account that �n � 0:

k Q̌˛k
2 D

1X
kD1

Qf 2n
.˛ C �n/2

�
1

˛2

1X
nD1

Qf 2n D
ı2

˛2
: (4.1.13)

To estimate the second term ˇ˛.x/, we recall that, by the assumption of the theorem,
there exists an exact solution qe.x/ that belongs to L2.a; b/. Therefore, kqek2 DP1
nD1 q

2
n <1. Denote !.˛/ D kˇ˛k. Let us prove that

lim
˛!0

!.˛/ D 0:

Let " > 0. We will find ˛� such that !.˛/ � " for all ˛ 2 .0; ˛�/.
For "2=2 there exists an n� 2 N such that

P1
nDn�

q2n <
"2

2
and therefore

1X
nDn�

˛2q2n
.˛ C �n/2

�
"2

2
:

On the other hand,

n��1X
nD1

˛2q2n
.˛ C �n/2

�
˛2

�2�
kqek

2;

where �� D minnD1;n��1¹�nº. Set

˛� D "��=.
p
2 kqek/:

Then for all ˛ 2 .0; ˛�/ we have

!2.˛/ D kˇ˛k
2 �

n��1X
nD1

˛2q2n
.˛ C �n/2

C

1X
nDn�

˛2q2n
.˛ C �n/2

� "2;

i.e., !.˛/ � ".
Using (4.1.12) and (4.1.13), we obtain

kqe � q˛ık � k Q̌˛k C kˇ˛k � ı=2C !.˛/;

which proves the theorem.

We now show that the regularization method described above is also applicable in
the case where some �n are equal to zero.

Let N1 be the set of such n that �n ¤ 0, and let N0 consist of n corresponding to
�n D 0. (Each of these two sets may be finite or infinite, but they cannot both be finite
at the same time). Let qe.x/ D

P1
nD1 qn'n.x/ (

P1
nD1 jqnj

2 < 1) be a solution to
equation (4.1.1). Then for any an 2 R such that

P
n2N0

a2n <1 and
P
n2N1

a2n D 0,
the function

P1
nD1.qn C an/'n.x/ is also a solution to (4.1.1).

Putting an D �qn for n 2 N0, we obtain the function q0.x/ D
P
n2N1

qn'n.x/

satisfying (4.1.1).
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Exercise 4.1.6. Let q.x/ ¤ q0.x/ be a solution to equation (4.1.1). Prove that

kqk > kq0k: (4.1.14)

We recall that if (4.1.1) has more than one solution, then the solution that has min-
imal norm is called normal. From (4.1.14) it follows that q0.x/ is a normal solution
to the problem.

Theorem 4.1.2. Let q0.x/ D
P
n2N1

qn'n.x/, kq0k2 D
P
n2N1

q2n < 1, be a
normal solution to equation (4.1.1). Then the following inequality holds: kq˛ı �
q0k � ı=˛ C !.˛/, where !.˛/! 0 as ˛ ! 0.

The proof of this theorem is similar to that of Theorem 4.1.1.
Consider the case where the kernel K.x; s/ is not symmetric. We define the opera-

tor A� as follows:

A�p.x/ D

Z b

a

K.s; x/p.s/ ds; p 2 L2.a; b/:

Applying the operator A� to the equation (4.1.2) yields the integral operator equation
with symmetric kernel:

A�Aq D A�fı :

Let q�
˛ı
.x/ denote a solution to the equation

˛q.x/C A�Aq D A�fı.x/:

Exercise 4.1.7. Prove that q�
˛ı

converges to a quasi-solution of equation (4.1.1) as ˛
and ı tend to zero with concerted rates.

4.2 Regularization of linear Volterra integral equations of
the first kind

Volterra integral equations of the first kindZ x

0

K.x; t/q.t/ dt D f .x/; x 2 Œ0; T 
; (4.2.1)

can be viewed as a special case of the Fredholm equation of the first kindZ 1

0

K.x; t/q.t/ dt D f .x/; x 2 Œ0; T 
;
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whose kernel has the form

K.x; t/ D

´
K.x; t/; t 2 Œ0; x
;

0; t 2 .x; T 
:

Therefore, all the arguments of the previous section remain valid as to equation
(4.2.1). However, the variable limit of integration in (4.2.1) (the distinctive property
of a Volterra equation) makes it possible to construct other regularization methods.
The simplest one is differentiation. Assume that equation (4.2.1) has a solution qe 2
C Œ0; T 
 and the functions K.x; t/ and f .x/ have continuous derivatives with respect
to x. Then, differentiating (4.2.1) with respect to x, we get

q.x/K.x; x/C

Z x

0

@K

@x
.x; t/q.t/ dt D f 0.x/: (4.2.2)

If K.x; x/ ¤ 0 for all x 2 Œ0; T 
, then equation (4.2.2) is a special case of the
Volterra integral equation of the second kind.

In what follows we shall also consider a Volterra regularization. Aside from the
differentiation and the Volterra regularization, a discrete regularization can be applied
to equation (4.2.1), which leads sometimes to the so-called self-regularization where
the discretization step plays the role of a regularization parameter.

Volterra integral equations of the second kind in C Œ0; T � and L2.0; T /. Con-
sider the second-kind Volterra equation

q.x/ D g.x/C

Z x

0

P.x; t/q.t/ dt; x 2 .0; T /; (4.2.3)

assuming q.x/ is to be found.
Let us show that problem (4.2.3) is well-posed.

Theorem 4.2.1. Let g 2 C Œ0; T 
 and P.x; t/ 2 C.0 � t � x � T /. Then the
problem (4.2.3) is well-posed in C Œ0; T 
.

Proof. We define an operator V as follows:

.Vq/.x/ D g.x/C

Z x

0

P.x; t/q.t/ dt; x 2 Œ0; T 
:

Introduce a norm depending on a parameter ˇ � 0:

kqkˇ D sup
x2Œ0;T �

¹jq.x/je�ˇxº:

From the definition of the norm it follows that

kqk0 D kqkCŒ0;T �; kqkˇ D kqkCŒ0;T � � eˇT kqkˇ : (4.2.4)
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Set

G0 D kgkCŒ0;T �; P0 D sup
x2Œ0;T �
t2Œ0;x�

jP.x; t/j:

We will prove that for any fixed T > 0, � > 0, and any ˇ satisfying the condition

max¹P0; P0.G0 C �/=�º < ˇ (4.2.5)

the operator V maps the ball

B.g; �; ˇ/ D ¹p.x/ 2 C Œ0; T 
 W kp � gkˇ � �º

into itself and is a contraction on this ball. Let r 2 B.g; �; ˇ/, i.e., kg � rkˇ � � and
therefore krkˇ � kgkˇ C � � G0 C � . We have

j.V r/.x/ � g.x/j �

Z x

0

jP.x; t/r.t/jdt � P0

Z x

0

jr.t/je�ˇt eˇtdt

� P0krkˇ

Z x

0

eˇtdt D P0krkˇ
1

ˇ
.eˇt � 1/; x 2 Œ0; T 
:

Hence, for all x 2 Œ0; T 
,

j.V r/.x/ � g.x/je�ˇt � P0krkˇ
1

ˇ
.1 � e�ˇx/ �

P0

ˇ
krkˇ ;

and therefore, in view of (4.2.5),

kV r � gkˇ �
P0

ˇ
krkˇ �

P0.G0 C �/

ˇ
< �;

which means that V r 2 B.g; �; ˇ/.
Now let r1; r2 2 B.g; �; ˇ/. By the same argument as before, we get the estimate

j.V r1/.x/ � .V r2/.x/j �

Z x

0

jP.x; t/jjr1.t/ � r2.t/j dt

� P0kr1 � r2kˇ
1

ˇ
.eˇx � 1/;

whence

kV r1 � V r2k �
P0

ˇ
kr1 � r2kˇ :
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Due to (4.2.5), P0=ˇ < 1. This means that the operator V maps the ball B.g; �; ˇ/
into itself and is a contraction on this ball. Therefore, by the Banach fixed point
theorem (Theorem A.2.1), the operator V has a unique fixed point in this ball:

r.x/ D .V r/.x/ D g.x/C

Z x

0

K.x; t/r.t/ dt;

which is obviously a solution to equation (4.2.3).
We now turn to the proof of uniqueness and stability of the solution of problem

(4.2.3) with respect to small perturbations of g.x/. We start by proving the stability.
Assume that qj .x/, j D 1; 2, are continuous solutions to the equations

qj .x/ D gj .x/C

Z x

0

P.x; t/qj .t/ dt; j D 1; 2; (4.2.6)

respectively. As before, the functions g1, g2, and P are assumed to be continuous.
Then Qq D q1 � q2 and Qg D g1 � g2 satisfy the equality

Qq.x/ D Qg.x/C

Z x

0

P.x; t/ Qq.t/dt;

which implies

j Qq.x/j � j Qg.x/j C
ˇ̌̌ Z x

0

P.x; t/ Qq.t/ dt
ˇ̌̌
:

Therefore,

j Qq.x/j � j Qg.x/j C P0k Qqkˇ
1

ˇ
.eˇx � 1/:

Multiplying the obtained inequality by e�ˇx and taking the supremum with respect
to x 2 Œ0; T 
 (first in the right-hand side and then in the left-hand side), we have

k Qqkˇ � k Qgkˇ C
P0

ˇ
k Qqkˇ :

Then �
1 �

P0

ˇ

�
k Qqkˇ � k Qgkˇ :

Since ˇ > P0 because of (4.2.5), we have

k Qqkˇ �
ˇ

ˇ � P0
k Qgkˇ :

Finally, using (4.2.4) we obtain

kq1 � q2kCŒ0;T � �
ˇ

ˇ � P0
eˇT kg1 � g2kCŒ0;T �: (4.2.7)

The stability estimate (4.2.7) also implies the uniqueness of the solution.
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Remark 4.2.1. Estimate (4.2.7) can be improved by applying the Gronwall lemma
(see Subsection A.6.2) to the inequality

j Qq.x/j � j Qg.x/j C
ˇ̌̌ Z x

0

P.x; t/ Qq.t/ dt
ˇ̌̌

obtained when proving the theorem.

Remark 4.2.2. It can be proved that if g 2 L2.0; T / and P.x; t/ 2 L2 .0 � t � x �
T /, then problem (4.2.3) is well-posed in L2.0; T /.

Volterra regularization of the first-kind integral equations. The above example
of reducing the ill-posed problem (4.2.1) to the well-posed problem (4.2.2) is rarely
applicable in practice for two main reasons. Instead of the actual right-hand side
f .x/ we usually have only its approximation fı.x/, and even if the derivative f 0

ı
.x/

is known, small errors in specifying f .x/may lead to very large errors in the solution.
On the other hand, application of the general approach described in Section 4.1, i.e.,
reducing the problem (4.2.1) to the Fredholm equation of the second kind

˛q.x/C A�Aq D A�fı.x/g

results in the loss of the property of being a Volterra equation (A�A is not a Volterra
operator), which considerably complicates the analysis and solution of the regularized
equation.

Consider a Volterra regularization of the problem (4.2.1) (Sergeev, 1971; Denisov,
1975), which can also be applied to nonlinear Volterra operator equations of the first
kind (Kabanikhin, 1989) that arise in coefficient inverse problems for hyperbolic equa-
tions (see Chapter 10). As before, we assume that equation (4.2.1), i. e.,Z x

0

K.x; t/q.t/ dt D f .x/; x 2 Œ0; T 
;

has a solution, but instead of the function f .x/we know only its approximation fı.x/
satisfying the condition

kf � fıkCŒ0;T � � ı:

We will approximate equation (4.2.1) by the following Volterra integral equation of
the second kind with a positive parameter ˛:

˛q.x/C

Z x

0

K.x; t/q.t/ dt D fı.x/; x 2 Œ0; T 
: (4.2.8)
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Theorem 4.2.2. Assume that for f; fı 2 C Œ0; T 
 there exists a solution qe 2 C 1Œ0; T 


to equation (4.2.1) such that qe.C0/ D 0. Let K, @K
@x

and @2K
@x2

be continuous and
K.x; x/ � 1.

Then there exist positive numbers ˛�, ı�, and K� such that, for ˛ 2 .0; ˛�/ and
ı 2 .0; ı�/, equation (4.2.8) has a unique solution q˛ı in C Œ0; T 
 that satisfies the
estimate

kq˛ı � qekCŒ0;T � � K�

�
˛ C

ı

˛

�
: (4.2.9)

Proof. The existence and uniqueness of a solution q˛ı.x/ follow from Theorem 4.2.1.
Set

Qf .x/ D f .x/ � fı.x/; Qq.x/ D q.x/ � q˛ı.x/:

Then, upon subtracting (4.2.8) termwise from (4.2.1) and rearranging, we obtain

˛ Qq.x/C

Z x

0

K.x; t/ Qq.t/ dt D ˛qe.x/C Qf .x/: (4.2.10)

The arguments used in the proof of Theorem 4.2.1 cannot be used to estimate Qq be-
cause equation (4.2.10) includes a small parameter ˛. For this reason, we will intro-
duce a more complicated weight function e�.x��/=˛ instead of eˇt and use additional
integration with respect to x. Change from the variable x to 	 in (4.2.10), multiply
the resulting equation by the function ˛�2e�.x��/=˛ and integrate it with respect to 	
from 0 to x:

Z x

0

e�.x��/=˛
h 1
˛
Qq.	/C

1

˛2

Z �

0

K.	; t/ Qq.t/ dt
i
d	

D
1

˛

Z x

0

e�.x��/=˛qe.	/ d	 C
1

˛2

Z x

0

e�.x��/=˛ Qf .	/ d	: (4.2.11)

We divide (4.2.10) by ˛ and subtract (4.2.11) from the resulting equality. On rear-
ranging, we get

Qq.x/C
1

˛

Z x

0

K.x; t/ Qq.t/ dt �
1

˛

Z x

0

e�.x��/=˛ Qq.	/ d	

�
1

˛2

Z x

0

e�.x��/=˛
h Z �

0

K.	; t/ Qq.t/ dt
i
d	 (4.2.12)

D qe.x/C
1

˛
Qf .x/C

1

˛

Z x

0

e�.x��/=˛qe.	/ d	 �
1

˛2

Z x

0

e�.x��/=˛ Qf .	/ d	:
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We integrate by parts the fourth term on the left side of (4.2.12) twice using the
condition K.x; x/ � 1:

1

˛2

Z x

0

e�.x��/=˛
h Z �

0

K.	; t/ Qq.t/ dt
i
d	

D
1

˛

Z x

0

K.x; t/ Qq.t/ dt �
1

˛

Z x

0

e�.x��/=˛
@

@	

h Z �

0

K.	; t/ Qq.t/ dt
i
d	

D
1

˛

Z x

0

K.x; t/ Qq.t/ dt �
1

˛

Z x

0

e�.x��/=˛ Qq.	/ d	

�
1

˛

Z x

0

e�.x��/=˛
h Z �

0

D.1;0/K.	; t/ Qq.t/ dt
i
d	

D
1

˛

Z x

0

K.x; t/ Qq.t/ dt �
1

˛

Z x

0

e�.x��/=˛ Qq.	/ d	

�

Z x

0

D.1;0/K.x; t/ Qq.t/ dt C

Z x

0

e�.x��/=˛D.1;0/K.	; 	/ Qq.	/ d	

C

Z x

0

e�.x��/=˛
h Z �

0

D.2;0/K.	; t/ Qq.t/ dt
i
d	:

Here D.n1;n2/K.x1; x2/ D @n1

@x
n1
1

@n2

@x
n2
2

K.x1; x2/.

Changing the order of integration in the last term and substituting the resulting
expression in (4.2.12), we come to

Qq.x/C

Z x

0

D.1;0/K.x; t/ Qq.t/ dt �

Z x

0

e�.x��/=˛D.1;0/K.	; 	/ Qq.	/ d	

�

Z x

0

h Z x

t

e�.x��/=˛D.2;0/K.	; t/ d	
i
Qq.t/ dt

D qe.x/C
1

˛
Qf .x/ �

1

˛

Z x

0

e�.x��/=˛qe.	/ d	

�
1

˛2

Z x

0

e�.x��/=˛ Qf .	/ d	:

Evidently, the derived equality is representable in the form

Qq.x/C

Z x

0

B˛.x; t/ Qq.t/dt D  ˛ı.x/; (4.2.13)
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where

B˛.x; t/ D
1

˛
K.x; t/ �

1

˛
e�.x�t/=˛ �

1

˛2

Z x

t

K.	; t/e�.x��/=˛ d	

D D.1;0/K.x; t/ �D.1;0/K.t; t/e�.x�t/=˛

�

Z x

t

D.2;0/K.	; t/e�.x��/=˛ d	;

 ˛ı.x/ D qe.x/ �
1

˛

Z x

0

e�.x��/=˛qe.	/ d	 C
Qf .x/

˛

�
1

˛2

Z x

0

e�.x��/=˛ Qf .	/ d	

D

Z x

0

e�.x��/=˛q0e.	/ d	 C
Qf .x/

˛
�
1

˛2

Z x

0

e�.x��/=˛ Qf .	/ d	:

From inequality (4.2.13) it follows that

j Qq.x/j � k ˛ıkCŒ0;T � C
ˇ̌̌ Z x

0

max
x2Œ0;T �

jB˛.x; t/j Qq.t/ dt
ˇ̌̌
; x 2 Œ0; T 
:

Using the Gronwall lemma (see Subsection A.6.2), we have

k QqkCŒ0;T � D max
x2Œ0;T �

j Qq.x/j � k ˛ıkCŒ0;T � exp
° Z x

0

max
x2Œ0;T �

jB˛.x; t/j dt
±
:

To complete the proof, it suffices to verify that, for some ˛� > 0, ı� > 0, K1 > 0,
K2 > 0, the following inequalities hold:

max
x2Œ0;T �

Z x

0

jB˛.x; t/j dt � K1; 0 < ˛ < ˛�; (4.2.14)

max
x2Œ0;T �

j ˛ı.x/j � K2

�
˛ C

ı

˛

�
; 0 < ˛ < ˛�; 0 < ı < ı�: (4.2.15)

We leave the proof of these inequalities to the reader as an exercise.

4.3 Volterra operator equations with boundedly
Lipschitz-continuous kernel

This section is concerned with an approach to the study of inverse problems which in-
volves weighted estimates. This technique enables one to estimate the rate of conver-
gence of numerical algorithms such as the method of successive approximations, the
Landweber iteration, the steepest descent method, the Newton–Kantorovich method
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(Subsection 10.2.2), and the method of inversion of finite-difference scheme (Ka-
banikhin, 1988).

Many inverse problems for hyperbolic and parabolic equations can be reduced to
nonlinear Volterra integral equations. The inverse problems can be written in the
general form as a Volterra operator equation of the second kind

q.x/ D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 S; (4.3.1)

where S D Œ0; T 
, T 2 RC, ¹Kxºx2S is a family of nonlinear Volterra operators (see
Definition 4.3.1 below), the (vector) function q.x/ represents an unknown coefficient
(or coefficients), and f .x/ is the data of the inverse problem.

As an example we consider the inverse problem

ut t D uxx � q.x/u; x 2 R; t 2 RC; (4.3.2)

u.x; 0/ D '1.x/; ut .x; 0/ D '2.x/; (4.3.3)

u.0; t/ D f1.t/; ux.0; t/ D f2.t/: (4.3.4)

where the coefficient q.x/ of equation (4.3.2) is to be found from given functions
'j .x/, fj .x/, j D 1; 2. We will return to this problem in Chapter 10 (Subsec-
tion 10.1.2) assuming '1.x/ � 0, '2.x/ D ı.x/.

Let us show that the problem (4.3.2)–(4.3.4) is ill-posed, and consequently, so
is (4.3.1).

We simplify the problem by assuming '1 � �1, '2 � 0, f2 � 0, f .t/ D f 001 .t/

and introducing the function v.x; t/ D ut t .x; t/. Differentiating (4.3.2) and (4.3.4)
twice with respect to t and taking into account that

v.x; 0/ D ut t
ˇ̌
tD0
D uxx

ˇ̌
tD0
� u.x; 0/q.x/ D q.x/;

vt .x; 0/ D ut t t
ˇ̌
tD0
D utxx

ˇ̌
tD0
� ut .x; 0/q.x/ D 0;

we obtain a new inverse problem

vt t D vxx � q.x/v; x 2 R; t > 0; (4.3.5)

v.x; 0/ D q.x/; vt .x; 0/ D 0; (4.3.6)

v.0; t/ D f .t/; vx.0; t/ D 0: (4.3.7)

Taking the even extensions of v.x; t/ andf .t/with respect to t and using d’Alembert’s
formula, we have

v.x; t/ D
1

2
Œf .t C x/C f .t � x/
C

1

2

Z x

0

Z tCx��

t�xC�

q.	/v.	; �/ d� d	: (4.3.8)
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Put t D 0 in (4.3.8). In view of the first condition in (4.3.6), we have

q.x/ D f .x/C

Z x

0

Z x��

0

q.	/v.	; �/ d� d	: (4.3.9)

As a result, we obtained the nonlinear operator equation (4.3.9) for the coeffi-
cient q.x/. Note that the function v.	; �/ in equation (4.3.9) depends on q.x/ and
is determined by solving the direct problem (4.3.5), (4.3.6) if q.x/ is known.

We will show that the operator equation (4.3.9) may have no solutions on Œ0; T 

even if the data f is infinitely smooth. For example, let f � c D const > 0. Then
from (4.3.5), (4.3.7) it follows that v does not depend on t . Consequently, (4.3.6)
implies that v.x; t/ D q.x/. Then (4.3.9) becomes as follows:

q.x/ D c C

Z x

0

Z x��

0

q2.	/ d� d	 (4.3.10)

or, in the differential form,

q00.x/ D q2.x/; (4.3.11)

q.0/ D c; q0.0/ D 0: (4.3.12)

At the same time, the solution to the Cauchy problem (4.3.11), (4.3.12) tends to

infinity as x ! T� D
q
3
2

R1
c

dyp
y3�c3

.

To prove this, we introduce a new variable p D q0. Note that q00 D p0qq
0 D p0qp.

By (4.3.11),

p
dp

dq
D q2:

Solving this equation in view of (4.3.12), we obtain

q0 D p D

r
2

3
.q3 � c3/;

which implies

x.q/ D

r
3

2

Z q

c

dyp
y3 � c3

:

Since the integral in the right-hand side of this equality is uniformly bounded for
all q 2 RC, the solution to equation (4.3.15) tends to infinity as x ! T�.

Lavrentiev (1972) was the first to study the Volterra operator equations. One of the
main difficulties arising in the study of operator equations is caused by the nonlinear-
ity of the operators Kx . As was proved above, the inverse problem (4.3.1) may have
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no solutions for some data f .x/. Finding conditions on f .x/ (x 2 Œ0; T 
) that are
necessary and sufficient for the existence of a solution for an arbitrary T 2 RC is a
complicated problem. It is solved only for the case of one-dimensional inverse prob-
lems for hyperbolic equations (Subsection 10.1.3). A large class of Volterra operator
equations was examined in (Lavrentiev, 1972) and (Romanov, 1975). In this section,
we assume the family of operators ¹Kxºx2S to be such that the problem (4.3.1) pos-
sesses the main properties of such inverse problems for hyperbolic equations.

We will seek a solution to the operator equation (4.3.1) that belongs to the space
C.S IX/, S D Œ0; T 
. This means that q.x/ is a continuous function of the parameter
x 2 S with values in a real Banach space X , whose norm will be denoted by k � k.
The integral in (4.3.1) is understood as the Bochner integral (see Subsection A.5.2).

The following two types of statements can be proved for many one-dimensional and
some classes of multi-dimensional inverse problems reducible to the form (4.3.1).
First, the inverse problem is locally well-posed, i.e., for a sufficiently small T 2
RC there exists a solution to equation (4.3.1) which continuously depends on the
data f .x/. Second, for any T 2 RC, a solution to the inverse problem is unique and
conditionally stable, i.e., small variations in f .x/ keeping the solvability of (4.3.1)
cause small variations in the solutions.

Since the data in applied inverse problems are always approximate, finding out what
variations in the data f .x/ keep it within the set of functions for which the inverse
problem has a solution is very important in practice. Under rather general assumptions
about the family of operators ¹Kxºx2S , we will show that the set of data ¹f .x/º for
which the operator equation (4.3.1) has a solution is open in C.S IX/, i.e., if (4.3.1) is
solvable for some f .x/, then it admits a solution for all fı.x/ close enough to f .x/.

We will now specify these properties. Let Sx D Œ0; x
, x 2 S , and X be a Banach
space with the norm k � k.

Following (Gajewski et al., 1974), we give the below definitions.

Definition 4.3.1. An operator Kx 2 .C.Sx IX/ ! C.Sx IX// is called a Volterra
operator if the relation q.�/ D r.�/, q; r 2 C.SxIX/, which holds for all � 2 Sx1
and x1 2 Sx implies that for all � 2 Sx1

.Kxq/.�/ D .Kxr/.�/:

Definition 4.3.2. A family of operators Kx 2 .C.Sx IX/ ! C.Sx IX//, x 2 S , is
said to be boundedly Lipschitz-continuous if there exists such a real-valued function
�.y1; y2/ increasing in y1 and y2 that for all x 2 S and all q1; q2 2 C.S IX/ the
following estimate holds:

kKxq1 �Kxq2kC.Sx IX/ � �.q
�
1 .x/; q

�
2 .x//kq1 � q2kC.Sx IX/: (4.3.13)
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Here

q�j .x/ D kqj kC.Sx IX/; j D 1; 2I

kqkC.Sx IX/ D sup
�2Sx

¹kq.�/kº; x 2 S:

Definition 4.3.3. A family ¹Kxºx2S is said to belong to the class K.T; �/ if Kx is a
Volterra operator such that Kx0 D 0 for any x 2 S D Œ0; T 
 and the family ¹Kxºx2S
is boundedly Lipschitz-continuous.

The following lemma immediately follows from the above definition.

Lemma 4.3.1. Assume that the family of operators ¹Kxºx2S belongs to the class
K.T; �/. Then the following inequality holds for all x 2 S , x1 2 Sx , and q1; q2 2
C.S IX/:

kKxq1 �Kxq2kC.Sx1 IX/ � �.q
�
1 .x/; q

�
2 .x//kq1 � q2kC.Sx1 IX/:

Proof. Let x1 2 Sx . For j D 1; 2, we set

q
x1
j .s/ D

´
qj .s/; 0 � s � x1;

qj .x1/; x1 < s � x:

Obviously, qx1j .s/ 2 C.Sx IX/ for j D 1; 2. SinceKx is a Volterra operator, we have

kKxq1 �Kxq2kC.Sx1 IX/
� kKxq

x1
1 �Kxq

x1
2 kC.Sx IX/

� �.q�1 .x/; q
�
2 .x//kq

x1
1 � q

x1
2 kC.SxIX/

D �.q�1 .x/; q
�
2 .x//kq1 � q2kC.Sx1 IX/

:

The lemma is proved.

Let " 2 RC, k � 0, q 2 C.S IX/. We define a .C; k/-norm and a ball of radius "
as follows:

kqkC;k D sup
x2S

¹kqkC.SxIX/ exp.�kx/º;

ˆk.t; q; "/ D ¹r 2 C.St IX/ W kq � rkC;k < "º:

(4.3.14)

In the sequel, we will use some obvious inequalities that follow from the definition of
the .C; k/-norm, namely,

kqkC;k � kqkC.S IX/ � exp.kT /kqkC;k : (4.3.15)
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4.4 Local well-posedness and uniqueness on the whole

The next theorem was proved by Romanov (1973b) for a one-dimensional inverse
problem. The technique used in this paper was later applied to the inverse prob-
lems for elasticity equations, the system of Maxwell’s equations (Romanov and Ka-
banikhin, 1994), the transport equation and its Pn-approximation (Romanov et al.,
1984), the acoustic equation (Kabanikhin, 1981), and many others.

Theorem 4.4.1. Assume that f 2 C.S IX/ and the family of operators ¹Kxºx2S
belongs to the class K.T; �/. Then there exists a T� 2 .0; T / such that for all
t 2 .0; T�/ the operator equation

q.x/ D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 St ; (4.4.1)

has a unique solution in the class C.St IX/ which continuously depends on the data.

Proof. We will construct a solution using the Banach’s contraction mapping principle
(Theorem A.2.1). For q 2 C.S IX/ we define the operator

.Uq/.x/ D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 S:

Since the family ¹Kxºx2S belongs to the class K.T; �/, we conclude that U 2�
C.S IX/ ! C.S IX/

�
. Using Lemma 4.3.1 and properties of the Bochner integral

(Gajewski et al., 1974), we obtain the inequalities

k.Uq/.x/ � f .x/k �
��� Z x

0

.Kxq/.�/ d�
���

�

Z x

0

k.Kxq/.�/k d� �

Z x

0

kKxqkC.S� IX/ d�

� �.q�.T /; 0/

Z x

0

kqkC.S� IX/ d�

� �.q�.T /; 0/xkqkC.SxIX/; x 2 S: (4.4.2)

Here q�.T / D kqkC.S IX/.
We fix an arbitrary ı 2 RC and assume that q 2 ˆ0.t; f; ı/ (see (4.3.14)) with

t 2 S . Since (4.4.2) holds for all x 2 St � S , we come to

kUq � f kC.St IX/ � �.kf kC.St IX/ C ı; 0/t.kf kC.St IX/ C ı/ � �.P; 0/tP;

(4.4.3)
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where P D kf kC.S IX/ C ı. Put

T� D min
°
T;

ı

�.P; 0/P
;

1

�.P; P /

±
: (4.4.4)

Then from (4.4.3) it follows that for all t 2 .0; T�/ the operator U maps the ball
ˆ0.t; f; ı/ into itself.

Repeating the arguments used to obtain the estimate (4.4.2), we arrive at the fol-
lowing inequality for any q1; q2 2 ˆ0.t; f; ı/, t 2 S :

kUq1 � Uq2kC.St IX/ � �.P;P /tkq1 � q2kC.St IX/; t 2 S: (4.4.5)

Since T� � 1=�.P; P /, for all t 2 .0; T�/ the operator U maps the ball ˆ0.t; f; ı/
into itself and is a contraction on ˆ0.t; f; ı/. By the Banach fixed point theorem,
the map U has a fixed point in ˆ0.t; f; ı/, t 2 .0; T�/, i.e., there exists an element
q 2 ˆ0.t; f; ı/ such that

q.x/ D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 St :

The uniqueness of the solution and its continuous dependence on the data follow
from the next statement.

Theorem 4.4.2. Assume that for fj 2 C.S IX/, j D 1; 2, there exists a solution
qj 2 C.S IX/ to the operator equation

qj .x/ D fj .x/C

Z x

0

.Kxqj /.�/ d�; x 2 S: (4.4.6)

Then the following estimate holds if the family ¹Kxºx2S belongs to the class K.T;�/:

kq1 � q2kC.S IX/ � exp¹T�.q�1 .T /; q
�
2 .T //ºkf1 � f2kC.S IX/: (4.4.7)

Proof. Upon subtracting the equality (4.4.6) for j D 1 termwise from the same equal-
ity for j D 2, we obtain the inequalities

kq1.x/ � q2.x/k � kf1.x/ � f2.x/k C

Z x

0

k.Kxq1/.�/ � .Kxq2/.�/k d�

� kf1 � f2kC.S IX/ C �.q
�
1 .T /; q

�
2 .T //

Z x

0

kq1 � q2kC.S� IX/ d�;

x 2 S:

Hence

kq1�q2kC.SxIX/ � kf1�f2kC.S IX/C�.q
�
1 .T /; q

�
2 .T //

Z x

0

kq1�q2kC.S� IX/ d�;

x 2 S:
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Applying the Gronwall inequality, we arrive at the desired inequality

kq1 � q2kC.S IX/ � exp¹T�.q�1 .T /; q
�
2 .T //ºkf1 � f2kC.S IX/:

The estimate (4.4.7) implies that the solution of equation (4.4.1) is unique and con-
tinuously depends on the data.

Returning to the proof of Theorem 4.4.1, we note that the size of the domain St
was used as the “smallness” parameter (see (4.4.4)). However, the estimates (4.4.3)
and (4.4.5) include the factors �.P; 0/ and �.P;P /, which depend on kf kC.S IX/.

The question arises: is it possible to use kf kC.S IX/ as a “smallness” parameter
without assuming that T� is small?

The answer is positive and in the next section we use this idea to prove that the
problem (4.3.1) is well-posed in a neighborhood of the exact solution.

4.5 Well-posedness in a neighborhood of the exact solution

First, we will show that the problem (4.3.1) is well-posed if kf kC.S IX/ is sufficiently
small. From this result we will deduce that the problem (4.3.1) is well-posed in a
neighborhood of the exact solution. The technique presented in this section can be
used for developing and justifying numerical algorithms for finding an approximate
solution to the problem, and in particular, for estimating the rate of convergence of
the finite-difference inversion method.

Theorem 4.5.1. Assume that the family of operators ¹Kxºx2S belongs to the class
K.T; �/. Then there exists a ı 2 RC such that for all f 2 ˆ0.T; 0; ı/ equa-
tion (4.3.1) has a unique solution in the class C.S IX/ which continuously depends
on the data.

Proof. As before, we will construct a solution q.x/ using the Banach fixed point
theorem. For q 2 C.S IX/, we define the integral operator

.Uq/.x/ D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 S:

Let us prove that if we choose, for example,

m > 2�.1; 1/; ı D
1

2
exp¹�mT º; (4.5.1)

then for any

f 2 ˆ0.T; 0; ı/ � ˆm.T; 0; ı/ (4.5.2)
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the operator U will map the ball ˆm.T; 0; 2ı/ into itself and will be a contraction on
ˆm.T; 0; 2ı/ in the .C;m/-norm (we recall that the ball ˆm.t; q; "/ and the .C;m/-
norm are defined by formulae (4.3.14)).

Indeed, by the assumptions of the theorem and by Lemma 4.3.1,

k.Uq/.x/ � f .x/k � �.q�.T /; 0/

Z x

0

kqkC.S� IX/ d�; x 2 S: (4.5.3)

We now estimate the integral in the right-hand side of (4.5.3) using the .C;m/-norm:Z x

0

kqkC.S� IX/ d� D

Z x

0

sup
�2S�

¹kq.�/k exp.�m�/ exp.m�/º d�

�

Z x

0

sup
�2S�

¹kq.�/k exp.�m�/º exp.m�/ d�

� kqkC;m

Z x

0

exp.m�/ d� D m�1kqkC;mŒexp.mx/ � 1
; x 2 S: (4.5.4)

Substituting (4.5.4) into (4.5.3) and multiplying the resulting inequality by exp.�mx/,
we obtain

k.Uq/.x/ � f .x/k exp.�mx/ � m�1�.q�.T /; 0/kqkC;m; x 2 S:

The right-hand side of this inequality does not depend on x, which allows us to take
the supremum of the left-hand side over S :

kUq � f kC;m � m
�1�.q�.T /; 0/kqkC;m: (4.5.5)

Suppose that q 2 ˆm.T; 0; 2ı/, i.e., kqkC;m � 2ı. In view of (4.3.15) and (4.5.1),
we have

q�.T / D kqkC.S IX/ � 2ı exp.mT / D 1: (4.5.6)

Substituting (4.5.6) into (4.5.5), we get

kUq � f kC;m � 2ım
�1�.1; 1/: (4.5.7)

Then the conditions (4.5.1) and (4.5.7) imply that

kUq � f kC;m � ı:

Since kf kC;m � ı for f 2 ˆm.T; 0; ı/, we have kUqkC;m � 2ı, which means that
the operator U maps the ball ˆm.T; 0; 2ı/ into itself.

Now let qj 2 ˆm.T; 0; 2ı/, j D 1; 2. It is not difficult to verify that

kUq1 � Uq2kC;m � m
�1�.q�1 .T /; q

�
2 .T //kq1 � q2kC;m: (4.5.8)
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The conditions qj 2 ˆm.T; 0; 2ı/, j D 1; 2, and inequality (4.3.15) yield

q�j .T / � 2ı exp.mT /; j D 1; 2: (4.5.9)

Substituting (4.5.9) into (4.5.8) and taking into account that � is an increasing func-
tion, we get

kUq1 � Uq2kC;m � m
�1�.2ı exp.mT /; 2ı exp.mT //kq1 � q2kC;m: (4.5.10)

Then, recalling that m and ı were chosen to satisfy the conditions (4.5.1), from
(4.5.10) we conclude that the operator U is a contraction on ˆm.T; 0; 2ı/. Conse-
quently, the operator U has a unique fixed point qe in ˆm.T; 0; 2ı/. Obviously, this
point is a solution to equation (4.3.1). From (4.3.15) it follows that qe 2 C.S IX/.
The uniqueness and continuous dependence of the solution on the data in C.S IX/
can be proved in the same way as in Theorem 4.4.2.

Thus, we found out that our assumption that either the interval S is small (The-
orem 4.4.1) or the initial data f is small (Theorem 4.5.1) makes equation (4.3.1)
uniquely solvable in C.S IX/ and its solution continuously depending on the data of
the problem. On the other hand, the example given in the beginning of Section 4.3
shows that equation (4.3.1) may have no solutions for arbitrary T and f 2 C.S IX/
(i.e., without assuming that either T or f is small). Nevertheless, the requirement
that the family of operators ¹Kxºx2S belong to the class K.T; �/ makes it possible
to prove the following statement.

Theorem 4.5.2. Let the family of operators ¹Kxºx2S belong to the class K.T; �/.
Assume that for some f 2 C.S IX/ there exists a solution qe 2 C.S IX/ to equa-
tion (4.3.1). Then a ı 2 RC can be found such that for all fı 2 ˆ0.T; f; ı/ there
exists a solution qı 2 C.S IX/ to the equation

q.x/ D fı.x/C

Z x

0

.Kxq/.�/ d�; x 2 S: (4.5.11)

This solution is unique in the class C.S IX/ and continuously depends on the data.

Proof. For p 2 C.S IX/, we define the operator

.Vp/.x/ D f .x/ � fı.x/C

Z x

0

Œ.Kxqe/.�/ � .Kx.qe � p//.�/
 d�:

By assumption, f; fı ; qe 2 C.S IX/. Consequently, V 2 .C.S IX/ ! C.S IX//. It
is easy to verify that since the family ¹Kxºx2S belongs to the class K.T; �/, so does
the family of operators ¹Hxºx2S defined by the equality .Hxp/.�/ D .Kxqe/.�/ �

.Kx.qe � p//.�/. By Theorem 4.5.1, the equation

p.x/ D .Vp/.x/; x 2 S; (4.5.12)



Section 4.5 Well-posedness in a neighborhood of the exact solution 121

has a solution if the difference f � fı is sufficiently small in the norm k � kC.S IX/.
More precisely, such a ı > 0 can be found that for all fı 2 ˆ0.T; f; ı/ there exists a
solution pı 2 C.S IX/ to equation (4.5.12). By the definition of the operator V , we
have

pı.x/ D f .x/ � fı.x/C

Z x

0

.Kxqe/.�/ d� �

Z x

0

ŒKx.qe � pı/
.�/ d�; x 2 S:

(4.5.13)

Setting qı .x/ D qe.x/ � pı.x/ and taking into account that qe.x/ is a solution
to (4.3.1), from (4.5.13) we conclude that qı.x/ is a solution to equation (4.5.11),
which completes the proof.

To estimate the value of the parameter ı in the formulation of the theorem, we shall
discuss the conditions under which the operator V has a fixed point in greater detail.
Let Qf D f � fı . As before, for p 2 C.S IX/ we have

k.Vp/.x/ � Qf .x/k �

Z x

0

k.Kxqe/.�/ � ŒKx.qe � p/
.�/k d�

� �.q�e ; p
�/

Z x

0

kpkC.S� IX/ d�; x 2 S;

where p� D kqe � pkC.S IX/, q�e D kqekC.S IX/. Using the .C;m/-norm again, we
get

kVp � Qf kC;m � m
�1�.q�e ; p

�/kpkC;m: (4.5.14)

Consequently, if Qf 2 ˆm.T; 0; ı/ and p 2 ˆm.T; 0; 2ı/, then

kVpkC;m � ı C 2ım
�1�.q�e ; p

�/: (4.5.15)

Furthermore, if we assume that

2�.q�e ; p
�/ � m; (4.5.16)

then (4.5.15) implies that .Vp/ 2 ˆm.T; 0; 2ı/.
Now let pj 2 ˆm.T; 0; 2ı/ for j D 1; 2. Then

kVp1 � Vp2kC;m � m
�1�.p�1 ; p

�
2 /kp1 � p2kC;m; (4.5.17)

where p�j D kqe � pj kC.S IX/, j D 1; 2.
Therefore, the operator V is a contraction on ˆm.T; 0; 2ı/ for all m such that

�.p�1 ; p
�
2 / < m: (4.5.18)
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In view of (4.3.15), from the condition pj 2 ˆm.T; 0; 2ı/, j D 1; 2, it follows that

p�j � kpj kC;m exp.mT /C q�e � 2ı exp.mT /C q�e ; j D 1; 2: (4.5.19)

We choose the parameter m to satisfy the condition

2�.2C q�e ; 2C q
�
e / < m; (4.5.20)

and define ı in terms of m as follows:

ı D exp.�mT /: (4.5.21)

With this choice of m and ı (taking into account that � is an increasing function),
it is clear that the inequalities (4.5.16) and (4.5.18) hold for all Qf 2 ˆm.T; 0; ı/,
p; p1; p2 2 ˆm.T; 0; 2ı/. It follows that the operator V maps the ball ˆm.T; 0; 2ı/
into itself and is a contraction on this ball with the contraction coefficient

! D m�1�.q�e C 2; q
�
e C 2/: (4.5.22)

A simple analysis of the estimates (4.5.20) and (4.5.21) shows that the larger q�e
and T , the larger the parameter m and, consequently, the smaller should be ı in the
condition (4.5.21). In other words, the “deeper” is the level at which we want to
solve the inverse problem (4.3.1), the more rigid should be the requirements for the
measurement accuracy:

kf � fıkC.S IX/ � exp.�mT /: (4.5.23)

Note that the proof of Theorem 4.5.2 is not constructive, since solving (4.5.12)
yields only pı D qe � qı , i.e., the difference between two unknown functions. To
construct an approximate solution to equation (4.3.1), one can apply the method of
successive approximations

qnC1 D f .x/C

Z x

0

.Kxqn/.	/ d	;

and estimate its convergence in the case where the initial approximation q0.x/ is
sufficiently close to the exact solution.

4.6 Regularization of nonlinear operator equations of the
first kind

In many practical problems, it is possible to find only a first-kind operator equation
for the unknown coefficient:

0 D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 S: (4.6.1)
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In many cases, equations of the form (4.6.1) can be reduced to equations of the sec-
ond kind by differentiation. The operation of differentiation, however, is not correct
in the sense that small variations in the data f .x/ in the norm of C.S IX/ may lead
to indefinitely large variations in its derivative. The problem of finding the derivative
of the function f .x/ can also be viewed as the Volterra operator equation of the first
kind

f .x/ � f .0/ D

Z x

0

q.�/ d�;

where q.�/ D f 0.�/. There are many ways to regularize the operation of differentia-
tion (see for example, (Denisov, 1975)).

A regularization method for the first-kind operator equation of the form

Aq D f (4.6.2)

was proposed by Lavrentiev (1972) in the case where A is a completely continuous
positive linear operator. It was assumed that the problem (4.6.2) is conditionally well-
posed and the well-posedness set consists of functions u D Bv, kvk � 1, where B is
a completely continuous positive linear operator that commutes with A. It was shown
that, given an approximation of the right-hand side of equation (4.6.2), i.e., a function
fı satisfying the condition kf � fık < ı, the auxiliary equation

˛q C Aq D fı (4.6.3)

has a solution q˛ı that tends to the exact solution qe of equation (4.6.2) if ˛.ı/ tends
to zero as ı ! 0.

Based on the Lavrentiev method, A. M. Denisov (1975) developed a regularization
of the linear Volterra equation of the first kind (see Theorem 4.2.2)

f .x/ D

Z x

0

K.x; �/q.�/ d�; x 2 S: (4.6.4)

(A similar result was obtained by Sergeev (1971).) The class of functions bounded
by a certain constant in the norm of C 1.S/ was chosen as the well-posedness set. It
was shown in (Denisov, 1975) that if K.x; x/ � 1, the derivatives @jK.x; �/=@xj ,
j D 0; 2, are continuous, and q˛ı is a solution to the auxiliary equation

˛q.x/C

Z x

0

K.x; �/q.�/ d� D fı.x/; x 2 S; (4.6.5)

with fı such that

kf � fık � ı;
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then the following estimate holds:

kq˛ı � qek � D1

�
˛ C

ı

˛

�
;

where D1 is a positive constant that does not depend on ˛ and ı.
Based on the procedure proposed by Denisov (1975), A. V. Baev (1985) consid-

ered a nonlinear version of equation (4.6.4) arising in solving a one-dimensional in-
verse dynamic problem of seismology and constructed a regularizing algorithm using
a scheme analogous to (4.6.3).

We now consider two ways of regularizing equation (4.6.1). The first one is based
on regularizing the differentiation operation, while the other follows the Lavrentiev
method.

Theorem 4.6.1. Assume that for some f 2 C 2.S IX/ there exists a solution qe 2
C 2.S IX/ to equation (4.6.1). Furthermore, assume that the operators Kx ; x 2 S ,
are differentiable with respect to x, there holds

.Kxq/.x/ � q.x/; x 2 S; (4.6.6)

and the family of operators ¹@Kx=@xºx2S belongs to the class K.T; �/.
Then there exist constants ı0 2 RC;D0 2 RC and a function ˛ D ˛.ı/ (˛.ı/! 0

as ı ! 0) such that for all ı 2 .0; ı0/ and fı 2 ˆ0.T; f; ı/ the equation

�q.x/ D
1

˛
Œfı.x C ˛/ � fı.x/
C

Z x

0

� @
@x
Kxq

�
.�/ d�; x 2 ST�˛; (4.6.7)

has a unique solution q˛ı in C.ST�˛IX/ and the following estimate holds:

kqe � q˛ıkC.ST�˛IX/ � D0

�
˛ C

ı

˛

�
: (4.6.8)

Proof. Upon differentiating (4.6.1) with respect to x, we obtain

�q.x/ D f 0.x/C

Z x

0

� @
@x
Kxq

�
.�/ d�; x 2 S: (4.6.9)

Since f 2 C 2.S IX/, using the well-known results on the regularization of differen-
tiation, we conclude that the difference

f 0.x/ �
1

˛
Œfı.x C ˛/ � fı .x/


can be made as small as desired if ı 2 RC is small enough and the regularization
parameter ˛ is chosen to agree with ı. This means that we can apply Theorem 4.5.2 to
equation (4.6.7), which implies the existence of a unique solution q˛ı 2 C.ST�˛IX/.

The proof of the estimate (4.6.8) is similar to that of (4.2.9) in Theorem 4.2.2.
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We now construct a Volterra regularization of equation (4.6.1) based on the Lavren-
tiev method. Consider the following auxiliary Volterra operator equation of the second
kind:

�˛q D f .x/C

Z x

0

.Kxq/.�/ d�; x 2 S; ˛ 2 RC: (4.6.10)

We will assume that the family of operators ¹Kxºx2S satisfies the conditions

° @n
@xn

Kx

±
x2S
2K.T; �/; n D 0; 1; 2I (4.6.11)

and the condition (4.6.6).
Without loss of generality, it can be assumed that

f 0.0/ D 0: (4.6.12)

The condition (4.6.12) is equivalent to specifying the value of q.x/ at x D 0.
Two questions concerning the auxiliary equation (4.6.10) need to be resolved,

namely: whether equation (4.6.10) is solvable (under the natural assumption that the
main equation (4.6.1) is solvable) and, if so, whether its solution q˛ converges to the
solution of equation (4.6.1) as ˛ tends to zero. The positive answer to these questions
will follow from the results of Section 4.5.

First, suppose that (4.6.10) has a solution q˛.x/ in C 1.S IX/. Setting � D ˛�1,
differentiating (4.6.10) with respect to x, and rearranging the resulting equation, we
obtain

q0˛.x/ D ��Œf
0.x/C q˛.x/
 � �

Z x

0

� @
@x
Kxq˛

�
.�/ d�; x 2 S: (4.6.13)

Note that f .0/ D 0 in view of (4.6.1). Therefore, (4.6.10) implies q˛.0/ D 0 and
from (4.6.13) it follows that q0˛.0/ D 0.

The following identity is obvious:

Z x

0

q.�/ d� D �

Z x

0

exp¹�.� � x/º
Z �

0

q.	/ d	 d� C

Z x

0

exp¹�.� � x/ºq.�/ d�;

x 2 S:

Substituting the function q0˛.�/ for q˛.�/ in this identity and taking into account that
q0˛.0/ D 0, we have

q˛.x/ D �

Z x

0

exp¹�.� � x/ºq˛.�/ d� C
Z x

0

exp¹�.� � x/ºq0˛.�/ d�; x 2 S:
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Substituting the right-hand side of (4.6.13) for q0˛.�/ in this equality and integrating
by parts, we obtain

q˛.x/ D R0Œf; q˛
.x/C

2X
jD1

Rj Œf; q˛; �
.x/; x 2 S:

Here Rj , j D 0; 1; 2, are as follows:

R0Œf; q
.x/ D �f
0.x/ �

Z x

0

� @
@x
Kxq

�
.�/ d�;

R1Œf; q; �
.x/ D

Z x

0

exp¹�.� � x/º
h
f 00.�/ �

� @
@�
K�q

�
.�/
i
d�;

R2Œf; q; �
.x/ D

Z x

0

exp¹�.� � x/º
Z �

0

� @2
@2�

K�q
�
.	/ d	 d�:

Consequently, the solution q˛ 2 C 1.S IX/ to equation (4.6.10) also solves the equa-
tion

q.x/ D R0Œf; q
.x/C

2X
jD1

Rj Œf; q; �
.x/; x 2 S: (4.6.14)

Note that the above notation allows us to write (4.6.9) in the form

q.x/ D R0Œf; q
.x/; x 2 S: (4.6.15)

Theorem 4.6.2. Assume that f 2 C 2.S IX/, f 0.0/ D 0, and (4.6.1) has a solution
qe 2 C

2.S IX/. Furthermore, assume that the family of operators ¹Kxºx2S satisfies
the conditions (4.6.6) and (4.6.11). Then there exists an ˛� 2 RC such that for all
˛ 2 .0; ˛�/ equation (4.6.14) has a unique solution q˛ in C.S IX/ and the following
estimate holds:

kqe � q˛kC.S IX/ � D�˛; (4.6.16)

where the constant D� depends on kqekC.S IX/, kf kC 2.S IX/, T , and the function �.

The proof of this theorem can be found in (Kabanikhin, 1998).

Theorem 4.6.3. Under the assumptions of Theorem 4.6.2, there exists an ˛� 2 RC
such that for all ˛ 2 .0; ˛�/ equation (4.6.10) has a unique solution in C.S;X/ and
the estimate (4.6.16) holds.

Proof. Since the assumptions of Theorem 4.6.2 hold, one can find such ˛� > 0 that
for all ˛ 2 .0; ˛�/ there exists a unique solution q˛.x/ to equation (4.6.14). Let us
prove that q˛.x/ satisfies (4.6.10) as well.



Section 4.6 Regularization of nonlinear operator equations of the first kind 127

Upon integrating by parts in (4.6.14), we have

q˛.x/ D ��

Z x

0

exp¹�.� � x/º
h
f 0.�/C

Z �

0

� @
@�
K�q˛

�
.	/ d	

i
d�

or, equivalently,

q˛.x/ D �

Z x

0

exp¹�.� � x/ºq˛.�/ d� (4.6.17)

� �

Z x

0

exp¹�.� � x/º
h
f 0.�/C q˛.�/C

Z �

0

� @
@�
K�q˛

�
.	/ d	

i
d�:

By the assumptions of the theorem, the function q˛.x/ is differentiable, and there-
fore the following identity holds:Z x

0

exp¹�.� � x/ºq0˛.�/ d� D q˛.x/ � �
Z x

0

exp¹�.� � x/ºq˛.�/ d�:

Then (4.6.17) implies thatZ x

0

exp¹�.� � x/º!.�/ d� D 0; x 2 S;

where

!.x/ D q0˛.x/C �
@

@x

h
f .x/C

Z x

0

.Kxq˛/.�/ d�
i
:

Consequently, !.x/ � 0 for x 2 S and, since f .0/ D 0 and q0˛.0/ D 0, we finally
have

�q˛.x/ D �
h
f .x/C

Z x

0

.Kxq˛/.�/ d�
i
;

i. e., q˛.x/ solves equation (4.6.10), which is the required result.

Now, assume that the function f is given approximately, that is, we know a func-
tion fı such that

kf � fıkC.S IX/ � ı:

Consider the auxiliary equation

�˛q.x/ D fı.x/C

Z x

0

.Kxq/.�/ d�; x 2 S: (4.6.18)
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Theorem 4.6.4. Under the assumptions of Theorem 4.6.2, there exists an ˛� 2 RC
such that for all ˛ 2 .0; ˛�/ and ı 2 .0; .˛=2/ exp.�T �// equation (4.6.18) has a
unique solution q˛ı in C.S;X/ and the following estimate holds:

kqe � q˛ıkC.S IX/ � D�˛ C
2ı

˛
exp.T �/; (4.6.19)

where qe is a solution to equation (4.6.1), � D .2=˛/�.q�e C 2; q
�
e C 2/, D� is a

constant dependent on q�e D kqekC.S IX/, kf kC 2.S IX/, T and �.

The proof of this theorem is also presented in (Kabanikhin, 1988).
From Theorem 4.6.4 it follows that a solution to the operator equation of the first

kind

0 D fı.x/C

Z x

0

.Kxq/.�/ d�; x 2 S;

can be approximated by a solution to the regularized equation (4.6.18) with accuracy
given by the estimate (4.6.19).



Chapter 5

Integral geometry

This chapter deals with problems of integral geometry. They are most generally de-
fined as problems of reconstructing a function on a linear space from its values on
a given family of manifolds embedded in this space. We will consider the Radon
problem of reconstructing a function from the values of its integrals over different
lines (Section 5.1), the problem of reconstructing a function from spherical means
(Section 5.2), the problem of moments (Section 5.3), and the direct and inverse kine-
matic problems of seismology (Section 5.4). The concepts and methods of integral
geometry are of essential importance in tomography. The term “tomography” (from
Greek tomos: slice, section) usually means a method for nondestructive examination
of plane sections of internal structures of an object by means of multiple scanning.

Tomography can be most briefly defined as a means of determining the internal
structure of opaque bodies. Commercially used computerized tomography employs
powerful computers performing complex mathematical calculations. The mathemat-
ical problems at the heart of computerized tomography (and computerized examina-
tion/diagnostics of objects in general) are reduced to operator equations of the first
kind Aq D f . Consider several specific examples of computerized tomography.

Example 1: X-ray computerized tomography (X-ray CT). While traditional X-
ray imaging reveals only general shapes of internal structures of a body distorted
by overlying organs and shadows, CT uses mathematical algorithms to produce a
digital image whose contrast and brightness can be adjusted within a wide range.
The development and application of X-ray CT made it possible to diagnose internal
injuries, necrotic tissues, tumors and other pathologies, and detect their form and
location with high accuracy.

Example 2: Nondestructive testing. Aside from X-rays, nondestructive testing
employs hard gamma rays, various heavy particles and electrons, electromagnetic and
acoustic waves, etc.

Example 3: Microscopy. Almost all examinations of biological tissues are per-
formed with electronic microscopes that employ tomographic techniques.

Example 4: Geophysics. Placing the sources of (electromagnetic or seismic) waves
in one well and detectors in another well, we obtain the problem of reconstructing the
structure of the area between the wells, i.e., the tomography problem.
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Example 5: Astrophysics. The principles of computerized tomography were used
for creating the map of ultra-high frequency radiation of the sun, reconstructing the X-
ray structure of space objects, estimation of the distribution of the density of electrons
on a spherical surface around the sun.

Example 6: Ecology. It is hard to overestimate the importance of computerized to-
mography in space-based atmospheric sounding, especially in measuring air pollutant
concentrations.

Example 7: NMR tomography. Diagnostic techniques based on nuclear magnetic
resonance are becoming more popular and effective. Unlike X-ray tomography, it
helps visualize the internal structure of human body and abnormalities in soft tissues,
joints, and other organs without any considerable side effects for patients.

5.1 The Radon problem

Consider the section of an object (body) produced by a plane .x; y/. Assume that all
X-rays lie within this plane. Upon passing through the body, the rays are registered
by a detector. The measurements are made for all directions of the rays. Let q.x; y/
be the X-ray absorption coefficient at a point .x; y/. Then the relative drop in the
radiation intensity over a small interval �l at .x; y/ is equal to q.x; y/�l . Let J0
denote the initial radiation intensity, and let J1 denote the intensity of radiation after
it has passed through the body. Then

J1

J0
D exp

°
�

Z
L

q.x; y/ d l
±
;

where L is a straight line in the planar section that coincides with the beam direction.
Since J1=J0 is measured for different straight lines in the planar section, we arrive at
the problem of determining the function q.x; y/ from the integralsZ

L

q.x; y/ d l;

over all lines L in the planar section.
The problem of reconstructing a function of two variables from the values of its

integrals along lines was formulated and solved by J. Radon (see Radon, 1917). To-
mography and its applications in medicine started to develop rapidly about half a
century after the publication of Radon’s paper. We will analyze the Radon problem
using the techniques proposed in (Denisov, 1994).

A straight line on a plane can be defined by the equation

x cos' C y sin' D p; (5.1.1)
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where jpj is the length of the perpendicular from the origin to the line, and ' is the
angle between the x-axis and the perpendicular. A family of lines on the plane is a
biparametric family L.p; '/, p 2 R, ' 2 .0; 2�/. From equation (5.1.1) it follows
that the pairs .p; '/ and .�p; ' C �/ define the same line.

The Radon transform of q.x; y/ is the integral f .p; '/ of q.x; y/ along the line
L.p; '/:

f .p; '/ D

Z
L.p;'/

q.x; y/ d l: (5.1.2)

From equation (5.1.1) we pass to the parametric representation of the line

x D p cos' � t sin'; y D p sin' C t cos'; t 2 R:

Then the formula (5.1.2) can be written as

f .p; '/ D

Z 1
�1

q.p cos' � t sin'; p sin' C t cos'/ dt: (5.1.3)

Note that there are functions q.x; y/ for which the Radon transform does not exist.
For example, as follows from (5.1.3), the Radon transform is not defined for q.x; y/ D
const ¤ 0.

First, consider the problem of inverting the Radon transform for a radially symmet-
ric function q.x; y/ vanishing outside the disk of radius R centered at the origin. Let
q.x; y/ D q0.

p
x2 C y2 / for x2Cy2 � R2, where q0.x/ is continuous on the inter-

val Œ0; R
 and q.x; y/ D 0 for x2 C y2 > R2. We will calculate the Radon transform
of this function. It is obvious that f .p; '/ D 0 for jpj > R. Let jpj � R. Then

f .p; '/ D

Z 1
�1

q.p cos' � t sin'; p sin' C t cos'/ dt

D

Z pR2�p2
�
p
R2�p2

q0.

q
p2 C t2 / dt

or

f .p; '/ D 2

Z pR2�p2
0

q0.

q
p2 C t2 / dt; jpj � R: (5.1.4)

From the representation (5.1.4) for the Radon transform, it follows that in this case
it is independent of the variable ' and is even with respect to the variable p. For
this reason, in what follows, we will denote the Radon transform by f .p/, where
p 2 Œ0; R
. The change of variables � D

p
p2 C t2 in (5.1.4) yieldsZ R

p

2q0.�/� d�p
�2 � p2

D f .p/; 0 � p � R: (5.1.5)
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Thus, the inversion of the Radon transform in the case of a radially symmetric finite
function q.x; y/ is reduced to the solution of an integral equation of the first kind with
a variable limit of integration (5.1.5). The kernel of the equation (5.1.5),

G.p; �/ D
2�p
�2 � p2

D
2�p

� � p
p
� C p

; 0 � p � � � R;

has an integrable singularity. Such equations were first studied by Niels Abel. Note
that the integral in the left-hand side of (5.1.5) is defined for any function q0.�/ 2
C Œ0;R
.

We now obtain an explicit formula for the solution to equation (5.1.5). Multiply
(5.1.5) by p.p2 � s2/�1=2 and integrate with respect to p from s to R:Z R

s

p.p2 � s2/�1=2
Z R

p

2q0.�/� d�p
�2 � p2

dp D

Z R

s

p.p2 � s2/�1=2f .p/ dp: (5.1.6)

We denote by J.q0/ the expression in the left-hand side of this equality and transform
it by changing the order of integration:

J.q0/ D

Z R

s

2q0.�/�
� Z �

s

p dpp
.p2 � s2/.�2 � p2/

�
d�:

Introducing a new variable

z D
2p2 � �2 � s2

�2 � s2

and taking into account that

p2 D
.�2 � s2/z

2
C
�2 C s2

2
;

we obtainZ �

s

p dpp
.p2 � s2/.�2 � p2/

D
1

4

Z 1

�1

.�2 � s2/ dzp
.�2 � s2/z=2C .�2 � s2/=2

p
.�2 � s2/=2 � .�2 � s2/z=2

D
1

2

Z 1

�1

dz
p
1 � z2

D
1

2
arcsin.z/

ˇ̌1
�1
D
�

2
:

Consequently,

J.q0/ D �

Z R

s

q0.�/� d�
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and (5.1.6) can be written in the form

�

Z R

s

q0.�/� d� D

Z R

s

p

q
p2 � s2f .p/ dp:

Differentiating this equality with respect to s yields the formula for the solution of
equation (5.1.5):

q0.s/ D �
1

�s

d

ds

Z R

s

p

q
p2 � s2f .p/ dp: (5.1.7)

This representation implies that the solution of equation (5.1.5) is unique in the space
of continuous functions, and therefore the radially symmetric function q.x; y/ D
q0.
p
x2 C y2/ is uniquely determined by it Radon transform.

We now turn to the general formulation of the problem of reconstructing the func-
tion q.x; y/ from it Radon transform f .p; '/. Assume that q.x; y/ belongs to the set
of functions that are infinitely differentiable on the plane and

sup
.x;y/2R2

ˇ̌̌
xkyl

@nq.x; y/

@xi @yj

ˇ̌̌
<1 (5.1.8)

for all nonnegative integers k, l , n, i , and j (n D i C j ).
We will show that for any function q.x; y/ with the property (5.1.8) there exists a

Radon transform f .p; '/ that satisfies the estimate

jf .p; '/j �
C

.1C p2/3=2
(5.1.9)

for p 2 .�1;1/ and ' 2 Œ0; 2�
, where C is a positive constant.
The condition (5.1.8) implies that there exists a positive constant C1 such that for

all .x; y/ 2 R2 we have

jq.x; y/j �
C1

Œ.1C x2/.1C y2/
2
:

From this estimate and the formula (5.1.3) for the Radon transform, it follows that

jf .p; '/j �

Z 1
�1

jq.p cos' � t sin'; p sin' C t cos'/j dt

� C1

Z 1
�1

.1C .p cos' � t sin'/2/�2.1C .p sin' C t cos'/2/�2 dt:

Since

.1C .p cos' � t sin'/2/.1C .p sin' C t cos'/2/

� 1C .p cos' � t sin'/2 C .p sin' C t cos'/2 D 1C p2 C t2;
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we have

jf .p; '/j � C1

Z 1
�1

dt

.1C p2 C t2/2
:

Then, using the equalityZ
dx

.x2 C a2/2
D

1

2a2
x

x2 C a2
C

1

2a3
arctan

�x
a

�
C const;

we obtain

jf .p; '/j �
C

.1C p2/3=2
;

which proves the estimate (5.1.9).
We now establish the relationship between the Fourier transforms of q.x; y/ (see

Appendix A) and the Radon transform f .p; '/ of q.x; y/. From the estimate (5.1.8)
it follows that there exists a two-dimensional Fourier transform of q.x; y/

Oq.!1; !2/ D
1

2�

Z 1
�1

Z 1
�1

exp.�i!1x � i!2y/q.x; y/ dx dy:

From the estimate (5.1.9) it follows that for any ' there exists a one-dimensional
Fourier transform of f .p; '/ with respect to the variable p:

Of .!; '/ D
1
p
2�

Z 1
�1

exp.�i!p/f .p; '/ dp:

We will show that the Fourier transform Oq.!1; !2/ and Of .!; '/ are related by the
formula

Oq.! cos'; ! sin'/ D
1
p
2�
Of .!; '/: (5.1.10)

Consider

Oq.! cos'; ! sin'/ D
1

2�

Z 1
�1

Z 1
�1

exp.�i!.x cos' C y sin'//q.x; y/ dx dy:

Using the change of variables x D p cos' � t sin' and y D p sin' C t cos' in the
integral and taking into account the obvious equalities

D.x; y/

D.p; t/
D

ˇ̌̌
ˇ cos' � sin'

sin' cos'

ˇ̌̌
ˇ D 1;

�i!.x cos' C y sin'/ D �i!.p cos2 ' � t sin' cos' C p sin2 ' C t sin' cos'/

D �i!p
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we obtain

Oq.! cos'; ! sin'/

D
1

2�

Z 1
�1

exp.�i!p/
Z 1
�1

q.p cos' � t sin'; p sin' C t cos'/ dt dp:

From (5.1.3) it follows that

Oq.! cos'; ! sin'/ D
1

2�

Z 1
�1

exp.�i!p/f .p; '/ dp:

By the definition of the Fourier transform, we have

Oq.! cos'; ! sin'/ D
1
p
2�
Of .!; '/;

which proves the formula (5.1.10).
From (5.1.10) it follows that q.x; y/ is uniquely determined by the Radon trans-

form. Indeed, let q1.x; y/, q2.x; y/ be functions such that f1.p; '/ D f2.p; '/

for p 2 .�1;1/ and ' 2 Œ0; 2�
. Then the Radon transform of their difference
q0.x; y/ D q1.x; y/ � q2.x; y/ is f0.p; '/ D 0 for p 2 .�1;1/ and ' 2 Œ0; 2�
.
Hence, the Fourier transform of f0.p; '/ with respect to the first argument Of0.!; '/
is equal to zero for all ! 2 .�1;1/ and ' 2 Œ0; 2�
. Then (5.1.10) implies that
Oq0.! cos'; ! sin'/ D 0 for all ! 2 .�1;1/ and ' 2 Œ0; 2�
. Note that for all
.!1; !2/ 2 R2 the system of equations ! cos' D !1, ! sin' D !2 for ! and '
has a solution ! 2 .�1;1/, ' 2 Œ0; 2�
. Consequently, the Fourier transform
Oq0.!1; !2/ is identically equal to zero for .!1; !2/ 2 R2, and therefore q0.x; y/ D 0
for .x; y/ 2 R2. Hence q1.x; y/ D q2.x; y/ for .x; y/ 2 R2.

Using the formula (5.1.10), given the function f .p; '/, one can calculate the two-
dimensional Fourier transform Oq.!1; !2/ and, subsequently, q.x; y/. When applying
this algorithm in practice, it is necessary to take into account the problems related to
calculating the direct and inverse Fourier transforms of approximate functions. An-
other characteristic feature of the algorithm is that it is necessary to recalculate the
values of the function Oq.! cos'; ! sin'/ specified in the polar coordinate system to
the values of Oq.!1; !2/ in the Cartesian coordinate system .!1; !2/.

Consider the formula for the inversion of the Radon transform, i.e., the formula for
calculating q.x; y/ from f .p; '/, which was obtained by Radon. Since for calculating
the values of the desired function at a certain point we can assume that this point is
the origin, we confine ourselves to determining the value of q.0; 0/.

LetD˛ denote the exterior of the circle of radius ˛ centered at the origin. Consider
the double integral

J D

“
D˛

q.x; y/ dx dyp
x2 C y2 � ˛2

: (5.1.11)
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Using the change of variables x D ˛ cos'�t sin', y D ˛ sin'Ct cos', this integral
is reduced to the form

J D

Z 2�

0

d'

Z 1
0

q.˛ cos' � t sin'; ˛ sin' C t cos'/ dt

or

J D

Z 2�

0

d'

Z 0

�1

q.˛ cos' � t sin'; ˛ sin' C t cos'/ dt:

Hence,

J D
1

2

Z 2�

0

d'

Z 1
�1

q.˛ cos' � t sin'; ˛ sin' C t cos'/ dt

and, in view of (5.1.3), we have

J D
1

2

Z 2�

0

f .˛; '/ d': (5.1.12)

On the other hand, using the change of variables x D r cos', y D r sin' in the
integral (5.1.11), we obtain

J D

Z 1
˛

Z 2�

0

q.r cos'; r sin'/r d' dr
p
r2 � ˛2

:

Setting

Nq.r/ D
1

2�

Z 2�

0

q.r cos'; r sin'/ d'; (5.1.13)

we arrive at the equality

J D 2�

Z 1
˛

Nq.r/r dr
p
r2 � ˛2

:

Comparing the last equality to (5.1.12), we obtain the integral equation for the func-
tion Nq.r/

2

Z 1
˛

Nq.r/r dr
p
r2 � ˛2

D Nf .˛/; 0 < ˛ <1; (5.1.14)

where

Nf .˛/ D
1

2�

Z 2�

0

f .˛; '/ d':

Note that equation (5.1.14) coincides with equation (5.1.5) up to the notation, ex-
cept that the upper limit in (5.1.5) is finite, whereas in (5.1.14) it is infinite. How-
ever, this difference occurs only because it was assumed that q0.

p
x2 C y2/ D 0 for

x2 C y2 > R2 when deriving the equation (5.1.5).
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We now calculate the integral

J. Nf / D �
1

�

Z 1
0

d Nf .˛/

˛
D �

1

�
lim
"!0

Z 1
"

d Nf .˛/

˛

D
1

�
lim
"!0

� Nf ."/
"
�

Z 1
"

Nf .˛/ d˛

˛2

�
:

Using (5.1.14), we have

J. Nf / D
2

�
lim
"!0

�1
"

Z 1
"

Nq.r/r dr
p
r2 � "2

�

Z 1
"

Z 1
˛

Nq.r/r dr d˛

˛2
p
r2 � "2

�
:

Changing the order of integration in the second integral, we obtain

J. Nf / D
2

�
lim
"!0

�1
"

Z 1
"

Nq.r/r dr
p
r2 � "2

�

Z 1
"

Nq.r/

Z r

"

r d˛

˛2
p
r2 � "2

dr
�
:

Since Z
d˛

˛2
p
r2 � ˛2

D �

p
r2 � ˛2

r2˛
C const;

we have Z r

"

r d˛

˛2
p
r2 � ˛2

D �

p
r2 � ˛2

r˛

ˇ̌̌r
"
D

p
r2 � "2

r"
:

Consequently,

J. Nf / D
2

�
lim
"!0

1

"

Z 1
"

� r
p
r2 � "2

�

p
r2 � "2

r

�
Nq.r/ dr

D
2

�
lim
"!0

"

Z 1
"

Nq.r/ dr

r
p
r2 � "2

D
2

�
lim
"!0

�
"

Z 1
"

Nq.0/ dr

r
p
r2 � "2

C "

Z 1
"

Nq.r/ � Nq.0/ dr

r
p
r2 � "2

�
:

We calculate the first integral. Since

Z
dr

r
p
r2 � "2

D
1

"
arctan

�pr2 � "2
"

�
C const; (5.1.15)

we have

"

Z 1
"

Nq.0/ dr

r
p
r2 � "2

D
�

2
Nq.0/:
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We denote the second term by J2 and establish that it tends to zero as "! 0. Indeed,
let !.h/ be the modulus of continuity of the function Nq.r/ on the interval Œ0; 1
. Then
for " < 1 we have

jJ2j � "

Z p"
"

j Nq.r/ � Nq.0/j dr

r
p
r2 � "2

C "

Z 1
p
"

j Nq.r/ � Nq.0/j dr

r
p
r2 � "2

� "!.
p
"/

Z p"
"

dr

r
p
r2 � "2

C 2"C

Z 1
p
"

dr

r
p
r2 � "2

;

where the constant C is such that j Nq.r/j � C for r � 0. From (5.1.15) it follows that

jJ2j � !.
p
"/ arctan

�p" � "2
"

�
C 2C

h�
2
� arctan

�p" � "2
"

�i
and J2 ! 0 for "! 0.

As a result,
J. Nf / D Nq.0/

and the formula obtained by Radon has the form

q.0; 0/ D Nq.0/ D �
1

�

Z 1
0

d Nf .˛/

˛
:

Note that in practice it is usually impossible to determine the Radon transform
f .p; '/ for all values of p and '. The lack of information can cause non-uniqueness
when reconstructing q.x; y/. One of the ways to resolve this problem is to take a
smaller class of functions q.x; y/.

5.2 Reconstructing a function from its spherical means

One of the examples of problems of integral geometry is the problem of reconstructing
a function q.x; y1; y2/ from its mean values on spheres with arbitrary finite radii r
and centers on the plane x D 0.

We denote a point .x;y1;y2/ in the three-dimensional space by .x;y/, yD .y1;y2/,
and a function q.x; y1; y2/ by q.x; y/. Let .	; 
/ .
 D .
1; 
2// be a variable point
on a sphere of radius r centered at the point .0; y/. In this notation, the problem
of reconstructing the function q.x; y/ from its spherical means f .y; r/, r � 0, is
reduced to the integral equation

1

4�

“
�2Cj�j2Dr2

q.	; y C 
/ d! D f .y; r/; (5.2.1)

where d! is the element of a solid angle with vertex .0; y/.
This problem will be analyzed in Sections 7.1 and 7.2 (see also (Romanov, 1984)).
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5.3 Determining a function of a single variable from the
values of its integrals. The problem of moments

The problem of determining a function q.x/ from the values of its integrals

hq; 'ni WD

Z b

a

q.x/'n.x/ dx D fn; n D 1; 2; : : : ; (5.3.1)

where ¹'n.x/º is a given system of functions, arises in the study of many applied and
theoretical problems.

If the system of functions ¹'n.x/º is complete and orthonormal in L2.a; b/, then
the problem of finding q.x/ from (5.3.1) consists in reconstructing a function from
its Fourier coefficients fn. From the general theory of the Fourier series in a Hilbert
space, it follows that for any sequence ¹fnº 2 l2 there exists a unique function q.x/ 2
L2.a; b/ such that the equalities (5.3.1) hold for all natural n and Parseval’s identity
holds:

kqk2L2.a;b/ D

1X
nD1

f 2n :

Consequently, if we reformulate this problem as the problem of solving the operator
equation Aq D f , f D ¹fnº, where the operator A defined by (5.3.1) acts from
the space L2.a; b/ into l2, then this problem is well-posed because it has a unique
solution for any right-hand side ¹fnº 2 l2, and the continuous dependence of q.x/ on
¹fnº follows from Parseval’s identity.

We now assume that the operator A acts from the space C Œa; b
 into l2, i.e., it is
required to find a continuous function q.x/ that satisfies the equalities (5.3.1). This
problem is ill-posed. Indeed, let ¹ Nfnº 2 l2 be the sequence of Fourier coefficients
of an arbitrary function q.x/ 2 L2.a; b/ n C Œa; b
. Since a function is uniquely
determined by its Fourier coefficients, there is no function that is continuous on Œa; b

and has the same Fourier coefficients ¹ Nfnº. Hence, the well-posedness of the problem
of reconstructing q.x/ from the values of its integrals (5.3.1) substantially depends
on the space that the unknown function q.x/ is assumed to belong to. Methods for
determining continuous functions from approximations of their Fourier coefficients
are described in (Tikhonov and Arsenin, 1986).

Consider the problem of determining q.x/ from the values of its integrals in the case
of an arbitrary system ¹'n.x/º. The problem of constructing a function q.x/ that sat-
isfies the equalities (5.3.1), where ¹'n.x/º is a given sequence of functions and ¹fnº
is a given sequence of numbers, is called the problem of moments. Depending on how
many functions 'n.x/ and numbers fn are given, we distinguish finite-dimensional
and infinite-dimensional versions of the problem. We now formulate the problem in a
more general form. Let H be a separable Hilbert space. Given a sequence of elements
¹'n.x/º in H and and a sequence of numbers ¹fnº, it is required to find an element
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q 2 H such that hq; 'niH D fn, n D 1; 2; : : : ; N (the finite-dimensional problem
of moments) or n 2 N (the infinite-dimensional problem of moments). If there is an
additional condition kqkH � l for the unknown element q, where l is a given number,
then the problem is called the l-problem of moments. In what follows, we assume that
h � ; � i WD h � ; � iH , k � k WD k � kH .

Consider the infinite-dimensional problem of moments. The uniqueness of the solu-
tion of this problem is guaranteed by the completeness of the system of elements ¹'nº.
Indeed, if the system ¹'nº is complete, then the equalities hu; 'ni D 0, n D 1; 2; : : : ,
imply that u D 0, which means that the solution of the infinite-dimensional problem
of moments is unique.

The solution of the finite-dimensional problem of moments is never unique. In-
deed, let Nq be a solution to the finite-dimensional problem of moments h Nq; 'ni D fn,
n D 1; 2; : : : ; N . Let H1 denote the subspace orthogonal to the finite-dimensional
subspace generated by the elements '1; : : : ; 'N . Then, in addition to Nq, for any ele-
ment  in H1, the element Nq C  is also a solution to this problem.

Note that the solution of the finite-dimensional l-problem of moments may be
unique under certain conditions. Indeed, let ¹'nº, n 2 N, be an orthonormal ba-
sis in H . Consider a finite-dimensional l-problem of moments: hq; 'ni D fn,
n D 1; 2; : : : ; N , kqk � l . Expand the element q in a series with respect to 'n:

q D

1X
nD1

hq; 'ni'n D

NX
nD1

fn'n C

1X
nDNC1

hq; 'ni'n:

From Parseval’s identity

kqk2 D

NX
nD1

f 2n C

1X
nDNC1

hq; 'ni
2

it follows that the finite-dimensional l-problem of moments has a non-unique solution
if

M D

NX
nD1

f 2n < l
2;

a unique solution if M D l2, and no solutions if M > l2.
We now turn to the solvability of the problem of moments. With the exception of

trivial cases, the analysis of the solvability of the infinite-dimensional problem of mo-
ments is certainly more difficult that the finite-dimensional one. However, the analysis
of the solvability of the infinite-dimensional l-problem of moments can be reduced to
the analysis of the solvability of finite-dimensional l-problems of moments. Given a
system of elements 'n 2 H , n 2 N, and a sequence of numbers fn, it is required to
find an element q such that hq; 'ni D fn for n 2 N and kqk � l .
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Theorem 5.3.1. The infinite-dimensional l-problem of moments is solvable if and
only if for any natural N there exists a solution to the finite-dimensional l-problem of
moments for the same 'n and fn.

Proof. The necessary part of the assertion is obvious, since any element q that is a
solution to the infinite-dimensional l-problem of moments is also a solution to the
finite-dimensional l-problem of moments for any natural N .

We will prove the sufficient part. Let qn be a solution to the finite-dimensional
l-problem of moments

hq; 'mi D fm; m D 1; 2; : : : ; n; kqk � l:

Any element of the sequence ¹qnº, n D 1; 2; : : : , satisfies the condition kqnk � l .
Consequently, the sequence ¹qnº has a subsequence ¹qnkº that converges weakly to q.
From the weak convergence of qnk to q and the fact that the norms kqnkk � l are
bounded, it follows that kqk � l . Since hqnk ; 'mi D fm, m D 1; 2; : : : ; nk , passing
to the limit as nk ! 1 in these equalities and using the weak convergence of qnk
to q, we obtain

hq; 'ni D fn; n 2 N:

Hence, q is a solution to the infinite-dimensional l-problem of moments, which is the
desired conclusion.

We will show that the finite-dimensional problem of moments is always solvable
in the case of a linearly independent system of elements ¹'nº. Given a linearly inde-
pendent system of elements 'n, n D 1; 2; : : : ; N , and numbers fn, n D 1; 2; : : : ; N ,
consider an orthonormal system of elements  j , j D 1; 2; : : : ; N , obtained from 'n
as a result of orthogonalization:

 j D
!j

k!j k
; !j D 'j �

j�1X
kD1

h'j ;  ki k :

Then

'n D

nX
jD1

h'n;  j i j ; h'n;  ni ¤ 0; n D 1; 2; : : : ; N:

Consider the system of linear algebraic equations

nX
jD1

h'n;  j icj D fn; n D 1; 2; : : : ; N;
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for cj , j D 1; 2; : : : ; N . This is a system with triangular matrix with nonzero diagonal
elements h'n;  ni. Hence, it has a unique solution Ncj , j D 1; 2; : : : ; N . We will show
that the element

NqN D

NX
jD1

Ncj j

is a solution to the finite-dimensional problem of moments. Indeed, since h'n;  j i D
0 for j > n, it follows that for all n D 1; 2; : : : ; N

h NqN ; 'ni D
D NX
jD1

Ncj j ; 'n

E
D

NX
jD1

Ncj h j ; 'ni D fn:

Thus, in the case of a linearly independent system of elements 'n, the finite-dimen-
sional problem of moments has a solution for any numbers fn.

We will now find the conditions for the existence of solutions to the finite-dimen-
sional l-problem of moments. Let NqN be the solution to the finite-dimensional prob-
lem of moments constructed above, and let BN W HN ! HN be a linear operator
that transforms  D . 1; : : : ;  n/ to ' D .'1; : : : ; 'n/: BN . / D '. The opera-
tor BN is defined by the matrix with elements bij D h'i ;  j i, i; j D 1; 2; : : : ; N .
Since this is a triangular matrix with nonzero diagonal elements, it follows that for all
natural N the inverse B�1

N of the operator BN is bounded and

k NqN k
2 D

NX
nD1

h NqN ;  j i
2 � kB�1N k

2
NX
nD1

f 2n :

Therefore, NqN is a solution to the finite-dimensional l-problem of moments if

kB�1N k
2
NX
nD1

f 2n � l
2:

Let 'n be a system of linearly independent elements such that kB�1N k � B for all
natural N . Assume that ¹fnº 2 l2 and k¹fnºkl2 D

Nf . Then the infinite-dimensional
l-problem of moments has a solution if B Nf � l . Indeed, under these conditions, for
any naturalN there exists a solution NqN to the finite-dimensional problem of moments
for the set of numbers fn, n D 1; 2; : : : ; N . Then

k NqN k � kB
�1
N k

� NX
nD1

f 2n

�1=2
� Bk¹fnºkl2 D B

Nf :

Therefore, if B Nf � l , then the finite-dimensional l-problem of moments has a solu-
tion for any natural N , and Theorem 5.3.1 implies that there exists a solution to the
infinite-dimensional l-problem of moments.
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Remark 5.3.1. The above results are applicable in the study of the original problem
(5.3.1) in the case where a solution q.x/ is assumed to belong to the space L2.a; b/.

Remark 5.3.2. Other terms used in the scientific literature include the “power prob-
lem of moments” ('n.x/ D xn) and the “trigonometric problem of moments”. More
details on the problem of moments and its applications can be found in (Akhiezer,
1965).

We now return to the problem of reconstructing a function q.x/ 2 L2.a; b/ from
its integrals fn defined by the equalities (5.3.1), where ¹'n.x/º is a given system
of functions. This problem has a unique solution if the system ¹'n.x/º is complete
in L2.a; b/. However, is usually rather hard to find out whether ¹'n.x/º is complete.
One of the most well-known classes of complete systems in the space L2.a; b/ is
represented by the systems of eigenfunctions of the Sturm–Liouville problem.

Another example of such systems is the system of power functions ¹xnº, n D
0; 1; : : : , whose completeness follows from the Weierstrass theorem stating that a
continuous function defined on an interval can be uniformly approximated by alge-
braic polynomials. Consider a more general system of functions 'n.x/ D xan , where
an is a sequence of positive numbers.

Theorem 5.3.2. Assume that q.x/ 2 L2.0; 1/, and let an, n 2 N, be positive num-
bers such that

lim
n!1

an D1;

1X
nD1

1

an
D1; (5.3.2)

and Z 1

0

q.x/xan dx D 0; n 2 N:

Then q.x/ D 0.

Theorem 5.3.2 implies the uniqueness of solutions to the problem of reconstructing
q.x/ 2 L2.0; 1/ from equalities (5.3.1) for 'n.x/ D xan if the sequence ¹anº satisfies
the conditions (5.3.2).

Remark 5.3.3. The analysis of the uniqueness of solutions to Fredholm linear inte-
gral equations of the first kind can be reduced to establishing the completeness of a
system of functions. Indeed, if for the kernel K.t; x/ of the equationZ b

a

K.t; x/q.x/ dx D f .t/; c � t � d; (5.3.3)

there exists a sequence of points tn on the interval Œc; d 
 such that the system of
functions 'n.x/ D K.tn; x/ is complete in the space L2.a; b/, then the solution of
equation (5.3.3) is unique in L2.a; b/.
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5.4 Inverse kinematic problem of seismology

The inverse kinematic problem of seismology arose in the study of the Earth’s interior
structure based on surface observations of seismic waves generated by earthquakes.

The physical pattern of seismic wave propagation on the surface of the Earth re-
sembles the pattern of wave propagation on the surface of still water after throwing
a stone. The seismic wave front that separates the perturbed and unperturbed regions
of the medium moves away from the epicenter. The shape of the wave front and
the speed of its points on the surface depend on the speed of the seismic wave in the
Earth’s interior. For example, for the spherically symmetric model of the Earth, where
the speed depends only on depth, the wave fronts have the shape of circles moving
away from epicenter. If the speed of the wave depends on all three coordinates, then
the shape of its front can be a complex curve. As early as around the beginning of the
20th century, geophysicists faced the question of whether it is possible to determine
the speed of seismic waves in the Earth’s interior from the pattern of propagation of
seismic wave fronts on the surface. Indeed, the speed of a wave depends on the elastic
properties of the body in which it propagates. Therefore, information about the speed
of propagation of seismic waves in the Earth’s interior provides clues about its interior
structure.

The mathematical model of the process of seismic wave propagation is formulated
as follows (Romanov, 1984). Let D be a domain in the three-dimensional space R3

with boundary S where signals are transmitted with finite positive speed c.x/, x D
.x1; x2; x3/. Take an arbitrary pair of points x0; x 2 D and consider the functional

�.L/ D

Z
L.x;x0/

jdyj

c.y/
; (5.4.1)

where L.x; x0/ is a sufficiently smooth curve that connects the points x0 and x; jdyj
is its Euclidean length element:

jdyj D
� 3X
kD1

dy2k

�1=2
: (5.4.2)

In view of formula (5.4.1), the functional �.L/ represents the time it takes for the
signal to travel along the curve L.x; x0/. A seismic ray is a curve L.x; x0/ for which
the signal travel time is minimal. For media with complex structure, the function c.x/
may be substantially different from a constant, which implies that there may be more
than one ray (or even infinitely many rays) connecting the points x0 and x for which
the functional (5.4.1) attains its minimum value compared to all other values that cor-
respond to the curves sufficiently close to the given ray. Hence, seismic rays are local
extremals of the functional (5.4.1). It is known that the extremals of the functional
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(5.4.1) in the n-dimensional space are integral curves of the system of Euler’s equa-
tions consisting of n ordinary differential equations of the second order. These integral
curves satisfy the additional condition that they pass through the points x0 and x. Let
�.x; x0/ denote the ray that connects x0 and x, and let �.x; x0/ be the signal travel
time for this ray. Then

�.x; x0/ D

Z
�.x;x0/

jdyj

c.y/
: (5.4.3)

The surface defined by the equality �.x; x0/ D const with fixed x0 is the front of a
wave generated by a point source concentrated at x0. Let �.x; x0/ be the unit tangent
vector to the ray �.x; x0/ at the point x in the direction of increasing � . Then (5.4.3)
implies

rx�.x; x
0/ D

1

c.x/
�.x; x0/; (5.4.4)

where rx� is the gradient of the function � with respect to the variable point x. The
equality (5.4.4), which expresses the orthogonality of the fronts and rays, yields the
equation

jrx�.x; x
0/j2 D

1

c2.x/
: (5.4.5)

Note that equation (5.4.4) is closely related to the wave equation

ut t D c
2.x/�u; c.x/ > 0; x 2 R3; (5.4.6)

which describes the propagation of acoustic oscillations in a medium with constant
density. Indeed, representing the equation for the characteristic surface of the wave
equation (5.4.6) in the form t D �.x/, we see that the function �.x/ satisfies the
differential equation of the first order

jrx�.x/j
2 D c�2.x/;

which is called the eikonal equation (from Greek eikon, image). Equation (5.4.5)
under the condition

�.x; x0/ D O.jx � x0j/ (5.4.7)

describes the characteristic surfaces t D �.x; x0/ that have a conical point at a fixed
point x0. Such surfaces are called characteristic conoids. Note that x0 is a parameter
in (5.4.5), and the condition (5.4.7) stands for the Cauchy data in the degenerate case
where the surface on which the data is given degenerates to a point x0.
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The algorithm for constructing characteristic conoids t D �.x; x0/ from a given
function c.x/ is based on the construction of their generatrices—lines called bichar-
acteristics. To construct bicharacteristics, we introduce the vector

p D .p1; p2; p3/ D rx�.x; x
0/: (5.4.8)

Set q.x/ D 1=c.x/. Differentiating the eikonal equation jpj2 D q2.x/ with respect
to xk , we obtain

hp; pxk i D qqxk ; k D 1; 2; 3: (5.4.9)

From (5.4.8) it follows that .pi /xk D .pk/xi , and therefore (5.4.9) can be written
as

hp;rxpki D qqxk ; k D 1; 2; 3: (5.4.10)

Divide (5.4.10) by q2.x/ and rewrite it along the curves dx=dt D p=q2.x/:

dpk

dt
D

@

@xk
ln q.x/; k D 1; 2; 3:

Along the same curves, �.x; x0/ satisfies the equation

d�

dt
D
D
rx�;

dx

dt

E
D
jpj2

q2.x/
D 1:

If the parameter t is chosen so that � D 0 for t D 0, then t D � and t is equal to
the time it takes for the signal to travel from x0 to x. We now introduce an arbitrary
unit vector �0 and solve the Cauchy problem for the system of ordinary differential
equations

dx

dt
D

p

q2.x/
;

dp

dt
D rx ln q.x/; (5.4.11)

x
ˇ̌
tD0
D x0; p

ˇ̌
tD0
D p0 � q.x0/�0: (5.4.12)

As a result, we find x and p as functions of t and the parameters x0 and p0:

x D h.t; x0; p0/; p D  .t; x0; p0/: (5.4.13)

For fixed x0, the first equality in (5.4.13) defines a biparametric family of bicharac-
teristics that form a characteristic conoid in the space of variables x and t .

A projection of a bicharacteristic onto the space of x is called a ray. The equality
x D h.t; x0; p0/ is a parametric definition of a ray, and the first equality in (5.4.11)
shows that the tangent to the ray has the same direction as the vector p. Then, as
follows from (5.4.8), the rays are orthogonal to the surfaces �.x; x0/ D t .
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As is known, if two points x and x0 are connected by a smooth curveL.x; x0/with
length element jdyj, then the rays are extremals of the functional

�.L/ D

Z
L.x;x0/

jdyj

c.y/
;

i.e., the rays are curves for which �.L/ attains its extremum (generally, a local one).
Consequently, if a wave is generated by a point source located at x0 and active since
t D 0, then the rays we introduced as the projections of bicharacteristics of the eikonal
equation onto the space of x are none other than seismic rays that minimize the func-
tional �.L/. On the other hand, the section of the characteristic conoid by the plane
t D t0, t0 > 0, projected onto the space of x (i.e., the solution to the equation
�.x; x0/ D t0) defines the wave front at t D t0.

Differential properties of solutions to the problem (5.4.11), (5.4.12) for an open
domainD � R3 with smooth boundary S are described in detail in (Romanov,1984).
We will only present some results that will be necessary in what follows. Put D D
D [ S .

Lemma 5.4.1. If q.x/ 2 C sC1.D/, s � 1,

q.x/ � q0 > 0; x 2 D; (5.4.14)

then for any point x0 2 D and any unit vector �0 there exists a unique solution
(5.4.13) to the problem (5.4.11), (5.4.12) for all t such that h.t; x0; p0/ 2 D; the func-
tions h, ht t ,  , and  t are continuous in all arguments together with their derivatives
up to order s.

Lemma 5.4.2. Under the assumptions of Lemma 5.4.1, the solution to the problem
(5.4.11), (5.4.12) can be represented in the form

x D '.	; x0/; p D
1

t
q2.'.	; x0// 	

@

@	
'.	; x0/; (5.4.15)

where 	 D p0t=q2.x0/, the vector function '.	; x0/ D .'1; '2; '3/ has continuous
derivatives up to order s with respect to all its arguments, and @'=@	 is the Jacobian
matrix

@'

@	
D

���������

@'1
@�1

@'2
@�1

@'3
@�1

@'1
@�2

@'2
@�2

@'3
@�2

@'1
@�3

@'2
@�3

@'3
@�3

���������
; 	 D .	1; 	2; 	3/:

The parameter value t D 0 corresponds to the point 	 D 0. Using the Cauchy
data and (5.4.11), the function '.	; x0/ can be expanded in a Taylor series in the
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neighborhood of 	 D 0:

'.	; x0/ D x D x0 C
dx

dt

ˇ̌̌
tD0

t CO.t2/ D x0 C
p0

q2.x0/
t CO.t2/:

Consequently,

'.	; x0/ D x0 C 	 CO.j	j2/: (5.4.16)

If x0 is fixed and j	j D t=q.x0/, the equality x D '.	; x0/ is a parametric defini-
tion of the surface �.x; x0/ D t .

Note that (5.4.16) implies

@'

@	

ˇ̌̌
�D0
D I; (5.4.17)

where I is the unit matrix.

Lemma 5.4.3. Under the assumptions of Lemma 5.4.1, in a sufficiently small neigh-
borhood of 	 D 0 the function '.	; x0/ has a single-valued inverse 	 D g.x; x0/,
which is s times continuously differentiable with respect to x and x0. Moreover,
g.x0; x0/ D 0.

Therefore, if x0 is fixed, for a set �.x0/ of points x D '.	; x0/ such that j	j � ı
and ı is sufficiently small, there exists a one-to-one correspondence between x and 	 .
Since 	 D p0t=q2.x0/, each pair x; x0 corresponds to the unique ray �.x; x0/ that
connects these points and lies in �.x0/. At x0, the ray �.x; x0/ has the direction
�0 D p0=q.x0/. The vector �0 and the travel time �.x; x0/ are determined from the
formulas

t D �.x; x0/ D q.x0/jg.x; x0/j;

�0 D �0.x; x0/ D g.x; x0/=jg.x; x0/j:
(5.4.18)

From (5.4.16) it follows that

g.x; x0/ D x � x0 CO.jx � x0j2/: (5.4.19)

Lemma 5.4.4. Under the assumptions of Lemma 5.4.1, for x ¤ x0 the functions
�.x; x0/ and �0.x; x0/ are s times continuously differentiable, and the following es-
timates hold in the neighborhood of x0:

jD˛� j � C jx � x0j1�j˛j; jD˛�0j � C jx � x0j�j˛j; (5.4.20)

where ˛ D .˛1; ˛2; : : : ; ˛6/ is a multi-index, j˛j D
P6
kD1 ˛k , j˛j � s, ˛k 2 N[¹0º,

and

D˛ D @j˛j=.@x1/
˛1 : : : .@x03/

˛6 :
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We now return to equation (5.4.5). The problem of finding �.x; x0/ for a given
function c.x/ is the direct problem for this equation. It is solved using the Hamilton–
Jacobi method presented above, with simultaneous construction of the characteristics
of equation (5.4.5) and the function �.x; x0/, i.e., the rays and fronts of the wave
process. This problem is called the direct kinematic problem of seismology. In the in-
verse problem, the function c.x/ is unknown, but the law that governs the propaga-
tion of wave fronts over the boundary of the domain in which the wave process is
taking place is known. We will formulate one of the versions of the inverse kinematic
problem. Suppose that a wave process occurs in a domain D of the space R3 with
boundary S , generated by a point source of oscillations at a point x0. Let �.x; x0/ be
a given function for all x0 2 S and x 2 S . It is required to determine the speed of the
signal propagation c.x/ for x 2 D.

The inverse kinematic problem of seismology was first studied by Gustav Herglotz
and Emil Wiechert in 1905–1907 under the assumption that the Earth is spherically
symmetric (c D c.r/, r D jxj, the origin of the coordinate system coincides with
the Earth’s center). This assumption stemmed from experimental data showing that
the time of travel of seismic waves from the source to the detector located at a fixed
distance from the source is almost independent of the geographic region. It was dis-
covered that for c D c.r/ the seismic ray �.x; x0/ lies in the plane that passes through
the points .x; x0/ and the center of the Earth, and therefore it suffices to consider an
arbitrary section of the Earth that contains its diameter and select the points x0 and x
on the corresponding great circle. Herglotz and Wiechert showed that the point x0

can be assumed to be fixed while x is moved along the circle. Consequently, if the
function

m.r/ D
r

c.r/
(5.4.21)

is continuously differentiable and increases monotonically as r increases, then it is
uniquely determined by the function � D �.˛/, which is called the wave traveltime
curve. Above, ˛ is the angular distance between the points x0 and x, and �.˛/ is
the time it takes for the signal to travel between these points. It turned out that the
function c.r/ can be reconstructed locally. Namely, if �.˛/ is known for ˛ 2 Œ0; ˛0
,
˛0 > 0, then c.r/ is within a layer r0 � r � R, where R is the Earth’s radius, r0 is
determined from ˛0, r0.˛0/ decreases monotonically as ˛0 increases, and r0.˛0/ !
R as ˛0 ! 0.

The solution of the inverse kinematic problem for the spherically symmetric model
of the Earth had a considerable impact on the development of the theories about the
Earth’s interior structure. Calculations based on the measurement data for seismic
wave travel times revealed characteristic features of the Earth’s structure: its crust,
mantle, and core. The crust of the Earth is a relatively thin layer with average thick-
ness of about 30 km. Seismic wave speeds in the Earth’s mantle are much higher than
in its crust. They increase rather sharply at the boundary between the crust and the
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mantle. The thickness of the mantle is approximately 3000 km. The physical proper-
ties of the core are substantially different from those of the mantle. The core does not
transmit shear waves, whereas they do propagate in the mantle. The absence of shear
waves is characteristic of fluids. For this reason, the core of the Earth is presumed to
be liquid.

Currently there exist several dozen wave speed models of the Earth’s interior, but
the differences between them are insignificant (10% on average).

Linearized inverse problem of seismology. Consider the inverse problem of re-
constructing the speed c.x/ from the observations of the seismic waves propagation
on the surface of the Earth in the case where c.x/ depends on all coordinates.

In other words, assume that the direct problem

jrx�.x; x
0/j2 D c�2.x/; x 2 D; (5.4.22)

�.x; x0/ D O.jx � x0j/ for x ! x0;

includes the following additional information about its solution:

�.x; x0/ D f .x; x0/; x; x0 2 S: (5.4.23)

It is required to find c.x/ from (5.4.22) and (5.4.23).
In the linearized formulation of the inverse problem, we assume that the unknown

function q.x/ D 1=c.x/ has the form

q.x/ D q0.x/C q1.x/;

where q0.x/ is given, q0.x/ > 0, and q1.x/ 2 C 2.D/ is small compared to q0.x/ in
the norm of C 2.D/.

First, we seek a solution �0.x; x0/ to the direct problem

jrx�.x; x
0/j2 D q20.x/; x 2 D;

�.x; x0/ D O.jx � x0j/:

Set

�1.x; x
0/ D �.x; x0/ � �0.x; x

0/; x0 2 S; x 2 DI

f1.x; x
0/ D f .x; x0/ � �0.x; x

0/; x; x0 2 S:

The linearization of the inverse problem (5.4.22), (5.4.23) consists in substituting
the right-hand sides of the equalities

� D �0 C �1; q D q0 C q1; f D �0 C f1
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for � , q, and f in (5.4.22) and (5.4.23) with subsequent omission of pairwise products
of the functions �1, q1, and f1 as quantities whose order of smallness is higher than
that of q1. Thus, from (5.4.22) we obtain the equality (linear approximation)

hrx�1.x; x
0/;rx�0.x; x

0/i D q1.x/q0.x/; x0 2 S; x 2 D; (5.4.24)

and (5.4.23) implies

�1.x; x
0/ D f1.x; x

0/; x; x0 2 S: (5.4.25)

Divide both sides of (5.4.24) by q0.x/ and integrate along the ray �0.x; x0/ con-
structed from the function q0.x/. Since the unit vector rx�0.x; x0/=q0.x/ is tangent
to the ray �0.x; x0/ at the point x, we have the following integral equation for the
unknown function q1.x/:Z

�0.x;x0/

q1.y/ jdyj D �1.x; x
0/; x0 2 S; x 2 D; (5.4.26)

where jdyj is the Euclidean length element of the curve �0.x; x0/:

jdyj D
� 3X
iD1

dy2i

�1=2
:

Since the functions �0.x; x0/ are known, we obtain a problem of integral geometry:
reconstruct q1.x/, x 2 D, from its integrals (5.4.26) along the given family of curves
¹�0.x; x

0/º for all x; x0 2 S .
We first consider the case where D is a ball of radius r1 centered at zero,

D D B.0; r1/ D ¹x 2 R3 W jxj � r1º;

and q0.x/ D q0.r/, r D jxj. It can be shown (Romanov, 1984) that in this case it
suffices to consider the “equatorial” section of the ball produced by the plane x3 D 0,
setting x D .x1; x2/, and specify the function �.x; x0/ for the points x and x0 on the
boundary of this section.

Theorem 5.4.1. Let q0.r/ belong to C 2Œr0; r1
, r0 2 .0; r1/, and satisfy the condi-
tions

q0.r/ > 0; q0.r/C rq
0
0.r/ > 0; r 2 Œr0; r1
:

Then any continuous function q1.x1; x2/ in the domain r0 �
q
x21 C x

2
2 � r1 is

uniquely determined from the function �1.x; x0/ specified for the points x and x0 on
the boundary r D r1 such that the rays �0.x; x0/ lie within this domain.
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We now consider the case where D � R3 is a simply connected bounded domain
with boundary S defined by the equation F.x/ D 0. Let the function F satisfy the
conditions

F 2 C 3.D/; F.x/ < 0 for x 2 D; jrF jS D 1; (5.4.27)

and let the surface S be convex with respect to the rays �0.x; x0/, i.e., any two points
x; x0 2 S can be connected by a ray that lies withinD, and none of the rays �0.x; x0/
(x0 ¤ x; x0; x 2 S ) meet the boundary S at any point.

Assume also that the family of rays �0.x; x0/ is generated by the function q0.x/ �
�0 > 0 of class C 2.D/ and is regular in D in the following sense. As shown above
(see Lemma 5.4.2), the equation of a ray passing through any point x0 2 D in the
direction of the unit vector �0 can be written as x D '.	; x0/, 	 D �0t=q0.x

0/,
where ' 2 C 1.D �D/, '.0; x0/ D x0, .@'=@	/j�D0 D I , and I is the unit matrix.
The regularity condition means that there exists a single-valued inverse function 	 D
g.x; x0/ in the space C 1.D � D/. In particular, from the regularity condition it
follows that the determinant j@'=@	j never vanishes, and is therefore positive.

Note that, given the function F.x/ together with �1.x; x
0/ and �0.x; x

0/ for
x0; x 2 S , it is possible to determine the function

ˆ.�1; �0/ D

ˇ̌̌
ˇ̌̌
ˇ̌̌
ˇ̌̌

0 0 �1x1 �1x2 �1x3
0 0 Fx1.x/ Fx2.x/ Fx3.x/

�1x01
Fx01

.x0/ �0x1x01
�0x2x01

�0x3x01
�1x02

Fx02
.x0/ �0x1x02

�0x2x02
�0x3x02

�1x03
Fx03

.x0/ �0x1x03
�0x2x03

�0x3x03

ˇ̌̌
ˇ̌̌
ˇ̌̌
ˇ̌̌ :

Theorem 5.4.2. Assume that the functions F.x/, q0.x/, and therefore �0.x; x0/ and
�0.x; x

0/ satisfy the conditions given above. If q1.y/ 2 C 1.D/, then the following
stability estimate holds for the problem (5.4.26), (5.4.25):Z

D

q21.x/ dx �
1

8��0

Z
S

Z
S

ˆ.�1; �0/ dSx dSx0 : (5.4.28)

Complete formulation of the inverse kinematic problem of seismology. Consider
the general case, where q.x/ as well as the family of rays �.x; x0/ generated by q.x/
are the unknowns inZ

�.x;x0/

q.y/ jdyj D �.x; x0/; x0 2 S; x 2 D; (5.4.29)

The function �.x; x0/ is specified for all x; x0 2 S .
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The function q.x/ is said to belong to the class ƒ.c1; c2/, 0 < c1 < c2 < 1, if it
satisfies the conditions

1) c1 � q.x/, x 2 D;

2) q 2 C 2.D/, kqkC 2.D/ � c2;

3) the family of rays �.x; x0/ associated with q.x/ is regular in D.

Given the function �.x; x0/ on S �S , using the eikonal equation, one can calculate
the partial derivatives �xj , �x0

j
, �xjx0i

on S � S for any i; j . Indeed, the derivatives

along the tangent directions can be found directly from �.x; x0/, while the derivatives
along the normals to S � S can be constructed using the equations

jrx�.x; x
0/j D q.x/; jrx�.x

0; x/j D q.x0/:

Set

k�k2 D

Z
S

Z
S

h
jrx� j

2 C jrx0� j
2 C jx � x0j2

3X
i;jD1

�2
xix

0
j

i 1

jx � x0j
dSx dSx0 :

Theorem 5.4.3. For any functions q1; q2 2 ƒ.c1; c2/ and the corresponding func-
tions �1; �2, we have

kq1 � q2k
2
L2.D/

� Ck�1 � �2k
2; (5.4.30)

where the constant C depends only on the constants c1 and c2.

The proofs of Theorems 5.4.1–5.4.3 can be found in (Romanov, 1984).



Chapter 6

Inverse spectral and scattering problems

A little more than 100 years have passed since Max Planck introduced the concept
of a quantum. About 75 years ago, Schrödinger formulated his famous equation,
which enables one to determine the wave function, and therefore all the properties
of the object under study, from the known potential (the direct problem). Equations
for solving inverse spectral problems were obtained in the 1950s by I. M. Gelfand,
B. M. Levitan, M. G. Krein, and V. A. Marchenko (Gelfand and Levitan, 1955; Krein,
1951; Marchenko, 1952). This glorious achievement of the Russian mathematics
gave an all-permeating “mathematical” vision (Zakhariev and Chabanov, 2007). An
eye equipped with a microscope is not enough to study atoms, nuclei, and particles.
However, powerful computers and methods of the theory of inverse problems made it
possible to expand the “quantum” horizon.

Practical importance of inverse spectral and scattering problems cannot be overesti-
mated, since everything we know about the world on a microscopic level (molecules,
atoms, microscopic particles) comes from experiments that deal with scattering. The
same is true for many problems emerging in medicine, geophysics, and chemistry.
On the other hand, our knowledge about macroworld, information about other plan-
ets, stars, and galaxies, is also based mostly on the scattering data, namely, on spectral
analysis.

This chapter deals with the inverse problems that were the subject of the pioneering
studies in this direction. Inverse spectral and scattering problems are so deeply inter-
related that any results obtained for the former can usually be extended to the latter,
and vice versa. In this respect, the works of Yu. M. Berezanskii are the most signifi-
cant (Berezanskii, 1953, 1958). In addition to the proof of one of the first uniqueness
theorems for a multidimensional inverse spectral problem, these works also present
an approach to solving some multidimensional inverse scattering problems based on
their relationship with inverse spectral problems.

One chapter is certainly not enough to give an adequate description of the diverse
set of ideas, methods, and applications of inverse spectral and scattering problems.
We will confine ourselves to one-dimensional spectral problems and a brief descrip-
tion of the Gelfand–Levitan method (Sections 6.1–6.3), a one-dimensional version of
the inverse scattering problem (Section 6.4), and inverse scattering problems in the
time domain (Section 6.5), focusing on the connections between all the mentioned
problems.

Inverse problems in spectral analysis consist in determining operators from certain
characteristics of their spectrum (see Section 6.2). The most complete results in the
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spectral theory of differential operators were obtained for the Sturm–Liouville differ-
ential operator. The main results in the field of inverse spectral problems obtained in
the second half of the 20th century paved the way for the development of methods
for solving some nonlinear evolution equations and for the study of inverse problems
of reconstructing an operator from incomplete spectral information and an additional
a priori information about the operator. These results are also useful in solving in-
verse problems with operators of arbitrary order and of other types (for example, see
(Yurko, 2007)).

In Sections 6.1–6.3 we consider the spectral theory of Sturm–Liouville operators on
a finite interval. The proofs and the main methods for solving inverse one-dimensional
spectral problems (the transformation operator method, the method of spectral map-
pings, the standard models method, and the Borg method) are presented in (Yurko,
2007).

In Section 6.4 we give several formulations of the inverse scattering problem and
discuss in detail the one-dimensional case where the potential q.x/ depends only on
the norm of x: q.x/ D q.jxj/. In this case the scattering problem is reduced to the
Sturm–Liouville problem on a half-axis:

�y00 C q.x/y D �y; x 2 RC; (6.1)

y.0/ D 0: (6.2)

Problem (6.1), (6.2) is studied in the case of rapidly decreasing potential q.x/, i.e.,
such that Z 1

0

xjq.x/j dx <1: (6.3)

In this section we introduce the notions of the Jost solution e.x;
p
� /, Jost function

j.
p
� /, spectral function �.�/ and define scattering data. We also formulate the main

integral equation of the inverse problem of the quantum scattering theory and give a
formula for the eigenfunction expansion of the operator of problem (6.1)–(6.3).

In Section 6.5 we consider inverse scattering problems in the time domain. Using
Fourier transform, these problems can be reduced to the Sturm–Liouville problem on
a half-axis, namely,

�y00 C q.x/y D �y; x 2 RC; (6.4)

.y0 � hy/
ˇ̌
xD0
D 0; (6.5)

where q.x/ is a continuous finite function. The data of inverse scattering problems are
shown to be interrelated by means of the Jost function j.

p
� / of problem (6.4), (6.5).

On the other hand, we notice that there exists a one-to-one correspondence between
the Jost function .j.

p
� / and the spectral function �.�/ of problem (6.4), (6.5). Thus

the considered inverse problems are shown to be equivalent.
As to the current state of the theory and applications of inverse spectral and scatter-

ing problems, it will take a special multi-volume publication to describe it.
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6.1 Direct Sturm–Liouville problem on a finite interval

A differential expression defined on a set of functions that satisfy some boundary
value conditions generates a differential operator. The differential operator generated
by the differential expression

lqy.x/ WD �y
00.x/C q.x/y.x/;

is called the Sturm–Liouville operator. Henceforth the prime denotes the derivative
with respect to x. The function q.x/ is said to be the potential of the operator lq .

A value of the parameter � such that the operator equation

lqy.x/ D �y.x/

has a nontrivial solution is called an eigenvalue of the operator lq , and the correspond-
ing solution is said to be its eigenfunction. The set of all eigenvalues of an operator is
called its spectrum.

The direct Sturm–Liouville problem is the problem of determining the spectrum
of the Sturm–Liouville operator. We will consider the Sturm–Liouville problem for
operators defined on the set D.lq/ of functions y.x/ 2 W 2

2 .0; �/ that satisfy the
boundary conditions

U.y/ WD y 0.0/ � hy.0/ D 0; V .y/ WD y0.�/CHy.�/ D 0;

where h;H 2 R. Assume that q.x/ 2 L2.0; �/. The definition of the spaces
W 2
2 .0; �/ D H

2.0; �/ and L2.0; �/ can be found in Appendix A (Subsection A.1.5).

Remark 6.1.1. The boundary value problem

�y00 C q.x/y D �y; x 2 .0; �/;

y 0.0/ � hy.0/ D 0; y0.�/CHy.�/ D 0;

is sometimes called the classical Sturm–Liouville problem (with split boundary con-
ditions).

In this section we describe the basic properties of eigenvalues and eigenfunctions
of the Sturm–Liouville operator on a finite interval.

Spectral properties. To study the properties of the Sturm–Liouville operator, we
introduce the notion of a characteristic function. Let '.x; �/ and  .x; �/ be solutions
to the equation

�y 00 C q.x/y D �y; 0 < x < �; (6.1.1)
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that satisfy the boundary conditions

'.0; �/ D 1; '0.0; �/ D h;

 .�; �/ D 1;  0.�; �/ D �H:
(6.1.2)

For any fixed x, the functions '.x; �/ and  .x; �/ are entire analytic functions in �.
It is easy to verify that

U.'/ WD '0.0; �/ � h'.0; �/ D 0;

V . / WD  0.�; �/CH .�; �/ D 0:

Note that any solutions  .x; �/ and '.x; O�/ to equation (6.1.1) satisfy the equality

' 00.x; O�/ .x; �/ �  00.x; �/'.x; O�/ D .� � O�/ .x; �/'.x; O�/;

which implies that

d

dx
. .x; �/'0.x; O�/ �  0.x; �/'.x; O�// D .� � O�/ .x; �/'.x; O�/: (6.1.3)

Therefore, for � D O� the Wronskian  .x; �/'0.x; �/ �  0.x; �/'.x; �/ does not
depend on x.

Put

�.�/ D  .x; �/' 0.x; �/ �  0.x; �/'.x; �/: (6.1.4)

The function�.�/ is called the characteristic function of the operator lq . Substituting
x D 0 and x D � into (6.1.4), we obtain

�.�/ D V.'/ D �U. /: (6.1.5)

The function �.�/ is an entire function in � with at most countable set of zeros ¹�nº,
n D 0; 1; : : : . From (6.1.5) it follows that the functions '.x; �n/ and  .x; �n/ are
solutions to the equation lqy.x/ D �ny.x/, i.e., eigenfunctions of the operator lq .
Thus, the zeros ¹�nº of the characteristic function (6.1.4) coincide with the eigenval-
ues of the operator lq . The eigenfunctions '.x; �n/ and  .x; �n/ are proportional to
each other, i.e., there is a sequence of numbers ¹ˇnº such that

 .x; �n/ D ˇn'.x; �n/; ˇn ¤ 0: (6.1.6)

Substituting x D � into (6.1.6), we have ˇn D 1='.�; �n/.
Each eigenvalue is associated with a unique eigenfunction (up to a constant factor).
The numbers

˛n WD

Z �

0

'2.x; �n/ dx (6.1.7)
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are called weights, and the collection ¹�n; ˛nº is called the spectral data of the oper-
ator lq .

The weights ˛n and the numbers ˇn occurring in the formulas (6.1.6) satisfy the
relations

ˇn˛n D � P�.�n/; (6.1.8)

where P�.�/ D d�.�/=d�. Indeed, (6.1.3) and (6.1.5) imply

.� � �n/

Z �

0

 .x; �/'.x; �n/ dx

D
�
 .x; �/'0.x; �n/ �  

0.x; �/'.x; �n/
�ˇ̌�
0
D ��.�/:

For �! �n, this yieldsZ �

0

 .x; �n/'.x; �n/ dx D � P�.�n/:

Using (6.1.6) and (6.1.7), we obtain (6.1.8). From (6.1.8) it is clear that all zeros of
�.�/ are simple, i.e., P�.�n/ ¤ 0.

The eigenvalues ¹�nºn�0 of the Sturm–Liouville operator lq are real, and their
condensation point is C1. Note that in the general case the parameter � in equa-
tion (6.1.1), which is called the spectral parameter, belongs to the space of complex
numbers C. Since the eigenvalues of the Sturm–Liouville operator on a finite interval
are real, in Sections 6.1–6.3 we will assume that � 2 R.

For large n, the following asymptotic formulas hold for �n and the corresponding
eigenfunctions '.x; �n/:p

�n D nC
!

�n
C

n

n
; ¹
nº 2 l2; (6.1.9)

'.x; �n/ D cos
p
�n x C

	n.x/

n
; j	n.x/j � C; (6.1.10)

where

! D hCH C
1

2

Z �

0

q.t/ dt:

Here and in what follows, the symbol ¹
nº stands for different sequences in l2, while
the symbol C stands for different positive constants that do not depend on x, �, and 
.

If the spectrum ¹�nºn�0 is known, the characteristic function�.�/ can be uniquely
determined by the formula

�.�/ D �.�0 � �/

1Y
nD1

�n � �

n2
: (6.1.11)
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Remark 6.1.2. Similar results can be obtained for Sturm–Liouville operators with
other kinds of split boundary conditions. For example, consider the operator l1qy.x/D
�y00.x/C q.x/y.x/ with the domain of definitionD.l1q / D ¹y 2 W

2
2 .0; �/: U.y/ D

0, y.�/ D 0º. All eigenvalues ¹�nºn�0 of the operator l1q are simple, and they
coincide with the zeros of the characteristic function d.�/ WD '.�; �/. Furthermore,

d.�/ D

1Y
nD0

�n � �

.nC 1=2/2
: (6.1.12)

The following asymptotic formulas hold for the spectral data ¹�n; ˛1nºn�0, ˛1n WDR �
0 '

2.x; �n/ dx, of the operator l1q :

p
�n D nC

1

2
C
!1

�n
C

n

n
; ¹
nº 2 l2; (6.1.13)

˛1n D
�

2
C

1n
n
; ¹
1nº 2 l2; (6.1.14)

where

!1 D hC
1

2

Z �

0

q.t/ dt:

The spectra of the operators lq and l1q satisfy the relations

�n < �n < �nC1; n � 0; (6.1.15)

which means that the eigenvalues of the two operators lq and l1q alternate.

Properties of the eigenfunctions. Consider the eigenfunctions '.x; �n/ of the
Sturm–Liouville operator lq on the finite interval .0; �/ associated with the eigen-
values �n and normalized by the conditions '.0; �n/ D 1, ' 0.0; �n/ D h. The
eigenfunctions of the operator lq are real. Eigenfunctions associated with different
eigenvalues are orthogonal in L2.0; �/:Z �

0

'.x; �n/'.x; �m/ dx D 0; �m ¤ �n:

The set of eigenfunctions ¹'.x; �n/ºn�0 of the Sturm–Liouville operator turns out
to be not only orthogonal, but also complete, i.e., it constitutes an orthogonal basis
in L2.0; �/. The completeness theorem for the set of eigenfunctions of the Sturm–
Liouville operator on a finite interval was proved by V. A. Steklov at the end of the
19th century.
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Theorem 6.1.1. 1. The set of eigenfunctions ¹'.x; �n/ºn�0 of the operator lq is
complete in L2.0; �/.

2. Let f .x/; x 2 Œ0; �
, be a completely continuous function. Then

f .x/ D

1X
nD0

fn'.x; �n/; fn D
1

˛n

Z �

0

f .t/'.t; �n/ dt; (6.1.16)

where the series converges uniformly on Œ0; �
.

3. For f .x/ 2 L2.0; �/ the series (6.1.16) converges in L2.0; �/, and Parseval’s
identity holds: Z �

0

jf .x/j2 dx D

1X
nD0

˛njfnj
2: (6.1.17)

The proof of Theorem 6.1.1 was given in (Yurko, 2007).
It should be noted that completeness and expansion theorems play an important

role in solving problems of mathematical physics using the method of separation of
variables (for example, see Section 5.3).

Consider the Sturm–Liouville operator lq with h D H D 0 and q.x/ � 0. In
this case '.x; �n/ D cosnx for x 2 .0; �/, and therefore the nth eigenfunction has
exactly n zeros in the interval .0; �/. It turns out that this property of eigenfunctions
also holds in the general case. This is expressed by the following theorem (the Sturm
oscillation theorem).

Theorem 6.1.2. The eigenfunction '.x; �n/ of the operator lq has exactly n zeros in
the interval 0 < x < � .

Before proving this theorem, we prove a few auxiliary statements.

Lemma 6.1.1. Let uj .x/ be solutions to the equations

u00 C gj .x/u D 0; j D 1; 2; x 2 Œa; b
; (6.1.18)

where g1.x/ < g2.x/. Assume that there are x1; x2 2 Œa; b
 such that u1.x1/ D
u1.x2/ D 0 and u1.x/ ¤ 0 for x 2 .x1; x2/. Then there exists an x� 2 .x1; x2/ such
that u2.x�/ D 0. In other words, u2.x/ has at least one zero between any two zeros
of u1.x/.

Proof. Assume the contrary: u2.x/ ¤ 0 for all x 2 .x1; x2/. Without loss of gen-
erality, we can assume that uj .x/ > 0 for x 2 .x1; x2/, j D 1; 2. From (6.1.18) it
follows that

d

dx
.u01u2 � u

0
2u1/ D .g2 � g1/u1u2:
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Integrating this equality from x1 to x2 yieldsZ x2

x1

.g2 � g1/u1u2 dx D .u
0
1u2 � u

0
2u1/

ˇ̌x2
x1

D u01.x2/u2.x2/ � u
0
1.x1/u2.x1/: (6.1.19)

The integral in (6.1.19) is strictly positive. On the other hand, since u01.x1/ > 0,
u01.x2/ < 0, and u2.x/ � 0 for x 2 Œx1; x2
, the right-hand side of (6.1.19) is
nonpositive. The obtained contradiction proves the lemma.

Consider the function '.x; �/ for real �. The zeros of '.x; �/ with respect to x are
functions of �. We will show that they are continuous functions of �.

Lemma 6.1.2. Let '.x0; O�/ D 0. Then there exists an "0 > 0 such that for all
0 < " < "0 there is a ı > 0 such that '.x; �/ has a unique zero in the interval
jx � x0j < " if j� � O�j < ı.

Proof. The zero x0 of the solution '.x; O�/ to the differential equation (6.1.2) is sim-
ple. Indeed, if '0.x0; O�/ D 0, then the theorem on the uniqueness of solutions to the
Cauchy problem would imply the identity '.x; O�/ � 0. Therefore, '0.x0; O�/ ¤ 0.
Suppose for definiteness that ' 0.x0; O�/ > 0. Choose "0 > 0 so that '0.x; O�/ > 0

for jx � x0j � "0: Then '.x; O�/ < 0 for x 2 Œx0 � "0; x0/ and '.x; O�/ > 0 for
x 2 .x0; x0 C "0
. Take " � "0. Since '.x; �/ and '0.x; �/ are continuous, there
exists a ı > 0 such that for j� � O�j < ı and jx � x0j < " we have '0.x; �/ > 0,
'.x0 � "0; �/ < 0, '.x0 C "0; �/ > 0: Hence, the function '.x; �/ has a unique zero
in the interval jx � x0j < ", which is the desired conclusion.

Lemma 6.1.3. Suppose that for some real O� the function '.x; O�/ has m zeros in the
interval 0 < x � a. Let � > O�. Then the function '.x; �/ has at least m zeros on the
same interval, and the kth zero of '.x; �/ is smaller than the kth zero of '.x; O�/.

Proof. Let x1 > 0 be the smallest positive zero of '.x; O�/. By Lemma 6.1.1, it
suffices to show that '.x; �/ has at least one zero in the interval 0 < x < x1.

Assume the contrary, i.e., '.x; �/ ¤ 0 for all x 2 .0; x1/. Since '.0; �/ D 1, we
have '.x; �/ > 0 for x 2 Œ0; x1/. By the choice of x1, '.x; O�/ > 0 for x 2 Œ0; x1/,
'.x1; O�/ D 0, and '0.x1; O�/ < 0. From (6.1.3) it follows that

.� � O�/

Z x1

0

'.x; �/'.x; O�/ dx D
�
'.x; �/'0.x; O�/ � '0.x; �/'.x; O�/

�ˇ̌x1
0

D '.x1; �/'
0.x1; O�/ � 0:

But the integral on the left-hand side is strictly positive. The resulting contradiction
proves the lemma.
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Proof of Theorem 6.1.2. Consider the function '.x; �/ for real �. From (6.1.10) it
follows that '.x; �/ has no zeros for negative �with sufficiently large absolute values:
'.x; �/ > 0, � � ��� < 0, x 2 Œ0; �
. On the other hand, '.�; �n/ D 0, where
¹�nºn�0 are eigenvalues of the operator l1q .

Applying Lemmas 6.1.2 and 6.1.3, we see that with � moving from �1 to1; the
zeros of '.x; �/ on the interval Œ0; �
 continuously move to the left. New zeros can
only appear in transition through the point x D � . This means that

1) '.x; �n/ has exactly n zeros in the interval x 2 Œ0; �/;

2) if � 2 .�n�1; �n/, n � 0, ��1 WD �1, then '.x; �/ has exactly n zeros in the
interval x 2 Œ0; �
.

By (6.1.15), we have

�0 < �0 < �1 < �1 < �2 < �2 < � � �

and therefore '.x; �n/ has exactly n zeros in the interval .0; �/.

Transformation operators. The transformation operators that associate the eigen-
functions of two different Sturm–Liouville operators for all � were first introduced in
the theory of generalized shift operators by Delsarte and Levitan (Levitan, 1973) In the
theory of inverse problems, the transformation operators were used by I. M. Gelfand,
B. M. Levitan, and V. A. Marchenko (see Section 6.3 and the monographs by (Mar-
chenko, 1986) and (Levitan, 1987)).

Let functions C.x; �/ 2 W 2
2 .0; �/ and S.x; �/ 2 W 2

2 .0; �/ be solutions to the
differential equation (6.1.1) with initial conditions

C.0; �/ D 1; C 0.0; �/ D 0; S.0; �/ D 0; S 0.0; �/ D 1:

The function C.x; �/ can be represented as

C.x; �/ D cos
p
�x C

Z x

0

K.x; t/ cos
p
�t dt; (6.1.20)

where K.x; t/ is a real-valued continuous function such that

K.x; x/ D
1

2

Z x

0

q.t/ dt: (6.1.21)

The proof of the representation (6.1.20) for C.x; �/ can be found in (Yurko, 2007).
An operator T defined by the formula

Tf .x/ D f .x/C

Z x

0

K.x; t/f .t/ dt;

maps the function cos
p
�x (which is a solution to the equation �y00 D �y with

zero potential) to the function C.x; �/, which is a solution to equation (6.1.1) with
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some potential q.x/ (i.e., C.x; �/ D T .cos
p
�x/). The operator T is called the

transformation operator for C.x; �/. It is important to note that the kernel K.x; t/
does not depend on �.

The transformation operators for the functions S.x; �/ and '.x; �/ can be obtained
in a similar way:

S.x; �/ D
sin
p
�x

p
�
C

Z x

0

P.x; t/
sin
p
�t

p
�

dt; (6.1.22)

'.x; �/ D cos
p
�x C

Z x

0

G.x; t/ cos
p
�t dt; (6.1.23)

where P.x; t/ and G.x; t/ are real-valued continuous functions that are as smooth as
the function

R x
0 q.t/ dt and

G.x; x/ D hC
1

2

Z x

0

q.t/ dt; (6.1.24)

P.x; x/ D
1

2

Z x

0

q.t/ dt: (6.1.25)

A proof of the representations (6.1.22) and (6.1.23) is also given in (Yurko, 2007).

6.2 Inverse Sturm–Liouville problems on a finite interval

Inverse Sturm–Liouville problems consist in reconstructing the operator lq (i.e., its
potential q.x/ 2 L2.0; �/ and the coefficients h and H in the boundary conditions)
from its spectral characteristics.

V. A. Ambartsumyan (see Ambartsumyan, 1929) was the first to obtain results in
the theory of inverse spectral problems.

Consider the equation lqy D �y under the condition that h D H D 0, i.e.,

�y00 C q.x/y D �y; y0.0/ D y0.�/ D 0: (6.2.1)

Clearly, if q.x/ D 0 almost everywhere on .0; �/, then the eigenvalues of the prob-
lem (6.2.1) have the form �n D n

2, n � 0. The converse is also true.

Theorem 6.2.1 (Ambartsumyan’s theorem). If the eigenvalues of the problem (6.2.1)
are �n D n2, n � 0, then q.x/ D 0 almost everywhere on .0; �/.

Proof. From (6.1.9) it follows that ! D 0, i.e.,
R �
0 q.x/ dx D 0. Let y0.x/ be an

eigenfunction associated with the smallest eigenvalue �0 D 0. Then

y000 .x/ � q.x/y0.x/ D 0; y00.0/ D y
0
0.�/ D 0:
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By Theorem 6.1.2, the function y0.x/ has no zeros in the interval x 2 Œ0; �
: Taking
into account the relation

q.x/ D
y 000 .x/

y0.x/
D
�y00.x/
y0.x/

�2
C
�y00.x/
y0.x/

�0
;

we obtain

0 D

Z �

0

q.x/ dx D

Z �

0

y000 .x/

y0.x/
dx D

Z �

0

�y00.x/
y0.x/

�2
dx:

Thus, y00.x/ � 0; i.e., y0.x/ � const, q.x/ D 0 almost everywhere on .0; �/, which
completes the proof.

In the general case, the operator lq is not uniquely determined from its spectrum ¹�nº.
Ambartsumyan’s result is an exception.

The uniqueness of reconstruction of the differential operator lq from its spec-
tral data. We now consider the problem of reconstructing the operator lq from its
spectral data ¹�n; ˛nºn�0.

In addition to lq , consider an operator Olq of the same form with potential Oq.x/ and
coefficients Oh and OH . For any symbol, for instance, � that denotes an object related to
the operator lq , we will denote by O� the corresponding object related to the operator Olq .

Theorem 6.2.2. If �n D O�n and ˛n D Ǫn for all n � 0, then lq D Olq , i.e., q.x/ D
Oq.x/ almost everywhere on .0; �/, h D Oh and H D OH .

Thus, the spectral data ¹�n; ˛nºn�0 uniquely determine the potential and coeffi-
cients of the boundary conditions.

There are two ways to prove Theorem 6.2.2. We will present the proof given
by Marchenko (1952) that involves the transformation operator and Parseval’s iden-
tity (6.1.17). This method also works for the Sturm–Liouville operators on a half-axis
and can be used to prove the theorem on the uniqueness of reconstruction of an op-
erator from its spectral function. The second proof, which can be found in (Yurko,
2007), was first given by Levinson (1949b). It employs the contour integral method.
N. Levinson was the first to apply the ideas of the contour integral method in the study
of inverse spectral problems.

Proof. By (6.1.23), the eigenfunctions '.x; �/ and O'.x; �/ of the operators lq and Olq ,
respectively, can be represented in the form

'.x; �/ D cos
p
�x C

Z x

0

G.x; t/ cos
p
�t dt;

O'.x; �/ D cos
p
�x C

Z x

0

OG.x; t/ cos
p
�t dt:
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In other words,

'.x; �/ D .E CG/ cos
p
�x; O'.x; �/ D .E C OG/ cos

p
�x;

where

.E CG/f .x/ D f .x/C

Z x

0

G.x; t/f .t/ dt;

.E C OG/f .x/ D f .x/C

Z x

0

OG.x; t/f .t/ dt:

Solving O'.x; �/ D .E C OG/ cos
p
�x for cos

p
�x, we have

cos
p
�x D O'.x; �/C

Z x

0

OH.x; t/ O'.t; �/ dt;

where OH.x; t/ is a continuous function that is the kernel of the inverse operator

.E C OH/ D .E C OG/�1; OHf.x/ D

Z x

0

OH.x; t/f .t/ dt:

Consequently,

'.x; �/ D O'.x; �/C

Z x

0

Q.x; t/ O'.t; �/ dt; (6.2.2)

where Q.x; t/ is a continuous real-valued function.
Take an arbitrary function f .x/ 2 L2.0; �/: From (6.2.2) it follows thatZ �

0

f .x/'.x; �/ dx D

Z �

0

g.x/ O'.x; �/ dx;

where

g.x/ WD f .x/C

Z �

x

Q.t; x/f .t/ dt:

Consequently, for all n � 0 we have

fn D Ogn;

fn WD

Z �

0

f .x/'.x; �n/ dx; Ogn WD

Z �

0

g.x/ O'.x; �n/ dx:

Using Parseval’s identity (6.1.17), we obtain

Z �

0

jf .x/j2 dx D

1X
nD0

jfnj
2

˛n
D

1X
nD0

j Ognj
2

˛n
D

1X
nD0

j Ognj
2

Ǫn
D

Z �

0

jg.x/j2 dx;
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i.e.,

kf kL2 D kgkL2 : (6.2.3)

Consider the operator

Bf .x/ D f .x/C

Z �

x

Q.t; x/f .t/ dt

and note thatBf D g. In view of (6.2.3), kBf kL2 D kf kL2 for all f .x/ 2 L2.0; �/:
Therefore, B� D B�1; which is possible only if Q.x; t/ � 0: Hence, '.x; �/ �
O'.x; �/, i.e., q.x/ D Oq.x/ almost everywhere on .0; �/, h D Oh, and H D OH .

In the symmetrical case with q.x/ D q.� � x/ and H D h, knowing the spectrum
¹�nºn�0 is sufficient to determine the potential q.x/ and the coefficient h.

Theorem 6.2.3. If q.x/ D q.��x/,H D h, Oq.x/ D Oq.��x/, OH D Oh and �n D O�n
for n � 0, then q.x/ D Oq.x/ almost everywhere on .0; �/ and h D Oh.

Proof. If q.x/ D q.� � x/, H D h, and y.x/ is a solution to equation (6.1.1), then
y1.x/ WD y.� � x/ also satisfies (6.1.1). In particular,  .x; �/ D '.� � x; �/.
Using (6.1.6), we obtain

 .x; �n/ D ˇn'.x; �n/ D ˇn .� � x; �n/ D ˇ
2
n'.� � x; �n/ D ˇ

2
n .x; �n/:

Consequently, ˇ2n D 1.
On the other hand, (6.1.6) implies that ˇn'.�; �n/ D 1. Applying Theorem 6.1.2,

we conclude that
ˇn D .�1/

n:

Then (6.1.8) implies that ˛n D .�1/nC1 P�.�n/ and Ǫn D .�1/nC1
PO�.�n/. By the

theorem on the zeros of an entire function and the assumptions of Theorem 6.2.3,
˛n D Ǫn for n � 0. It remains to apply Theorem 6.2.2 to obtain the desired result:
q.x/ D Oq.x/ almost everywhere on .0; �/, and h D Oh.

6.3 The Gelfand–Levitan method on a finite interval

In the preceding section we discussed the uniqueness of reconstruction of a Sturm–
Liouville operator from different sets of its spectral characteristics. An existence the-
orem formulating the necessary and sufficient conditions for the solvability of the
inverse Sturm–Liouville problem and proposing a practical method for constructing
the operator was proved by I. M. Gelfand and B. M. Levitan (Gelfand and Levitan,
1955). The proposed method for the reconstruction of a Sturm–Liouville operator
from its spectral characteristics was named the Gelfand–Levitan method. A detailed
explanation of the Gelfand–Levitan method is given in (Levitan, 1987), (Marchenko,
1986), and (Yurko, 2007). Our purpose here is to explain the method to the reader
without going into too much technical detail.
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Reconstruction of a differential operator from its spectral data. Consider the
Sturm–Liouville operator on a finite interval

lqy.x/ D �y
00.x/C q.x/y.x/; 0 < x < �; (6.3.1)

D.lq/ D ¹y.x/ 2 W
2
2 .0; �/ W y

0.0/ � hy.0/ D 0; y0.�/CHy.�/ D 0º; (6.3.2)

and assume that the potential q.x/ 2 L2.0; �/ and the coefficients h and H in the
boundary conditions are unknown.

Let ¹�n; ˛nºn�0 be the spectral data of lq . We will solve the inverse problem of
reconstruction of lq from the given spectral data ¹�n; ˛nºn�0.

The spectral data of the operator lq have asymptotic properties (Yurko, 2007)

p
�n D nC

!

�n
C

n

n
; ˛n D

�

2
C

1n
n
; ¹
nº; ¹


1
nº 2 l2; (6.3.3)

˛n > 0; �n ¤ �m .n ¤ m/: (6.3.4)

More precisely,


n D
1

2�

Z �

0

q.t/ cos 2nt dt CO
�1
n

�
;


1n D �
1

2

Z �

0

.� � t /q.t/ sin 2nt dt CO
�1
n

�
;

! D hCH C
1

2

Z �

0

q.t/ dt;

i.e., the dependence of the principal parts on the potential is linear.
To determine the potential q.x/ and the coefficients h and H , we will use the

transformation operator for the eigenfunctions of the operator lq

'.x; �/ D cos
p
�x C

Z x

0

G.x; t/ cos
p
�t dt; (6.3.5)

whereG.x; t/ is a continuous real-valued function of the same smoothness as
R x
0 q.t/dt

that satisfies the following equality for t D x:

G.x; x/ D hC
1

2

Z x

0

q.t/ dt: (6.3.6)

This equality means that finding the kernelG.x; t/ of the transformation operator will
enable us to easily reconstruct the potential q.x/ D 2 d

dx
G.x; x/ and the coefficients

h D G.C0;C0/ and H D ! �G.� � 0; � � 0/.
To determine the kernel G.x; t/, we introduce the function

F.x; t/ D

1X
nD0

�cos
p
�n x cos

p
�n t

˛n
�

cosnx cosnt

˛0n

�
; (6.3.7)
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where

˛0n D

´
�=2; n > 0;

�; n D 0:

The series in the right-hand side of (6.3.7) converges, the function F.x; t/ is continu-
ous, and d

dx
F.x; x/ 2 L2.0; �/ (Levitan, 1987)

Theorem 6.3.1. For any fixed x 2 .0; �
, the kernel G.x; t/ in the representation
(6.3.5) satisfies the linear integral equation

G.x; t/C F.x; t/C

Z x

0

G.x; s/F.s; t/ ds D 0; 0 < t < x: (6.3.8)

Equation (6.3.8) is called the Gelfand–Levitan equation. Thus, Theorem 6.3.1
makes it possible to reduce the inverse problem (6.3.1), (6.3.2) to the problem of
solving the Gelfand–Levitan equation.

Proof. Solving the equality (6.3.5) for cos
p
�x, we obtain

cos
p
�x D '.x; �/C

Z x

0

H.x; t/'.t; �/ dt; (6.3.9)

whereH.x; t/ is a continuous function. Using the representation (6.3.5), we calculate

NX
nD0

'.x; �n/ cos
p
�n t

˛n

D

NX
nD0

�cos
p
�n x cos

p
�n t

˛n
C

cos
p
�n t

˛n

Z x

0

G.x; s/ cos
p
�n s ds

�
:

On the other hand, (6.3.9) implies

NX
nD0

'.x; �n/ cos
p
�n t

˛n

D

NX
nD0

�'.x; �n/'.t; �n/
˛n

C
'.x; �n/

˛n

Z t

0

H.t; s/'.s; �n/ ds
�
:

Equating the right-hand sides of the last two equalities and performing simple calcu-
lations, we arrive at the equality

ˆN .x; t/ D IN1.x; t/C IN2.x; t/C IN3.x; t/C IN4.x; t/;
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where

ˆN .x; t/ D

NX
nD0

�'.x; �n/'.t; �n/
˛n

�
cosnx cosnt

˛0n

�
;

IN1.x; t/ D

NX
nD0

�cos
p
�n x cos

p
�n t

˛n
�

cosnx cosnt

˛0n

�
;

IN2.x; t/ D

NX
nD0

cosnt

˛0n

Z x

0

G.x; s/ cosns ds;

IN3.x; t/ D

NX
nD0

Z x

0

G.x; s/
�cos

p
�n t cos

p
�n s

˛n
�

cosnt cosns

˛0n

�
ds;

IN4.x; t/ D �

NX
nD0

'.x; �n/

˛n

Z t

0

H.t; s/'.s; �n/ ds:

Let f .x/ be an arbitrary function that is absolutely continuous on the interval Œ0; �
.
By Theorem 6.1.1,

lim
N!1

max
0�x��

Z �

0

f .t/ˆN .x; t/ dt D 0:

Moreover, convergence in each of the following limits is uniform with respect to x 2
Œ0; �
:

lim
N!1

Z �

0

f .t/IN1.x; t/ dt D

Z �

0

f .t/F.x; t/ dt;

lim
N!1

Z �

0

f .t/IN2.x; t/ dt D

Z x

0

f .t/G.x; t/ dt;

lim
N!1

Z �

0

f .t/IN3.x; t/ dt D

Z �

0

f .t/
� Z x

0

G.x; s/F.s; t/ ds
�
dt;

lim
N!1

Z �

0

f .t/IN4.x; t/ dt

D � lim
N!1

NX
nD0

'.x; �n/

˛n

Z �

0

'.s; �n/
� Z �

s

H.t; s/f .t/ dt
�
ds

D �

Z �

x

f .t/H.t; x/ dt:

Put G.x; t/ D H.x; t/ D 0 for x < t: Since f .x/ is arbitrary, we conclude that

G.x; t/C F.x; t/C

Z x

0

G.x; s/F.s; t/ ds �H.t; x/ D 0:

Since H.t; x/ D 0 for t < x, we arrive at the desired equality (6.3.8).
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Thus, we have shown that the kernel G.x; t/ of the transformation operator for
the eigenfunctions '.x; �/ of the operator lq is a solution to the Gelfand–Levitan
equation (6.3.8). For any fixed x 2 .0; �
, equation (6.3.8) has a unique solution
G.x; t/ in L2.0; x/. The function G.x; t/ is continuous and is as smooth as F.x; t/.
In particular, @

@x
G.x; x/ 2 L2.0; �/.

We will now establish the uniqueness of solutions to the Gelfand–Levitan equation
for fixed x 2 .0; �
.

Note that equation (6.3.8) is a Fredholm equation of the second kind with param-
eter x. Therefore, to prove the uniqueness of its solutions, it suffices to verify that
g.t/ � 0 is the only solution of the homogeneous equation

g.t/C

Z x

0

F.s; t/g.s/ ds D 0: (6.3.10)

Let g.t/ be a solution to (6.3.10). ThenZ x

0

g2.t/ dt C

Z x

0

Z x

0

F.s; t/g.s/g.t/ ds dt D 0

orZ x

0

g2.t/ dt C

1X
nD0

1

˛n

� Z x

0

g.t/ cos
p
�n t dt

�2
�

1X
nD0

1

˛0n

� Z x

0

g.t/ cosnt dt
�2
D 0:

Applying Parseval’s identityZ x

0

g2.t/ dt D

1X
nD0

1

˛0n

� Z x

0

g.t/ cosnt dt
�2

to the function g.t/ extended by zero for t > x, we have

1X
nD0

1

˛n

� Z x

0

g.t/ cos
p
�n t dt

�2
D 0:

Since ˛n > 0, we arrive at the equalityZ x

0

g.t/ cos
p
�n t dt D 0; n � 0:

The system of functions ¹cos
p
�n tºn�0 is complete in L2.0; �/; consequently,

g.t/ � 0. Thus we have shown that equation (6.3.8) has a unique solution G.x; t/
in L2.0; x/ for any fixed x 2 .0; �
.

The following theorem, which is the focus of Section 6.3, provides an algorithm
for solving the inverse problem as well as necessary and sufficient conditions for its
solvability.
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Theorem 6.3.2. For real numbers ¹�n; ˛nºn�0 to be the spectral data of an opera-
tor lq of the form (6.3.1), (6.3.2) with q.x/ 2 L2.0; �/, it is necessary and sufficient
that the conditions (6.3.3), (6.3.4) hold.

The operator lq is constructed according to the following algorithm:

1) construct F.x; t/ from the given numbers ¹�n; ˛nºn�0 using formula (6.3.7);

2) determine G.x; t/ from equation (6.3.8);

3) calculate q.x/, h, and H using the formulas

q.x/ D 2
d

dx
G.x; x � 0/; h D G.C0;C0/; (6.3.11)

H D ! � h �
1

2

Z �

0

q.t/ dt D ! �G.� � 0; � � 0/: (6.3.12)

As noted before, a detailed explanation of this theorem, which is the basis for
the Gelfand–Levitan method, is given in (Gelfand and Levitan, 1955), (Marchenko,
1986), (Levitan, 1987), and (Yurko, 2007).

Consider the Gelfand–Levitan method in the following simple example.

Example 6.3.1. Take �n D n2 (n � 0), ˛n D �=2 (n � 1), and an arbitrary number
˛0 > 0 Set a WD 1=˛0 � 1=� . Applying the algorithm of Theorem 6.3.2, we have

1) by (6.3.7), F.x; t/ � a;

2) solving (6.3.8), we find

G.x; t/ D �
a

1C ax
I

3) in view of (6.3.11), (6.3.12),

q.x/ D
2a2

.1C ax/2
; h D �a; H D

a

1C a�
D
a˛0

�
:

By (6.3.5),

'.x; �/ D cos
p
�x �

a

1C ax

sin
p
�x

p
�

:

Reconstruction of the differential operator lq from two spectra. Together with
the operator lq , we consider the operator

l1qy.x/ D �y
00.x/C q.x/y.x/; x 2 .0; �/;

D.l1q / D ¹y 2 W
2
2 .0; �/ W y

0.0/ � hy.0/ D 0; y.�/ D 0º:

The following theorem holds for the operator l1q .
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Theorem 6.3.3. For real numbers ¹�n; ˛1nºn�0 to be the spectral data of an opera-
tor l1q with potential q.x/ 2 L2.0; �/, it is necessary and sufficient that �n ¤ �m

.n ¤ m/, ˛1n > 0, and the conditions (6.1.13), (6.1.14) hold.

Let ¹�nºn�0 and ¹�nºn�0 be the eigenvalues of lq and l1q , respectively. Then
the asymptotic formulas (6.1.9) and (6.1.13) hold, and the representations (6.1.11)
and (6.1.12) hold for the characteristic functions �.�/ and d.�/, respectively. Note
that (6.1.8) and (6.1.6) imply

˛n D � P�.�n/=ˇn D � P�.�n/'.�; �n/ D � P�.�n/d.�n/:

Theorem 6.3.4. For real numbers ¹�n; �nºn�0 to be the spectra of operators lq
and l1q with q.x/ 2 L2.0; �/, it is necessary and sufficient that (6.1.9), (6.1.13)
and (6.1.15) hold. The function q.x/ and the numbers h and H are constructed
according to the following algorithm:

1) determine the weights ˛n of the operator lq from the given spectra ¹�nºn�0 and
¹�nºn�0 using the formula

˛n D � P�.�n/d.�n/;

where �.�/ and d.�/ are calculated from (6.1.11) and (6.1.12);

2) use the numbers ¹�n; ˛nºn�0 to find q.x/, h and H using the algorithm of
Theorem 6.3.2.

More detailed proofs are presented in (Yurko, 2007).

6.4 Inverse scattering problems

Inverse scattering problems represent one of the most important and large areas in the
theory and applications of inverse problems. A lot of books on this subject have been
written. In this section we will confine ourselves to just a few formulations (mostly
one-dimensional) of stationary inverse scattering problems and discuss their relation-
ship with inverse spectral problems. Complete exposition of the relevant results can
be found in (Berezanky, 1958), (Faddeev, 1956, 1959), (Marchenko, 1952), (Chadan
and Sabatier, 1989), (Levitan, 1987), (Ramm, 1992), and (Colton and Kress, 1983).

Consider the stationary Schrödinger equation for two particles in dimensionless
variables

��uC q.x/u D k2u; x 2 R3; (6.4.1)

where k > 0 is a fixed constant representing energy, and x D .x1; x2; x3/ is a point
in R3. Assume that q.x/ 2 L2.B.0; r0/ / is a real-valued measurable function with

support in the ball B.0; r0/ D ¹x 2 R3: jxj � r0º, where jxj D
q
x21 C x

2
2 C x

2
3
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and r0 is the radius of the smallest ball that contains the support of q.x/. We seek a
solution to equation (6.4.1) in the form

u.x; �; k/ D eikh�;xi C usc.x; �; k/; (6.4.2)

where � is a given unit vector that belongs to the unit sphere S2 � R3, the first
term uin.x; �; k/ D eikh�;xi represents the incident field, and the function usc.x; �; k/

represents the scattered field.
The direct scattering problem consists in finding a solution u of (6.4.1) of the

form (6.4.2) satisfying the following condition at infinity:

usc.x; �; k/ D A.� 0; �; k/
eikr

r
C o

�1
r

�
; r D jxj ! 1I � 0 D

x

jxj
: (6.4.3)

The function A.� 0; �; k/ is called the scattering amplitude. Note that once we find
a solution u.x; �; k/ to the problem (6.4.1)–(6.4.3), the scattering amplitude can be
calculated using the formula

A.� 0; �; k/ D lim
jxj!1; x=rD� 0

r e�ikrusc.x; �; k/: (6.4.4)

It also worth pointing out that the above conditions imposed on the potential q.x/,
namely, q.x/ 2 L2.B.0; r0/ /, ensure the existence and uniqueness of solution of the
direct scattering problem.

For the direct problem (6.4.1)–(6.4.3), we formulate several inverse scattering prob-
lems.

Inverse problem 1. Find q.x/ assuming that A.� 0; �; k/ is given for all � 0; � 2 S2

and for all k > 0.
Inverse problem 2 (for fixed energy). Find q.x/ assuming that A.� 0; �; k/ is given

for all � 0; � 2 S2 and a fixed k > 0.
Inverse problem 3 (for fixed incident wave). Find q.x/ assuming that A.� 0; �; k/ is

given for all � 0 2 S2, all k > 0, and a fixed � 2 S2.
Inverse problem 4. Find q.x/ assuming that A.��; �; k/ is given for all � 2 S2

and for all k > 0.
Note that A.� 0; �; k/ is an analytic function of the variables � 0 and � in C3, and S2

is an analytic algebraic manifold in C3. Therefore, specifying the function A.� 0; �; k/

on any open subset of S2 determines this function uniquely on the entire S2.
Proofs of the uniqueness theorems for the inverse problems 1–4 can be found, for

example, in (Ramm, 1992).

One-dimensional formulation. Consider the case where the potential q.x/, x D

.x1; x2; x3/ 2 R3, depends only on r D jxj D
q
x21 C x

2
2 C x

2
3 . Then we can

apply the method of separation of variables can be applied to equation (6.4.1) putting
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u.x1; x2; x3/ D
'.r/
p
r
Y lm.ˇ; �/, l D 0; 1; 2; : : : , where x1 D r sinˇ cos � , x2 D

r sinˇ sin � , x3 D r cosˇ, and Y lm.ˇ; �/ are spherical harmonics. Then for every
l D 0; 1; 2; : : : we have a differential equation for '.r/:

'rr C
1

r
'r �

.l C 1=2/2

r2
' � q.r/' C k2' D 0: (6.4.5)

We will assume that the potential q.r/ satisfies the conditionZ 1
0

r jq.r/j dr <1: (6.4.6)

Then, for a normalized solution to equation (6.4.5) that is regular at zero, the following
asymptotic formula holds as r !1 with fixed l and k:

p
r '
�
r; k; l C

1

2

�
D A

�
k; l C

1

2

�
sin
h
kr �

�l

2
C ı

�
k; l C

1

2

�i
C o.1/: (6.4.7)

As before, the function A.k; l C 1=2/ represents the scattering amplitude, while
ı.k; l C 1=2/ is called the scattering phase or the phase shift.

In this case, by the inverse problem of the quantum scattering theory we mean the
problem of determining the potential function q.r/ from the given values of the phase
shift ı.k; l C 1=2/ for some values of k and l .

The two most thoroughly studied formulations of the inverse quantum scattering
problem are: a) the case where the phase shift is specified for a fixed value l D l0
and all k2 > 0; b) the case where the phase shift is given for a fixed value of energy
E D E0 D k

2 and all l D 0; 1; 2; : : : : The first problem is called the inverse problem
of the quantum scattering theory with fixed angular momentum. The second problem
is called the inverse problem of the quantum scattering theory with fixed energy.

We will focus briefly on the first formulation where l0 D 0 and so the equa-
tion (6.4.5) has the form

'rr C
1

r
'r �

1

4r2
' � q.r/' C k2' D 0: (6.4.8)

For the function  D
p
r', equation (6.4.8) assumes the simplified form

 rr � q.r/ C k
2 D 0: (6.4.9)

A typical boundary condition that arises in quantum mechanics is

 .0; k/ D 0:

Thus, the inverse problem of the quantum scattering theory with the fixed angular
momentum l0 D 0 is reduced to the inverse Sturm–Liouville problem on the half-axis
r 2 RC.
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The Sturm–Liouville problem on a half-axis. We now return to the previous no-
tation and consider the Sturm–Liouville problem

�y00 C q.x/y D �y; x 2 RC; (6.4.10)

y.0/ D 0; (6.4.11)

where q.x/ is assumed to be a real-valued measurable function satisfying the condi-
tion Z 1

0

xjq.x/j dx <1: (6.4.12)

Let L denote the operator

y.x/! �y00.x/C q.x/y.x/;

from L2.0;1/ into L2.0;1/. The domain of definition of this operator is the set
of all functions y.x/ 2 W 2

2 .0;1/ that satisfy the boundary condition (6.4.11), i.e.,
y.0/ D 0. Note that the space W 2

2 .0;1/ is everywhere dense in L2.0;1/ (see
Definition A.1.23).

Since the operator L is self-adjoint, its spectrum lies on the real axis Im� D 0 of
the complex plane. Moreover, the condition (6.4.12) guarantees that the entire half-
axis � > 0 is contained in the continuous spectrum, and the number n of negative
eigenvalues is finite (Naimark, 1967):

n �

Z 1
0

xjq.x/j dx <1:

The condition (6.4.12) also implies the existence of solutions e.x; k/ to equa-
tion (6.4.10) with real k D

p
� such that

e.x; k/ D eikx C o.1/; x !C1: (6.4.13)

In the scattering theory, e.x; k/ is called the Jost solution. The function e.x; k/ ad-
mits analytic continuation to the upper half-plane with respect to k so that e.x; k/ 2
L2.0;1/ for Im k > 0.

For real k ¤ 0, the functions e.x; k/ and e.x;�k/ represent a pair of linearly
independent solutions to equation (6.4.10). These solutions are complex conjugates,
i.e., e.x;�k/ D e.x; k/, and their Wronskian e0.x; k/e.x;�k/ � e0.x;�k/e.x; k/ is
independent of x and is equal to 2ik.

Substituting e.x; k/ into the boundary condition (6.4.11), we obtain the function
Oj .k/ D e.0; k/, which is analytic in CC WD ¹k: Im k > 0º. This function is called

the Jost function (corresponding to the boundary condition (6.4.11)).
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Let '.x; k/ (k D
p
� ) denote a solution to (6.4.10) that satisfies the boundary

condition (6.4.11) and the initial condition

'0.0; k/ D k: (6.4.14)

The function '.x; k/ satisfies the following asymptotic formula:

'.x; k/ D j Oj .k/j sin.kx C ı.k//C o.1/; x !1: (6.4.15)

The function ı.k/ is called the scattering phase or the phase shift for the prob-
lem (6.4.10)–(6.4.12). The scattering phase ı.k/ and the Jost function Oj .k/ are related
by the formula

Oj .k/ D j Oj .k/je�iı.k/: (6.4.16)

Since Oj .k/ D Oj .�k/, from (6.4.16) it follows that the scattering phase ı.k/ is odd:

ı.�k/ D �ı.k/; k > 0:

The Jost function Oj .k/ has the following properties (Levitan and Sargasyn, 1970):

1) Oj .k/ does not vanish for real k ¤ 0;

2) Oj .k/ and d Oj .k/=dk do not vanish together;

3) the number of zeros of Oj .k/ in the upper half-plane is finite, and all of them are
simple and purely imaginary.

We introduce an S -function, also called the scattering function of the problem
(6.4.10)–(6.4.12):

S.k/ WD
Oj .�k/

Oj .k/
D e2iı.k/: (6.4.17)

Note that jS.k/j D 1 and S.k/S.�k/ D 1 for k 2 R, and

S.k/ D 1CO
�1
k

�
for k !1: (6.4.18)

The asymptotic formula (6.4.18) means that a natural normalization for the phase
is

ı.1/ D 0: (6.4.19)

The negative eigenvalues of the problem (6.4.10)–(6.4.12) will be denoted by
��1;��2; : : : ;��n, ��j D .ikj /2, kj > 0. The normalization constants mj can be
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defined as the numbers characterizing the asymptotic behavior of eigenfunctions  j
associated with the discrete spectrum of the operator L:

 j .x/ D e�kjx C o.1/; x !C1;

mj D

Z 1
0

 2j .x/ dx:
(6.4.20)

We have

mj D �2ikj
h @e
@x
.0; ikj /

@e

@k
.0; ikj /

i�1
:

The scattering data of the boundary value problem (6.4.10)–(6.4.12) is the set
s WD ¹S.k/; k1; k2; : : : ; kn; m1; m2; : : : ; mnº, where S.k/ is the scattering func-
tion, �k2j (1 � j � n) are the negative eigenvalues of the operator L, and mj are
the normalization constants. It is usually assumed that k1 > k2 > � � � > kn > 0.
By virtue of (6.4.17), the scattering datas can also be defined by the scattering phase:
s D ¹ı.k/; k1; k2; : : : ; kn; m1; m2; : : : ; mnº.

Set

F.x/ D

nX
jD1

1

mj
e�kjx C

1

2�

Z 1
�1

Œ1 � S.k/
eikx dk: (6.4.21)

The integral equation

F.x C y/CK.x; y/C

Z 1
x

K.x; t/F.t C y/ dt D 0; y � x; (6.4.22)

is called the main integral equation of the inverse problem of the quantum scattering
theory. The following theorem is valid (Levitan, 1987).

Theorem 6.4.1. Assume that the function F.x/ defined by (6.4.21) satisfies the con-
dition Z 1

x

xjF 0.x/j dx <1; (6.4.23)

and ı.k/ satisfies (6.4.19). Then the main integral equation (6.4.22) has a unique
solution K.x; y/ 2 L.x;1/ for any x � 0, and the function

f .x; k/ D eikx C

Z 1
x

K.x; t/eikt dt (6.4.24)

satisfies the equation

�y00 C q.x/y D k2y; 0 � x <1;
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where

q.x/ D �2
d

dx
K.x; x/:

Moreover, Z 1
0

xjq.x/j dx <1:

Exercise 6.4.1. Compare (6.4.24) and (6.4.13).

The main integral equation (6.4.22) can be used to derive a formula for the expan-
sion in terms of the eigenfunctions of the Sturm–Liouville problem (6.4.10)–(6.4.12).
Under the assumptions of Theorem 6.4.1, letK.x; y/ be a solution to the main integral
equation (6.4.22). Put

 j .x/ D e�kjx C
Z 1
x

K.x; t/e�kj t dt; (6.4.25)

 .x; k/ D sin.kx C ı.k//C
Z 1
x

K.x; t/ sin.kt C ı.k// dt: (6.4.26)

The functions (6.4.25) and (6.4.26) are solutions to the equation

�y00 C q.x/y D �y; 0 < x <1;

where q.x/ D �2 d
dx
K.x; x/, � D k2.

An arbitrary finite smooth function f .x/ can be expanded with respect to the eigen-
functions (6.4.25) and (6.4.26) as follows:

f .x/ D

nX
jD1

 j .x/
1

mj

Z 1
0

f .y/ j .y/ dy

C
2

�

Z 1
0

 .x; k/
h Z 1

0

f .y/ .y; k/ dy
i
dk:

It should be noted that fundamental results on the inverse scattering problem for the
problem (6.4.10), (6.4.11) are presented in (Agranovich and Marchenko, 1963). The
problem (6.4.10)–(6.4.12) can be formulated in a more general form if the boundary
condition y.0/ D 0 is replaced by y.0/ cos˛ C y0.0/ sin˛ D 0, ˛ 2 R. Such
a formulation of the problem is discussed in (Levitan, 1987). Results analogous to
those presented above (for sin˛ D 0) were also obtained for the general case sin˛ ¤
0. Several different approaches to the inverse scattering problems as well as their
relationship with the inverse Sturm–Liouville problem were discussed in the survey
paper by Faddeev (1959), which also contains an extensive bibliography.
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The spectral distribution function of the Sturm–Liouville operator. Consider
the Sturm–Liouville problem on a half-axis:

�y00 C q.x/y D �y; 0 � x <1; (6.4.27)

with the boundary condition

y.0/ cos˛ C y0.0/ sin˛ D 0; (6.4.28)

where q.x/ is a real-valued continuous function, � is a spectral parameter, and ˛ is
a real number. Clearly, if sin ˛ D 0, we arrive at the problem (6.4.10), (6.4.11).
As was mentioned before, the problem (6.4.27), (6.4.28) determines a self-adjoint
operator L˛ in L2.0;1/.

Let '˛.x; �/ denote a solution to equation (6.4.27) that satisfies the initial condi-
tions

'˛.0; �/ D sin˛; '0˛.0; �/ D � cos˛:

It is obvious that '˛.0; �/ satisfies the boundary condition (6.4.28).
One of the main theorems in the spectral analysis of the problem (6.4.27), (6.4.28)

is Weyl’s theorem formulated below (Levitan and Sargasyn, 1970).

Theorem 6.4.2. There is at least one nondecreasing function �.�/, � 2 R, such that
for any real-valued function f .x/ 2 L2.0;1/ there exists a limit

F˛.�/ D lim
.	/
n!1

Z n

0

f .x/'˛.x; �/ dx

in the norm of the space L2;	.�1;1/, and Parseval’s identity holds:Z 1
0

f 2.x/ dx D

Z 1
�1

F 2˛ .�/ d�.�/: (6.4.29)

The function �.�/ is called the spectral function of the problem (6.4.27), (6.4.28).
Note that if g.x/ 2 L2.0;1/ is another function such that

G˛.�/ D lim
.	/
n!1

Z n

0

g.x/'˛.x; �/ dx;

then, after applying (6.4.29) to the functions f .x/C g.x/ and f .x/ � g.x/ and sub-
tracting one result from the other, we obtainZ 1

0

f .x/g.x/ dx D

Z 1
�1

F˛.�/G˛.�/ d�.�/: (6.4.30)

Equality (6.4.30) is called the generalized Parseval’s identity.
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From (6.4.30) it follows that if the integralZ 1
�1

F˛.�/'˛.x; �/ d�.�/

converges uniformly on any finite interval and f .x/ is a continuous function, then

f .x/ D

Z 1
�1

F˛.�/'˛.x; �/ d�.�/: (6.4.31)

Thus, the integral transformation

F˛.�/ D

Z 1
0

f .x/'˛.x; �/ dx (6.4.32)

generated by '˛.x; �/ is an isometric mapping from L2.0;1/ onto the weight space
L2;	.�1;1/ of all �-measurable functions F˛.�/ such thatZ 1

�1

jF˛.�/j
2 d�.�/ <1:

The image of the operator L˛ under the transformation (6.4.32) is multiplication
by �, while the transformation inverse to (6.4.32) is given by (6.4.31). The set of
points of increase for the spectral function �.�/ coincides with the spectrum of the
operator L˛. The spectral function �.�/ for an operator with continuous spectrum is
continuous. If the spectrum of the operator L˛ is discrete, then the spectral function
is piecewise-constant. The behavior of the spectral function in the case of a discrete
spectrum is described in Subsection 10.1.4.

The classical inverse spectral Sturm–Liouville problem consists in the reconstruc-
tion of an operator L˛ (i.e., finding q.x/ and ˛) from a given spectral function �.�/.
Several effective methods for solving this problem were developed by V. A. Mar-
chenko, M. G. Krein, I. M. Gelfand, and B. M. Levitan.

6.5 Inverse scattering problems in the time domain

Unlike the problems for the Schrödinger equation (6.4.1) considered above, inverse
scattering problems in the time domain have more intuitive interpretation. Suppose
that the segment .0; x0/ of an infinite string whose transverse oscillations are de-
scribed by the equation

ut t D uxx � q.x/u; x 2 R;

is unknown.
Assume that the string is uniform for x < 0 and x � x0, i.e., q.x/ D 0. In inverse

scattering problems, it is required to determine the function q.x/ by measuring the
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response of the string to the waves at some of its points. The waves on the string may
be induced both outside and within the segment under study. In the latter case, the
form of the wave may also be unknown.

A large number of practical problems are reduced to similar problems. For exam-
ple, consider the inverse problem of seismology following (Alekseev and Belonosov,
1998).

Assume that flat SH -waves are propagating in the elastic half-space z � 0 whose
mechanical properties depend only on depth z, and these waves are polarized along
some line parallel to the plane z D 0. Suppose that there is no normal stress at the
boundary z D 0 Under these conditions, the shift w of points of the medium depends
only on time t and depth z and satisfies the equation

.�wz/z D �wt t ; (6.5.1)

where �.z/ is the density of the medium and �.z/ is the shear modulus at depth z.
In what follows, we assume that �.z/ and �.z/ are positive and twice continuously
differentiable. They are also assumed to be constant for z � z0 > 0, being equal to
given values �0 > 0 and �0 > 0, respectively.

The following direct problems consist in finding the medium oscillation w.z; t/
induced by a given wave povided the medium properties g.z/ and �.z/ are known.

Direct problem 1 (with internal sources). Assume that there are no external forces
on the surface z D 0, i.e.,

wz
ˇ̌
zD0
D 0; (6.5.2)

and oscillations are induced by a wave '1.tc0Cz/ that moves from the domain z > z0
with the speed c0 D

p
�0=�0. Let '1.z/ D 0 for z < z0 and

w
ˇ̌
t�0
D '1.tc0 C z/: (6.5.3)

The equalities (6.5.1)–(6.5.3) will be called the problem with internal sources.
Direct problem 2 (with external sources). If the sources of oscillations are outside

the half-space RC, then the boundary condition (6.5.2) must be replaced with the
condition

2�wz
ˇ̌
zD0
D '2.t/; (6.5.4)

where '2.t/ vanishes for t � 0. It is assumed that no oscillations occur before the
action of (6.5.4):

w
ˇ̌
t�0
� 0: (6.5.5)

The equations (6.5.1), (6.5.4), (6.5.5) will be called the problem with external sources.
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The oscillations described by equation (6.5.1) propagate at depth z with the speed
c.z/ D

p
�.z/=�.z/. Equation (6.5.1) and the analysis thereof are substantially sim-

plified if we substitute a new independent variable x.z/ for z, where x.z/ is equal to
the travel time of the wave from depth z to the boundary of the half-space z D 0:

x.z/ WD

Z z

0

dy

c.y/
:

The quantity

�.x/ D
p
�.z.x//�.z.x// D �.z.x// c.z.x// (6.5.6)

is called the acoustic impedance.
We now introduce new functions

u.x; t/ D
p
�.x/w.z.x/; t/; q.x/ D .ln

p
�.x/ /00 C Œ.ln

p
�.x/ /0
2;

g1.x/ D
p
�0'1.c0.x � x0/C z0/; g2.t/ D

1

2
p
�.0/

'2.t/;

where x0 D x.z0/, �0 D
p
�0�0. Set

h D
� 0.0/

2�.0/
:

Under the assumptions on the properties of the functions � and �, the coeffi-
cient q.x/ is continuous on RC and it vanishes for x � x0. The support of g1.x/
is contained in Œx0;1/.

In the new notation, problem 1 becomes as follows

ut t D uxx � q.x/u; x > 0; t 2 R; (6.5.7)

.ux � hu/
ˇ̌
xD0
D 0; u

ˇ̌
t�0
D g1.t C x/; (6.5.8)

whereas in problem 2 the conditions (6.5.8) are replaced by the boundary and initial
conditions

.ux � hu/
ˇ̌
xD0
D g2.t/; u

ˇ̌
t�0
� 0: (6.5.9)

In inverse problems of geophysics, it is required to determine the acoustic impedance �
(which becomes the function q.x/ after transformation), from the measurements of
the wave u.x; t/ at a fixed point 	 … .0; x0/.

Inverse problem 1.1. Assume that the following additional information about solu-
tions to the direct problem 1 is given:

u.0; t/ D f11.t/; t > 0: (6.5.10)
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Given the functions g1.x/ and f11.t/, it is required to determine the function q.x/
and the constant h from (6.5.7), (6.5.8), and (6.5.10).

Inverse problem 1.2. Assume that the following additional information about solu-
tions to the direct problem 1 is given:

u.	; t/ D f12.t/; 	 � x0; 	 D const; t > 0: (6.5.11)

Given the functions g1.x/ and f12.t/, it is required to determine q.x/ and h from
(6.5.7), (6.5.8), and (6.5.11).

Inverse problem 2.1. Assume that the following additional information about solu-
tions to the direct problem 2 is given:

u.0; t/ D f21.t/; t > 0: (6.5.12)

Given g2.t/ and f21.t/, it is required to determine q.x/ and h from (6.5.7), (6.5.9),
and (6.5.12).

Inverse problem 2.2. Assume that the following additional information about solu-
tions to the direct problem 2 is given:

u.	; t/ D f22.t/; 	 D const; 	 � x0; t > 0: (6.5.13)

Given g2.t/ and f22.t/, it is required to determine q.x/ and h from (6.5.7), (6.5.9),
and (6.5.13).

Aside from geophysics, the inverse problem formulated above are studied in scat-
tering theory, tomography, nondestructive testing, and many other fields. For example,
the positioning problem 1.2 is equivalent to the classical inverse problem of scatter-
ing theory. Problems 1.1 and 2.2 can be interpreted as scanning problems, while
problems 1.2 and 2.1 can be interpreted as positioning problems. All four inverse
problems are equivalent in the sense that they can be reduced to each other by means
of explicit formulas and the Fourier transform. Therefore, any result obtained in the
study of any one of these problems would apply to the others.

The Sturm–Liouville problem on a half-axis in the case of finite potential. Con-
sider the spectral problem

�U 00 C q.x/U D k2U; x > 0; (6.5.14)

.U 0 � hU /
ˇ̌
xD0
D 0 (6.5.15)

obtained from equation (6.5.7) and the first condition in (6.5.8) using the formal
Fourier transform

U.x; k/ D
1
p
2�

Z 1
�1

e�iktu.x; t/ dt:
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Note that the boundary condition (6.5.15) coincides with (6.4.28) for sin˛ ¤ 0. Re-
call that the potential q.x/ is continuous on RC and is finite: q.x/ � 0 for x � x0.

We denote by Lh the operator

y.x/! �y00.x/C q.x/y.x/;

acting in the space L2.0;1/ and defined for all functions y.x/ 2 W 2
2 .0;1/ such

that y 0.0/ � hy.0/ D 0.
We now examine the spectrum of Lh. Put � D k2. Since Lh is self-adjoint, its

spectrum lies on the real axis Im� D 0 of the complex plane. Since q.x/ is finite, the
entire half-axis � > 0 belongs to the continuous spectrum, while the half-axis � < 0

can contain only eigenvalues. In this case, the operator Lh has no eigenvalues � � 0.
Indeed, if we assume the converse and return to the original physical variables—
density �, shear modulus �, depth z, and shift w—then we would find eigenvalues
� � 0 of the spectral problem

�.�wz/z D ��w; z > 0I wz
ˇ̌
zD0
D 0;

which is a contradiction.
Note that in this case the inversion formula (6.4.31) becomes

f .x/ D

Z 1
0

F.�/'.x; �/ d�.�/;

where �.�/ is the spectral distribution function for the operatorLh, f .x/ 2 L2.0;1/,
F.�/ 2 L2;	.�1;1/, and '.x; �/ is a solution to the Cauchy problem

�' 00.x; �/C q.x/'.x; �/ D �'.x; �/; '.0; �/ D 1; '0.0; �/ D h; x � 0:

We now establish the connection between the spectral function of the operator Lh
and the Jost function j.k/ of the problem (6.5.14), (6.5.15).

Since q.x/ D 0 for x � x0, equation (6.5.14) has a Jost solution e.x; k/ that
coincides with eikx for x � x0. This function is holomorphic with respect to the
variable k in the entire complex plane and, together with its derivatives ex D e.1/

and exx D e.2/ with respect to x, it can be represented in the form

e.m/.x; k/ D eikxŒ.ik/m C  m.x; k/
; m D 0; 1; 2: (6.5.16)

Here  m.x; k/ D 0 for x � x0 and

j m.x; k/j � Cm.jkj C 1/
m�1e˛.j Imkj�Imk/

for x 2 .0; x0/, where Cm and ˛ are positive constants.
Substituting e.x; k/ into the boundary condition (6.5.15), we obtain the entire func-

tion j.k/ D e0.0; k/ � he.0; k/, which is the Jost function of the problem (6.5.15),
(6.5.16).
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Lemma 6.5.1. The Jost function j.k/ of the problem (6.5.15), (6.5.16) does not van-
ish for Im k � 0, k ¤ 0, but has zero of the first order at k D 0.

The proof is given in (Alekseev and Belonosov, 1998).
The most important role of the Jost function in inverse problems consists in the fact

that, on one hand, there is a one-to-one correspondence between it and the spectral
distribution function of the operator Lh, while, on the other hand, it is related to the
data of the inverse scattering problems 1.1, 1.2, 2.1, 2.2.

The following theorem reveals the relationship between the spectral function �.�/
and the Jost function j.

p
� /.

Theorem 6.5.1. The spectral function �.�/ of the operator Lh vanishes for � � 0

and satisfies the equation

�0.�/ D

p
�

�jj.
p
� /j2

for � > 0.

This formula was first obtained for Sturm–Liouville operators with the Dirichlet
boundary condition (Faddeev, 1959; Levitan, 1987; Chadan and Sabatier, 1989). The
case of the boundary condition y0.0; �/ � hy.0; �/ D 0 was discussed in (Alekseev,
1962). The complete proof of the theorem is given in (Alekseev and Belonosov, 1998).

As before, let e.x; k/ be the Jost solution to equation (6.5.14), and j.k/ D

e0.0; k/ � he.0; k/ be the Jost function. If g1.x/ in the direct problem 1 belongs
to the space W 2

2 .R/ and g1.x/ D 0 outside of Œx0;1/, then it can be proved that this
problem has a solution u.x; t/ such that for any k ¤ 0, Im k � 0, its Fourier image
U.x; k/ can be represented in the form

U.x; k/ D G1.k/
h
e.x; k/ �

j.k/

j.�k/
e.x;�k/

i
; (6.5.17)

where G1.k/ is the Fourier image of the function g1. A similar statement holds for
the direct problem 2 in the case where g2.t/ 2 W 1

2 .R/ and g2.t/ D 0 for t < 0. If we
denote by V.x; k/ the Fourier image of the derivative ut of a solution to the problem,
then

V.x; k/ D G2.k/
h ik

j.�k/

i
e.x;�k/; (6.5.18)

where G2.k/ is the Fourier image of g2, k ¤ 0, and Im k � 0.
Formulas (6.5.16) and (6.5.18) make it possible to associate the Fourier images

Fij .k/ of the data fij , i; j D 1; 2, of the inverse problems with the Fourier im-
ages Gi .k/ of the sources gi , i D 1; 2, using the Jost function:

U.0; k/ D F11.k/ D P11.k/G1.k/; U.	; k/ D F12.k/ D P12.	; k/G1.k/;

V .0; k/ D F21.k/ D P21.k/G2.k/; V .	; k/ D F22.k/ D P22.	; k/G2.k/:
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In the above relations, 	 > x0 is the observation point in the inverse problems 1.2
and 2.2,

P11.	; k/ D �
2ik

j.�k/
; P12.	; k/ D eik� �

j.k/

j.�k/
e�ik� ;

P21.	; k/ D
ik

j.�k/
e.0; k/; P22.	; k/ D

ik

j.�k/
e�ik� :

The functions Pij .	; k/ are called transition functions.

Theorem 6.5.2. On the real axis, the Jost function can be expressed in terms of any
of the transition functions, and vice versa.

The proof can be found in (Alekseev and Belonosov, 1998).
Note that the transition functions represent none other than the response of the

medium to the impulse function gj .t/ D ı.t/, j D 1; 2.
Thus, the inverse problems 1.1, 1.2, 2.1, and 2.2 are equivalent in the following

sense: any of the four transition functions determines the Jost function and, conse-
quently, the other three transition functions.

In turn, by Theorem 6.5.1, the Jost function determines the spectral function �.�/.
Given �.�/, one can reconstruct the coefficients q.x/ and h of the original equations
(6.5.7)–(6.5.9) using well-known effective methods for solving the spectral Sturm–
Liouville problem.



Chapter 7

Linear problems for hyperbolic equations

In the beginning of this chapter, we deal with the Cauchy problem on a time-like
surface. In Sections 7.1 and 7.2, we analyze the problem of the reconstruction of a
function from its spherical means and establish the relationship between this problem
and the ill-posed Cauchy problem (Courant and Hilbert, 1951; Romanov, 1973). Sec-
tion 7.3 provides an example of a numerical method for solving the inverse problem
of thermoacoustics. Section 7.4 is devoted to the linearized inverse problem for the
wave equation.

7.1 Reconstruction of a function from its spherical means

Consider the problem of reconstruction of a function q.z; y1; y2/ from the mean val-
ues of this function on spheres of arbitrary finite radius r with centers in the plane
z D 0. A point in the three-dimensional space will be denoted by .z; y/, y D .y1; y2/,
and the function q.z; y1; y2/ by q.z; y/. Let .	; 
/ .
 D .
1; 
2// be a variable point
on a sphere of radius r centered at .0; y/. In this notation, the problem of determin-
ing the function q.z; y/ from its spherical means can be formulated as a problem of
solving the integral equation

1

4�

“
�2Cj�j2Dr2

q.	; y C 
/ d! D f .y; r/ (7.1.1)

with a given function f .y; r/ .r � 0/. In this equation, d! denotes an element of the
solid angle with vertex at .0; y/. Any odd function q.z; y/ with respect to z satisfies
equation (7.1.1) for f .y; r/ � 0, and therefore we will assume that q.z; y/ is an even
function with respect to z and continuously differentiable with respect to y1 and y2.

We will use the Courant method (Courant and Hilbert, 1951). Consider the result
of applying the operation

Bif WD
@

@yi

Z R

0

r2f .y; r/ dr; i D 1; 2;

to equation (7.1.1).
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Using the Gauss–Ostrogradsky formula, we obtain

Bif D
1

4�

@

@yi

Z R

0

r2
h “

�2Cj�j2Dr2
q.	; y C 
/ d!

i
dr

D
1

4�

@

@yi

•
�2Cj�j2�R2

q.	; y C 
/ d	 d


D
1

4�

•
�2Cj�j2�R2

q�i .	; y C 
/ d	 d


D
1

4�

“
�2Cj�j2DR2

q.	; y C 
/ cos.n; 
i / dS

D
1

4�
R

“
�2Cj�j2DR2

q.	; y C 
/
i d!:

In these calculations, dS denotes the surface area element of the sphere 	2 C j
j2 D
R2 equal to R2 d!, while cos.n; 
i / denotes the cosine of the angle between the
normal n to the sphere and the axis 
i , and the following equality is used:

cos.n; 
i / D

i

R
:

We now consider the operator

Lif D
h 1
R
Bif C yif .y;R/

i
RDr

:

When applied to equation (7.1.1), it yields

Lif D
1

4�

“
�2Cj�j2Dr2

q.	; y C 
/.yi C 
i / d!; i D 1; 2; (7.1.2)

i.e., the action of Li on f is equivalent to calculating the spherical mean of the func-
tion q.z; y/yi , which is the first moment of q.z; y/ with respect to the i th coordinate.
Therefore, applying the operator Lj to Lif , we have

LjLif D
1

4�

“
�2Cj�j2Dr2

q.	; y C 
/.yi C 
i /.yj C 
j / d!; i; j D 1; 2:

We now consider a fixed sphere of radius r centered at .0; y/. Having determined
the operators Li .i D 1; 2/ from the given function f .y; r/, we find the first moments
for the function q.z; y/ on this sphere. Then the second application of the operatorsLi
.i D 1; 2/ will give us all second moments on this sphere with respect to y1 and y2,
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and so on. Thus we can calculate the moments of any order with respect to y1 and y2.
For example, the spherical mean of the function q.z; y/yk11 y

k2
2 is given by

L
k1
1 L

k2
2 f D

1

4�

“
�2Cj�j2Dr2

q.	; y C 
/.y1 C 
1/
k1.y2 C 
2/

k2 d!;

k1; k2 D 0; 1; 2; : : : : (7.1.3)

At the same time, the function q.	; y C 
/ on our sphere is clearly a function of two
variables because 	 D ˙

p
r2 � j
j2 on the sphere. Since q.	; y C 
/ is odd with

respect to 	 , the relation (7.1.3) can be written in the form

L
k1
1 L

k2
2 f D

1

2�r

“
j�j�r

q.

q
r2 � j
j2; y C 
/.y1 C 
1/

k1.y2 C 
2/
k2

d
p
r2 � j
j2

D
1

2�r

“
j��yj�r

q.

q
r2 � j� � yj2; �/�

k1
1 �

k2
2

d�p
r2 � j� � yj2

;

where � D .�1; �2/ denotes the variable y C 
. The preceding formula shows that for
the function of two variables (with fixed .y; r/!)

�.�1; �2/ D
q.
p
r2 � j� � yj2; �/p
r2 � j� � yj2

we know all power moments over the interior of a disk of fixed radius:

L
k1
1 L

k2
2 f D

1

2�r

“
j��yj�r

�.�/�
k1
1 �

k2
2 d�; k1; k2 D 0; 1; 2; : : : : (7.1.4)

It is clear that the function �.�/ is uniquely determined by these moments. To find its
an approximate solution, from the system of functions �k11 �

k2
2 .k1; k2 D 0; 1; 2; : : : /

we construct a complete system of polynomials Pn.�/ D Pn.�1; �2/ orthogonal inside
the disk j��yj � r using the orthogonalization method. Then the Fourier coefficients
sn for the function �.�/ are calculated as follows:

sn D

“
j��yj�r

�.�/Pn.�/ d� D 2�rPn.L1; L2/f;

which yields the function �.�/ in the form of a Fourier series. Note that the singularity
of �.�/ on the boundary of the disk is integrable.

We have shown the way to construct the function q.z; y/ on any fixed sphere by
calculating certain operators for the function f .y; r/. It is clear from the construction
that in order to uniquely determine the function q.z; y/ everywhere (in the class in-
dicated above), it is sufficient that the function f .y; r/ be given inside an arbitrarily
thin cylinder

jy � y0j � "; 0 � r <1;
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whose axis passes through a fixed point y0 (where " is a positive number that is as
small as desired). Assume that this cylinder has finite hight: 0 � r � r0 .r0 > 0/.
Then the procedure described above can be used to determine the function q.z; y/
on any sphere whose center lies inside the disk jy � y0j � ", z D 0, and whose
radius r is between 0 and r0. Consequently, the function q.z; y/ is determined inside
a certain three-dimensional domain D. Given q.z; y/ inside D, we can calculate its
spherical means over any sphere whose center lies in the plane z D 0 that lies within
the domain D. To this end, it is sufficient that the radius r and the center .0; y/ of the
sphere satisfy the conditions

r C jy � y0j � r0 C "; if jy � y0j � ";

r � r0; if jy � y0j � ":
(7.1.5)

Consequently, the function f .y; r/ can be determined in the domain defined by (7.1.5).
We have established that the values of the function f .y; r/ inside the cylinder jy �

y0j � ", 0 � r � r0 determine f .y; r/ inside the circular truncated cone such
that its base is the top of the cylinder and the angle between its generatrices and the
plane r D 0 is 45ı. This means that the function f .y; r/ cannot be specified in
an arbitrary way. Moreover, f .y; r/ that can be represented in the form (7.1.1) has a
property of analytic type: it is uniquely determined by its values in an arbitrarily small
cylinder jy � y0j � ", 0 � r < 1. At the same time, it is obvious that nonanalytic
functions q.z; y/ correspond to nonanalytic functions f .y; r/.

7.2 The Cauchy problem for a hyperbolic equation with
data on a time-like surface

We will show that the problem of solving equation (7.1.1) is ill-posed. Consider the
function

v.z; y; t/ D
t

4�

“
�2Cj�j2Dt2

q.z C 	; y C 
/ dw; (7.2.1)

which is a spherical mean over the sphere of radius t centered at .z; y/ up to a multi-
plier for t . The function q.z; y/ is assumed to be twice continuously differentiable. It
is easy to verify that in the half-space t � 0 the function v.z; y; t/ satisfies the wave
equation

vzz C vy1y1 C vy2y2 D vt t : (7.2.2)

The function v.z; y; t/ vanishes on the boundary of the half-space t > 0:

v.z; y; 0/ D 0: (7.2.3)
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In addition,

v.z; y; t/
ˇ̌
zD0
D tf .y; t/: (7.2.4)

Since q.z; y/ is odd with respect to z, we have

@

@z
v.z; y; t/

ˇ̌̌
zD0
D 0: (7.2.5)

The mixed problem (7.2.2), (7.2.3), (7.2.5) is obviously equivalent to the Cauchy
problem with data with respect to the spatial variable z if we take the odd extension
of f .y; t/ with respect to t and consider the problem in the entire space z; y; t . We
will show that the problem (7.2.2)–(7.2.5) is equivalent to equation (7.1.1). To this
end, it suffices to show that (7.1.1) follows from the equalities (7.2.2)–(7.2.5) where
v.z; y; t/ and q.z; y/ are related by formula (7.2.1). Note that, given v.z; y; t/, the
function q.z; y/ can be determined from the formula

q.z; y/ D lim
t!0

1

t
v.z; y; t/ D

@

@t
v.z; y; t/

ˇ̌̌
tD0

; (7.2.6)

which follows from (7.2.4).
Now let v.z; y; t/ be a solution to the problem (7.2.2)–(7.2.5). We denote by

q.z; y/ the limit of the derivative of v.z; y; t/ with respect to t as t ! 0. Then
v.z; y; t/ satisfies equation (7.2.2) and the conditions (7.2.3), (7.2.6), i.e., it is a solu-
tion to the Cauchy problem with data with respect to t . As is known, the solution to
this problem is given by the Kirchhoff formula, which coincides with formula (7.2.1).
Then condition (7.2.5) leads to the equality“

�2Cj�j2Dt2
q�.	; y C 
/ dw D 0;

which implies that the even part of qz.z; y/ is equal to zero, i.e., q.z; y/ D q.�z; y/
because of the uniqueness of solutions to the problem of integral geometry. At the
same time, condition (7.2.4) leads to equation (7.1.1), whose solutions should be
sought in the class of even functions. We have thus established the equivalence of
the problem of integral geometry and the problem (7.2.2)–(7.2.5). In particular, this
implies the uniqueness of solutions to the problem (7.2.2)–(7.2.5).

We now show that this problem is unstable. Consider a solution to the problem
(7.2.2)–(7.2.5) for

f .y; t/ D
1

ns
sinnt

t
sinny1 sinny2:

For sufficiently large n and s, the function f .y; t/ is small together with any finite
number of its derivatives. In this case, it can be directly verified that a solution to the
problem (7.2.2)–(7.2.5) is given by the formula

v.z; y; t/ D
1

ns
sinnt sinny1 sinny2 coshnz: (7.2.7)
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For any fixed z, the solution tends to infinity as n!1. The function q.z; y/, which
is a solution to the problem (7.2.1), has the same property:

q.z; y/ D
1

ns�1
sinny1 sinny2 coshnz:

Hence, the problem is unstable and therefore classically ill-posed. From the unique-
ness of solutions to the problem (7.1.1), it follows that it is conditionally ill-posed.
Indeed, consider the setM of even functions q.z; y/ with respect to z that is compact
in the space C (for example, a bounded set of functions with first derivatives bounded
by a given constant). Then, if the problem (7.1.1) has a solution q.z; y/ 2 M , it will
be stable by Theorem 2.2.1.

7.3 The inverse thermoacoustic problem

Physical formulation. Consider a domain � � R2 of an elastic medium. Assume
that the domain � is subjected to electromagnetic radiation starting from the instant
t D 0 with intensity I.t/, and the radiation is partially absorbed by the medium (Ka-
banikhin et al., 2005). The absorbed energy is transformed into heat, which leads to
the increase in the temperature of the medium, then to its expansion, and, ultimately,
to acoustic pressure waves. Propagating through the medium, the acoustic pressure
waves reach the boundary � of the domain, where they can be measured on a part �1
of the boundary. It is required to determine the coefficient of absorption of elec-
tromagnetic radiation in the domain � from the acoustic pressure measured on the
part �1 of the boundary.

Using the model of non-viscous fluid and neglecting diffuse heat flows, the process
of propagation of waves of the acoustic pressure u can be described by the equation

1

c2
@2u

@t2
��u D ˛.z; y/

ˇ

cp

@I

@t
; .z; y/ 2 �; t 2 R; (7.3.1)

where c D 1=
p
�~ is the speed of propagation of acoustic waves (� is density; ~ is

compressibility); ˛.z; y/ is the coefficient of absorption of the electromagnetic radi-
ation; ˇ is the thermal expansion coefficient; cp is specific heat capacity at constant
pressure.

The condition that there are no acoustic pressure waves before the beginning of
irradiation is taken as an initial condition:

u
ˇ̌
t<0
D 0: (7.3.2)

As a rule, in thermoacoustic problems the duration of the electromagnetic radiation
is very short, which makes it possible to (approximately) specify I.t/ in the form of
Dirac’s delta

I.t/ D I0ı.t/: (7.3.3)
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Taking (7.3.3) into account, integrating twice with respect to t from �" to C" and
passing to the limit as "!C0, we arrive at the problem

1

c2
@2u

@t2
��u D 0; (7.3.4)

u
ˇ̌
tD0
D ˛.z; y/

ˇ

cp
I0; ut

ˇ̌
tD0
D 0: (7.3.5)

Formulation of the direct and inverse problems. Consider the case where

� D ¹.z; y/ W z 2 .0; a/; y 2 .�b; b/º; 0 < a < b;

�1 D ¹.z; y/ W z D 0; y 2 Œ�b; b
º:

Assume that ˛.z; y/ is sufficiently smooth and finite:

supp˛.z; y/ � .0; a/ � .�b C a; b � a/: (7.3.6)

Set c D 1, q.z; y/ D ˛.z; y/ˇI0=cp, … D ¹.z; y/ j z 2 .�a; a/, y 2 .�b; b/º and
consider the direct problem

ut t D uzz C uyy ; .z; y/ 2 …; t 2 .0; a/; (7.3.7)

u.z; y; 0/ D q.z; y/; .z; y/ 2 …; (7.3.8)

ut .z; y; 0/ D 0; .z; y/ 2 …; (7.3.9)

u
ˇ̌
@…
D 0; t 2 .0; a/: (7.3.10)

The inverse problem is formulated as follows: find q.z; y/ D u.z; y; 0/ from
(7.3.7), (7.3.9), (7.3.10), and the additional information

u.0; y; t/ D f .y; t/; .y; t/ 2 .�b; b/ � .0; a/: (7.3.11)

Exercise 7.3.1. Write the objective functional for the problem (7.3.7)–(7.3.11) and
determine its gradient.

7.4 Linearized multidimensional inverse problem for the
wave equation

In this section we consider the problem of determining the speed of wave propagation
in the half-space .z; y/ 2 RC � Rn in the case where the speed can be represented
in the form c2.z; y/ D c20.z/ C c1.z; y/, c1 
 c20 , and c1 is nonzero only in a fi-
nite domain of the half-space (Kabanikhin and Shishlenin, 2002). We will study the
linearized version of the inverse problem (Lavrentiev and Romanov, 1966; Romanov,
1969b). For this version, we will prove the uniqueness theorem, obtain a conditional
stability estimate, and construct a regularizing sequence converging to the exact solu-
tion of the linearized inverse problem.
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Problem formulation. Assume that the speed of wave propagation in the half-space
.z; y/ 2 RC �Rn, y D .y1; : : : ; yn/, has the structure

c2.z; y/ D c20.z/C c1.z; y/: (7.4.1)

In addition, assume that the functions c0 and c1 satisfy condition A0:

1) c0 2 C 2.RC/, c00.C0/ D 0;

2) there are constants M1, M2, M3 2 RC such that for all z 2 RC

0 < M1 � c0.z/ �M2; kc0kC2.RC/ < M3I (7.4.2)

3) the function c1.z; y/ is nonzero only in the domain .z; y/ 2 .0; h/ �K.D1/,

K.D1/ D ¹y 2 Rn W jyj j < D1; j D 1; nº;

where h;D1 2 RC are fixed numbers;

4) c1.z; y/ 2 C 2..0; h/ �K.D1//,

˛ D kc1kC2..0;h/�K.D1// 
M1: (7.4.3)

The medium is assumed to be at rest before t D 0:

u
ˇ̌
t<0
� 0; .z; y/ 2 RC �Rn; (7.4.4)

and a wave of the form

@u

@z

ˇ̌̌
zD0
D r.y/ı.t/; y 2 Rn; (7.4.5)

arrives at the boundary z D 0 of the half-space RC � Rn at the instant t D 0 and
generates the following wave process in RC �Rn:

@2u

@t2
D c2.z; y/�z;yu; .z; y/ 2 RC �Rn; t 2 RC: (7.4.6)

Assume that the trace of a solution to the direct problem (7.4.4)–(7.4.6) at the bound-
ary z D 0 is given:

u
ˇ̌
zD0
D f .y; t/; y 2 Rn; t 2 RC: (7.4.7)

By the inverse problem we will mean the problem of determining c.z;y/ from (7.4.4)–
(7.4.7) (under the conditions (7.4.1) and A0).
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Linearization. Before linearizing the inverse problem (7.4.4)–(7.4.7), we will show
that it can be localized, i.e., it suffices to specify the additional information (7.4.7)
only on a bounded subset of the hyperplane z D 0 for a finite time interval. Such
localization can be done using the finiteness of the domain where a solution to the
hyperbolic equation depends on its coefficients and on the initial and boundary con-
ditions.

In view of the assumption (7.4.1) and condition A0, the minimal time it can take
for a perturbation generated by the incident wave (7.4.5) to reach the depth h for all
y 2 Rn and return to the surface z D 0 is Th D 2h=.M1 � ˛/.

Consequently, since the function c1.z; y/ is finite (see condition A0), the waves re-
flected from the inhomogeneity represented by c1.z; y/ cannot reach the hyperplanes
jyj j D D , j D 1; n, in time Th, where D D D1 C Th.M2 C ˛/.

Suppose that the incident wave (7.4.5) is flat on an area of the surface z D 0 that
lies above the domain of an .nC 1/-dimensional inhomogeneity, i.e.,

r.y/
ˇ̌
y2K.D/

� r0; r0 D const; r0 ¤ 0: (7.4.8)

Then, as follows from the previous arguments, the inverse problem (7.4.4)–(7.4.7) can
be replaced with the following one:

@2u

@t2
D c2.z; y/�z;yu; .z; y/ 2 .0; h/ �K.D/; t 2 .0; Th/I (7.4.9)

u
ˇ̌
t<0
� 0;

@u

@z

ˇ̌̌
zD0
D r0ı.t/I (7.4.10)

u
ˇ̌
yjDD

D u
ˇ̌
yjD�D

; z 2 .0; h/; t 2 .0; Th/; j D 1; nI (7.4.11)

u
ˇ̌
zD0
D f .y; t/; y 2K.D/; t 2 .0; Th/: (7.4.12)

Using the assumption (7.4.3) that c1 is small, we will linearize the inverse problem
(7.4.9)–(7.4.12). To this end, we represent a solution u.z; y; t/ to the initial boundary
problem (7.4.9)–(7.4.11) in the form

u.z; y; t/ D u0.z; t/C u1.z; y; t/;

where u0.z; t/ is a solution to the initial boundary value problem

@2u0

@t2
D c20.z/

@2u0

@z2
; z 2 .0; h/; t 2 .0; Th/I (7.4.13)

u0
ˇ̌
t<0
� 0;

@u0

@z

ˇ̌̌
zD0
D r0ı.t/: (7.4.14)

Note that for z D 0 the solution to the problem (7.4.13), (7.4.14) is identically equal
to that of (7.4.4)–(7.4.6) in the case where

r.y/ D r0; t 2 .0; Th/; y 2 Rn nK.2D/:
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Neglecting the term c1�z;yu1 of the second infinitesimal order,we arrive at the fol-
lowing problem for u1.z; y; t/:

@2u1

@t2
D c20.z/�z;yu1 C c1.z; y/;

@2u0

@z2
; (7.4.15)

.z; y/ 2 .0; h/ �K.D/; t 2 .0; Th/I

u1
ˇ̌
t<0
� 0;

@u1

@z

ˇ̌̌
zD0
D 0I (7.4.16)

u1
ˇ̌
@K.D/

D 0; z 2 .0; h/; t 2 .0; Th/; (7.4.17)

where @K.D/ is the boundary of the domain K.D/.
For the additional information for determining c0.z/ we can take

u0
ˇ̌
zD0
D f . Oy; t/; t 2 .0; Th/; (7.4.18)

where Oy 2 @K.D/ is a fixed point because under our assumptions f .y; t/ is inde-
pendent of y in a neighborhood of the boundary of the domain K.D/ for t 2 .0; Th/.

The additional information on the solution to the problem (7.4.15)–(7.4.17) can be
written as

u1
ˇ̌
zD0
D g.y; t/; y 2K.D/; t 2 .0; Th/; (7.4.19)

where g.y; t/ D f .y; t/ � u0.0; t/.
Thus, solution of the inverse problem (7.4.4)–(7.4.7) for t 2 .0; Th/ can be subdi-

vided into localized stages:

1) solving the inverse problem (7.4.13), (7.4.14), (7.4.18) up to depth h and deter-
mining c0.z/;

2) solving the direct problem (7.4.13), (7.4.14) up to depth h and determining
u0zz ;

3) solving the inverse problem (7.4.15)–(7.4.17), (7.4.19), i.e., the problem of de-
termining c1.z; y/ from the given u0zz and g.y; t/.

In what follows, it is assumed that the function c0.z/ is given and satisfies the first
two items of condition A0.

The analysis of the one-dimensional direct problem (7.4.13), (7.4.14). To bring
the problem (7.4.13), (7.4.14) to a more convenient form for analysis, we introduce
the new variable

x D  .z/;  .z/ D

Z z

0

d	

c0.	/
; (7.4.20)
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and the new functions

S.x/ D

q
c0. �1.x//=

p
c0.C0/; v.x; t/ D u0. 

�1.x/; t/=S.x/;

a.x/ D S 00.x/=S.x/ � 2ŒS 0.x/
2=S2.x/:

(7.4.21)

By condition A0, the function  .z/ has the inverse z D  �1.x/ and therefore S , v,
and q are well defined.

Remark 7.4.1. Consider the one-dimensional inverse acoustic problem

c�2.z/vt t D vzz � �
0.z/vz=�.z/; z 2 RC; t 2 RCI

v
ˇ̌
t<0
D 0; vz

ˇ̌
zDC0

D ı.t/; v.C0; t/ D f .t/;

where �.z/ is the density of the medium and c.z/ is the speed of wave propagation
in the medium. It will be shown in Section 10.2 that it is impossible to find both
functions �.z/ and c.z/ at the same time, but it is possible to find c.z/�.z/. After the
change of variables (7.4.20) the problem is reduced to the problem of determining the
acoustic impedance of the medium �.x/ D c. �1.x//�. �1.x//:

Nvt t D Nvxx � �
0.x/ Nvx=�.x/; x 2 RC; t 2 RCI (7.4.22)

Nv
ˇ̌
t<0
D 0; Nvx

ˇ̌
xDC0

D c.C0/ı.t/; Nv.C0; t/ D f .t/; (7.4.23)

where Nv.x; t/ D v. �1.x/; t/ is acoustic pressure. The inverse problem (7.4.22),
(7.4.23) consists in finding the functions Nv.x; t/ and �.x/ from the given functionf .t/.

We now return to the problem (7.4.13), (7.4.14) and perform the change of variables
x D  .z/. If we use the even extensions of the functions (7.4.21) to R� with respect
to x, the function v.x; t/ becomes a solution to the problem

@2v

@t2
D
@2v

@x2
C a.x/v; x 2 .�h1; h1/; t 2 .0; Th1/I (7.4.24)

v
ˇ̌
tD0
D 0;

@v

@t

ˇ̌̌
tD0
D 2�ı.x/; (7.4.25)

where � D �r0=c0.C0/ and h1 D  .h/.
A solution to the problem (7.4.24), (7.4.25) can be represented as

v.x; t/ D ��.t � jxj/C p.x; t/:

Substituting this representation into (7.4.24), we see that p.x; t/ is a solution to the
problem

@2p

@t2
D
@2p

@x2
C a.x/p C ��.t � jxj/a.x/; x 2 .�h1; h1/; t 2 .0; Th1/I (7.4.26)

p
ˇ̌
tD0
D 0;

@p

@t

ˇ̌̌
tD0
D 0: (7.4.27)
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For p.x; t/ we put

Ax;t Œp.	; �/
 � Ax;t Œp
 D
1

2

Z t

0

Z xCt��

x�tC�

p.	; �/ d	 d�:

Then, using D’Alembert’s formula for the representation of solutions to the Cauchy
problem (7.4.26), (7.4.27), we arrive at the Volterra integral equation of the second
kind for p.x; t/:

p.x; t/ D I.x; t/CAx;t Œap
; x 2 .�h1; h1/; t 2 .0; Th1/; (7.4.28)

where
I.x; t/ D .�=2/Ax;t Œa.	/�.� � j	j/
:

Taking into account that a.x/ is even and using the properties of the Heaviside func-
tion, after obvious transformations we obtain the following useful equalities:

@

@x
I.x; t/ D

�

2

Z t

0

a.	/�.t � j	j/
ˇ̌�DxCt��
�Dx�tC�

d� I (7.4.29)

@2

@x2
I.x; t/ D

�

2
�.t/Œı.t C x/C ı.t � x/


Z t

0

a.	/ d	

C
�

4
�.t � jxj/

h
a
� t C x

2

�
C a

� t � x
2

�
� 4a.x/

i
: (7.4.30)

Lemma 7.4.1. If a 2 C.R/, then the integral equation .7:4:28/ has a unique solution
in C..�h1; h1/ � .0; Th1// and for any x0 2 .�h1; h1/ and t0 2 .0; Th1/

kpkC.
.x0;t0// � .�=2/t
2
0M4et0

p
M4; (7.4.31)

where �.x0; t0/ D ¹.	; �/: � 2 .0; t0/, jx0 � 	j < t0 � �º and M4 is a constant that
depends only on M1, M2, and M3.

Proof. We will seek a solution to the integral equation (7.4.28) in the form of a series

p.x; t/ D

1X
kD0

pk.x; t/; .x; t/ 2 �.x0; t0/; (7.4.32)

whose terms are defined by induction. For k D 0 we put p0.x; t/ D I.x; t/. Suppose
that pk.x; t/ is defined. Then we set

pkC1.x; t/ D Ax;t Œapk 
; .x; t/ 2 �.x0; t0/:

Let
Pk.t/ D sup

x2Œx0�t0Ct;x0Ct0�t�

jpk.x; t/j; t 2 .0; t0/:
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We will use induction to prove the estimate

Pk.t/ � .�=2/t
2
0M4.

p
M4 t0/

2k=.2k/Š; t 2 .0; t0/: (7.4.33)

Indeed, for k D 0 the estimate (7.4.33) clearly holds. Let (7.4.33) hold for some
k > 0. We will prove that it also holds for k C 1.

Estimating jpkC1.x; t/j, we have

jpkC1.x; t/j � Ax;t Œjapkj
 �
M4

2

Z t0

0

Z t��0

0

Pk.�/ d	 d�

�
�

4
t20M

2
4

Z t0

0

.t0 � �/
.
p
M4 �/

2k

.2k/Š
d�

D
�

2
t20M4

.
p
M4 t0/

2.kC1/

.2.k C 1//Š
; t 2 .0; t0/:

Since the right-hand side of this inequality is independent of x, we conclude that the
estimate (7.4.33) is true for all k, which implies the uniform convergence of the series
(7.4.32) with respect to .x; t/ 2 �.x0; t0/ and the inequality (7.4.31).

Setting

Sn.x; t/ D

nX
kD0

pk.x; t/;

we arrive at the obvious equality

SnC1.x; t/ D I.x; t/CAx;t ŒaSn
; .x; t/ 2 �.x0; t0/:

Passing to the limit as n!1 in this equality, we conclude that p.x; t/ is a solution
to the integral equation (7.4.28) that is continuous in �.x0; t0/.

Lemma 7.4.2. Let a 2 C.R/ and let NC..�h1; h1/ � .0; Th1// be the set of func-
tions p.x; t/ continuous in .�h1; h1/� .0; Th1/ everywhere except maybe for the line
t D jxj. Then the solution to the integral equation (7.4.28) has partial derivatives of
the first order with respect to t and x in the class NC..�h1; h1/� .0; Th1// that satisfy
the inequalities

sup
.�;�/2
.x;t/
j�j¤�

jp0.m/.	; �/j � � tM4Œ1C .�=2/t
2M4et

p
M4 
; t 2 .0; Th1/; m D 1; 2;

p0.1/.x; t/ D
@p

@x
.x; t/; p0.2/.x; t/ D

@p

@t
.x; t/:

Proof. From Lemma 7.4.1 and the form of the function I.x; t/, it follows that the
right-hand side of (7.4.28) can be differentiated once with respect to x and t , for
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example:

@p

@x
.x; t/ D

@

@x
I.x; t/C

1

2

Z t

0

a.	/p.	; �/
ˇ̌̌�DxCt��
�Dx�tC�

d�; t 2 RC: (7.4.34)

The assertion of the lemma follows from (7.4.29), (7.4.31) and (7.4.34).

The following lemma follows from Lemmas 7.4.1 and 7.4.2.

Lemma 7.4.3. If a 2 C.R/, then the solution to equation (7.4.28) has a partial
derivative of the second order with respect to x in the class C..�h1; h1/ � .0; Th1//
such that

@2p

@x2
.x; t/ D

@2

@x2
I.x; t/ � a.x/p.x; t/

C
1

2

Z t

0

Œa.x C t � �/p0.2/.x C t � �; �/

C a.x � t C �/p0.2/.x � t C �; �/
 d�

and

sup
.�;�/2
.x;t/
j�j¤�

ˇ̌̌@2p
@	2

.	; �/
ˇ̌̌
� �M5;

where the constant M5 depends on M1, M2, M3, and h.

Theorem 7.4.1. Let c0 satisfy condition A0. Then the problem (7.4.13), (7.4.14) has
a solution in the class C 2 (t >  .z/ > 0). that has the following structure:

u0.z; t/ D S. .z//.��.t �  .z//C p. .z/; t//; t 2 .0; Th/; z 2 .0; h/:

(7.4.35)

The existence of a solution to the direct problem (7.4.15)–(7.4.17). We now turn
to the analysis of the direct problem (7.4.15)–(7.4.17). Set

w.x; y; t/ D u1. 
�1.x/; y; t/=S.x/;

q.x; y/ D c1. 
�1.x/; y/; b.x/ D c0. 

�1.x//
(7.4.36)

(see (7.4.20), (7.4.21)). Using the even extension with respect to x, we arrive at the
initial boundary value problem for w

Lw D q.x; y/
@2v

@x2
; x 2 .�h1; h1/; y 2K.D/; t 2 .0; Th1/I (7.4.37)

w
ˇ̌
tD0
D 0;

@w

@t

ˇ̌̌
tD0
D 0I (7.4.38)

w
ˇ̌
@K.D/

D 0; (7.4.39)
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where

L D
@2

@t2
�
@2

@x2
� b2.x/�y � a.x/; h1 D  .h/; (7.4.40)

and the functions v.x; t/ and a.x/ are defined in (7.4.21). Substituting v.x; t/ D
��.t � jxj/C p.x; t/ into (7.4.37) and applying D’Alembert’s formula, it is easy to
calculate the limit of w.x; y; t/ as jxj ! t � 0:

lim
jxj!t�0

w.x; y; t/ D �q.t; y/=4: (7.4.41)

Consequently, instead of the problem (7.4.37)–(7.4.39) we can consider the problem

Lw D q.x; y/
@2v

@x2
; .x; t/ 2 �.T /; y 2K.D/I (7.4.42)

w.x; y; t/
ˇ̌
tDjxj

D �q.x; y/=4I (7.4.43)

w
ˇ̌
@K.D/

D 0; (7.4.44)

where T 2 .0; Th1=2/; �.T / D ¹.x; t/ W x 2 .�T; T /, t 2 .jxj; 2T � jxj/º.
Let �.T / D ¹.x; y; t/: .x; t/ 2 �.T /, y 2 K.D/º. Assume that there exists a

classical solution to the problem (7.4.42)–(7.4.44), i.e., the function

w.x; y; t/ 2 C 2.�.T // \ C 1.�.T / /

satisfying the equation (7.4.42) and the boundary conditions (7.4.43) and (7.4.44). We
multiply both sides of (7.4.42) by wt and integrate over the domain

�.T; t/ D �.T / \ ¹.x; y; t 0/ W t 0 < tº:

After standard transformations, the application of the Ostrogradsky formula yields the
identity

1

2

h���@w
@t

���2.t/C ���@w
@x

���2.t/C kbjrywjk2.t/i
D

Z
St

hˆ; Nni ds C

Z
�.T;t/

@w

@�

�
aw C q

@2v

@x2

�
dx dy d�; (7.4.45)

where jrywj D
qPn

iD1.
@w
@yi
/2, St D @.�.T //\¹.x; y; t/ W t 0 < tº; Nn is the external

normal vector to St ;

ˆ D
�
�
@w

@t

@w

@x
;�b2

@w

@t
ryw;

1

2

h�@w
@t

�2
C
�@w
@x

�2
C b2jrywj

2
i�
;

kwk2.t/ D

´R t
�t

R
K.D/w

2.x; y; t/ dy dx; t 2 Œ0; T 
;R 2T�t
t�2T

R
K.D/w

2.x; y; t/ dy dx; t 2 ŒT; 2T 
:
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Lemma 7.4.4. Assume that c0 and c1 satisfy condition A0 and the coefficients of the
operator L and the initial boundary conditions of the problem (7.4.42)–(7.4.44) are
constructed from c0 and c1 using the formulas (7.4.21), (7.4.36). Then the classical
solution to the problem (7.4.42)–(7.4.44) is unique and

kwk1.t/ �M6kqkW 1
2 .Œ�T;T ��K.D//

; t 2 Œ0; 2T 
; (7.4.46)

where the constant M6 depends only on M1, M2, M3, and h;

kwk21.t/ WD kwk
2.t/C kjrx;y;t wjk

2.t/; t 2 Œ0; 2T 
:

Proof. The identity (7.4.45) implies the inequality���@w
@t

���2.t/C ���@w
@x

���2.t/CM 2
1 kjrywjk

2.t/

� QM6

°���@q
@x

���2.T /C kjryqjk2.T / (7.4.47)

C

Z t

0

h
kwk.�/

���@w
@�

���.�/C kqk.�/���@w
@�

���.�/i d�±; t 2 Œ0; 2T 
;

where the constant QM6 depends on M1, M2, M3, and h. From (7.4.41) it follows that

w2.x; y; t/ D
�2

8
q2.x; y/C 2

Z t

jxj

w.x; y; �/
@

@�
w.x; y; �/ d�:

Integrating this equality with respect to x and y within the domain

�.T / \ ¹.x; y; t 0/ j t 0 D tº

and applying Hölder’s inequality, we obtain

kwk2.t/ �
�2

8
kqk2.t/C 2

Z t

0

kwk.�/
���@w
@�

���.�/ d�: (7.4.48)

Combining (7.4.47) with (7.4.48) and applying the inequalities

m23.m
2
1 Cm

2
2/

1Cm23
� m21 Cm

2
2m

2
3 � .m

2
1 Cm

2
2/.1Cm

2
3/

and Gronwall’s inequality, we arrive at (7.4.46).

To define a generalized solution to the problem (7.4.42)–(7.4.44) and prove that it
exists, we will use a version of the Fourier method: instead of the usual separation
of variables into spatial and time variables, we will seek a solution in the form of the
sum of functions of the type X.x; t/Y.y/.
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A function w.x; y; t/ is said to belong to the class P .T;D/ if w.x; y; t/ is contin-
uous with respect to the variables .x; t/ 2 �.T / in the norm of L2, i.e., if for any pair
.x; t/ 2 �.T / there holds

lim
.x0;t 0/!.x;t/

kw.x0; y; t 0/ � w.x; y; t/kL2.K.D// D 0:

In the proof of the theorem on the existence of a generalized solution to the problem
(7.4.42)–(7.4.44) we will use modified versions of well-known statements.

Lemma 7.4.5. Let a sequence ¹um.x; y; t/º, um 2 P .T;D/, converge to u.x; y; t/
uniformly with respect to .x; t/ 2 �.T / in the norm of L2. Then u 2 P .T;D/.

Lemma 7.4.6. Let a sequence of functions ¹um.x; y; t/º, um 2 P .T;D/, converge
in itself uniformly with respect to .x; t/ 2 �.T / in the norm of L2. Then there exists
a function u 2 P .T;D/ such that the sequence ¹um.x; y; t/º converges to u.x; y; t/
uniformly with respect to .x; t/ 2 �.T / in the norm of L2.

Lemma 7.4.7. Let c0. �1.x// and c1. �1.x/; y/ satisfy condition A0. Assume that
there exists a sequence of functions ¹ Qqm.x; y/º, Qqm 2 C 1.Œ�T; T 
 �K.D//, m D
1; 2; : : : , such that

1) limm!1 kq � QqmkW 1
2 .Œ�T;T ��K.D//

D 0;

2) for anym D 1; 2; : : : there exists a classical solution Qwm.x; y; t/ to the problem
(7.4.42)–(7.4.44) for q D Qqm.x; y/.

Then there exists a function w 2 P .T;D/ such that

lim
m!1

kw � Qwmk D 0: (7.4.49)

Proof. Applying the estimate (7.4.46) from Lemma 7.4.4 to the difference Qwm � Qwk
and using the Sobolev embedding theorems, we conclude that the sequence ¹ Qwmº
converges uniformly in itself with respect to .x; t/ 2 �.T / in the norm of L2.

Hence, by Lemma 7.4.6, there exists a function w 2 P .T;D/ such that the condi-
tion (7.4.49) holds.

The function w.x; y; t/ from Lemma 7.4.7 will be called a generalized solution to
the problem (7.4.42)–(7.4.44).

Using (7.4.47) and Lemma 7.4.5, one can show that the generalized solution
w.x; y; t/ satisfies equation (7.4.42) in the generalized sense.

Theorem 7.4.2. Let c0 and c1 satisfy condition A0. Then there exists a unique gen-
eralized solution to the problem (7.4.42)–(7.4.44) for any T 2 .0; Th1=2/.



204 Chapter 7 Linear problems for hyperbolic equations

Proof. We represent q.x; y/ in the form

q.x; y/ D
X
k

qk.x/Yk.y/; (7.4.50)

where Yk.y/ D exp
�
i�
D
hk; yi

�
, k D .k1; : : : ; kn/ 2 Zn, hk; yi D

Pn
jD1 kjyj , andP

k means the sum with respect to all k D .k1; : : : ; kn/, kj 2 Z, j D 1; 2; : : : ; n.
By condition A0, the series in (7.4.50) converges to q.x; y/ uniformly with respect

to x 2 Œ�T; T 
 in the norm of L2.
We will seek a generalized solution to the problem (7.4.42)–(7.4.44) in the form of

a series

w.x; y; t/ D
X
k

wk.x; t/Yk.y/; .x; t/ 2 �.T /; (7.4.51)

where wk.x; t/ is a classical solution to the problem

Lkwk D qk.x/
@2v

@x2
; .x; t/ 2 �.T /I (7.4.52)

wk.x; t/
ˇ̌
tDjxj

D �qk.x/=4I (7.4.53)

Lk D
@2

@t2
�
@2

@x2
C b2.x/jkj2 � a.x/; jkj2 D

nX
jD1

k2j : (7.4.54)

Lemma 7.4.8. Under the assumptions of Theorem 7.4.2, there exists a unique classi-
cal solution to the problem (7.4.52), (7.4.53) for any k 2 Zn, and the solution satisfies
the inequality

kwkkC.
.T // �M7kqkkC 1Œ�T;T �e
.1CM2

2
jkj2/Th ;

where the constant M7 depends only on M1, M2, M3, and h.

The proof of Lemma 7.4.8 is based on the fact that the change of variables 	 D
x C t , 
 D x � t reduces the problem (7.4.52), (7.4.53) to the Goursat problem.

Hence, the sequence of functions

Qqm.x; y/ D
X
jkj�m

qk.x/Yk.y/; Qwm.x; y; t/ D
X
jkj�m

wk.x; t/Yk.y/

satisfies all the assumptions of Lemma 7.4.7, which completes the proof of Theo-
rem 7.4.2.
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Regularization and the uniqueness of solutions to the inverse problem

Theorem 7.4.3. Let c0.z/ satisfy items 1) and 2) of condition A0. Then the solu-
tion of the inverse problem (7.4.15)–(7.4.17), (7.4.19) is unique in the class of func-
tions c1.z; y/ that satisfy items 3) and 4) of condition A0.

The proof of Theorem 7.4.3 follows from Theorem 7.4.4 as the assumptions 1)–3)
of Theorem 7.4.4 follow from the condition A0 for c0.z/ and c1.z; y/.

Theorem 7.4.4. Let c0.z/ satisfy condition A0. Assume that functions g.m/.y; t/,
m D 1; 2, satisfy the following conditions:

1) g.m/.y; t/ D
P
k g

.m/

k
.t/Yk.y/, m D 1; 2;

2) g.m/.y; t/ are continuous in t in the norm of L2 on the interval Œ0; Th
;

3) for g.m/.y; t/, m D 1; 2, there exists a solution c.m/1 .z; y/, m D 1; 2, to the
inverse problem (7.4.15)–(7.4.17), (7.4.19) that satisfies condition A0.

Then for any k 2 Zn

kq
.1/

k
� q

.2/

k
kCŒ�T;T � � !.k/kg

.1/

k
� g

.2/

k
kCŒ0;Th�; (7.4.55)

where T 2 .0; Th1=2/; q
.m/.x; y/D c

.m/
1 . �1.x/; y/D

P
k q

.m/

k
.x/Yk.y/; !.k/D

M8 exp .M9 exp .M10jkj//, the constantsM8,M9, andM10 depend only onM1,M2,
M3, and h.

Proof. By Theorem 7.4.2, for

q.m/.x; y/ D
X
k

q
.m/

k
.x/Yk.y/; m D 1; 2;

there exists a generalized solution

w.m/.x; y; t/ D
X
k

w
.m/

k
.x; t/Yk.y/; m D 1; 2;

to the problem (7.4.42)–(7.4.44) whose Fourier coefficients are classical solutions to
the problems

Lkw
.m/

k
D q

.m/

k
.x/

@2v

@x2
; .x; t/ 2 �.T /I (7.4.56)

w
.m/

k
.x; t/

ˇ̌
tDjxj

D �q
.m/

k
.x/=4I (7.4.57)

m D 1; 2; k 2 Zn; T 2 .0; Th1=2/:
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By the uniqueness of the solution of the direct problem (7.4.42)–(7.4.44),

w
.m/

k
.0; t/ D g

.m/

k
.t/; m D 1; 2; t 2 Œ0; 2T 
: (7.4.58)

Since w.m/
k
.x; t/ is even with respect to x, we have the condition

@w
.m/

k

@x
.0; t/ D 0; m D 1; 2: (7.4.59)

We introduce the operator

Bx;t Œwk 
 D
1

2

Z x

0

Z tCx��

t�xC�

wk.	; �/ d� d	; x 2 RC; t 2 RC;

and apply D’Alembert’s formula for the representation of a solution to the Cauchy
problem for equation (7.4.56) with the Cauchy data (7.4.58), (7.4.59). As a result, we
have

w
.m/

k
.x; t/ D Q

.m/

k
.x; t/C Bx;t Œ.jkj

2b2 � a/w
.m/

k

; .x; t/ 2 �1.T /; m D 1; 2;

(7.4.60)

where

Q
.m/

k
.x; t/ D G

.m/

k
.x; t/Cˆ

.m/

k
.x; t/; ˆ

.m/

k
.x; t/ D �Bx;t Œq

.m/

k
v00.1/
;

G
.m/

k
.x; t/ D Œg

.m/

k
.t C x/C g

.m/

k
.t � x/
=2;

v00.1/.x; t/ D
@2v

@x2
.x; t/;

�1.T / D ¹.x; t/ W x 2 .0; T /; x < t < 2T � xº:

For any multi-index k and m D 1; 2, the Volterra integral equation (7.4.60) has
a unique solution w.m/

k
2 C.�1.T //, which can be found using the method of suc-

cessive approximations. Indeed, by the assumptions of Theorem 7.4.4, the functions
Q
.m/

k
, jkj2b2 � a are continuous. Therefore, a solution w.m/

k
can be written as

w
.m/

k
.x; t/ D Q

.m/

k
.x; t/C

1

2

Z x

0

Z tCx��

t�xC�

Rk.x; t; 	; �/Q
.m/

k
.	; �/ d� d	;

.x; t/ 2 �1.T /; m D 1; 2:
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In this case, the resolvent Rk.x; t; 	; �/ is continuous on �1.T / ��1.T / and

kRkkC 4.
1.T /�
1.T // � eTh1
q
jkj2M2

2CM4 : (7.4.61)

Let x D t � 0 and use the condition (7.4.57):

�

4
q
.m/

k
.t/ D Q

.m/

k
.t � 0; t/C

1

2

Z t

0

Z 2t��

�

Rk.t � 0; t; 	; �/Q
.m/

k
.	; �/ d� d	;

t 2 Œ0; T 
; m D 1; 2: (7.4.62)

Write (7.4.62) in the form of a linear Volterra integral equation of the second kind
for q.m/

k
.t/:

�

4
q
.m/

k
.t/ D �Bt;t Œq

.m/

k
v00.1/
C

1

2

Z t

0

Z 2t��

�

Rk.t � 0; t; 	; �/ˆ
.m/

k
.	; �/ d� d	

CG
.m/

k
.t � 0; t/C

1

2

Z t

0

Z 2t��

�

Rk.t � 0; t; 	; �/G
.m/

k
.	; �/ d� d	;

t 2 Œ0; T 
; m D 1; 2: (7.4.63)

The absolute value of the kernel of the integral equation (7.4.63) is bounded from
above by M9, while the absolute value of the right-hand side of (7.4.63) is bounded
by M8kg

.m/

k
kCŒ0;2T �. Since (7.4.63) is linear with respect to q.m/

k
, we conclude that

the inequality (7.4.55) holds.

Theorem 7.4.5. Let c0 satisfy condition A0. Assume that for g.y; t/ that is con-
tinuous in t in the norm of L2 on the interval Œ0; Th
 there exists a solution to the
inverse problem (7.4.15)–(7.4.17), (7.4.19) that satisfies condition A0. Let g".y; t/ be
continuous in t in the norm of L2 on Œ0; Th
, and let

max
t2Œ0;Th�

kg � g"kL2.K.D// � ":

Set
Qq
."/
N .x; y/ D

X
jkj�N

q
."/

k
.x/Yk.y/;

where q."/
k
.x/ is a solution to the integral equation (7.4.63) with the Fourier coefficient

g
."/

k
.t/ of the function g".y; t/ substituted for g.m/

k
.t/:

g".y; t/ D
X
k

g
."/

k
.t/Yk.y/:



208 Chapter 7 Linear problems for hyperbolic equations

Then

kq � Qq
."/
N
kL2.K.D// � !.N/"CM=N; t 2 Œ0; T 
; (7.4.64)

where
M D max

x2Œ0;Th1 �
kqkW 1

2 .K.D//
:

The proof follows from Theorem 7.4.4.
The estimate (7.4.64) shows that Qq."/N is a regularizing family for the inverse prob-

lem (7.4.15)–(7.4.17), (7.4.19).



Chapter 8

Linear problems for parabolic equations

Linear problems for parabolic equations are very important for practical applications
and are extremely diverse in terms of the degree of complexity. Aside from simple
ones, there are problems as complex as the Cauchy problem for the Laplace equation
and even more complex ones.

In the beginning of this chapter, we will discuss different formulations of linear
inverse problems of heat conduction and compare them with analogous formulations
for hyperbolic equations based on the relationship between the solutions of the cor-
responding direct problems (Section 8.1). In Section 8.2, we will discuss in detail
one of the best-studied ill-posed problems—the Cauchy problem with reverse time.
We will consider several methods for the approximate solution of this problem (the
Lattès–Lions method, the method of separation of variables, and the method of inte-
gral equations), obtain a conditional stability estimate, and reduce the problem to an
operator equation Aq D f . The properties of the operator A and its adjoint opera-
tor A� are analogous to the properties of the corresponding operators for the Laplace
equation (see Chapter 9). They will be explained in the next chapter. The same is true
for extension problems and inverse boundary-value problems (Section 8.3); neverthe-
less, we will present several proofs for the reader to be aware of the similarities and
differences between them. In conclusion (Section 8.4), we give several examples of
linear inverse problems. Note that a more complete analysis of the covered problems
can be found in (Alifanov et al., 1988), (Beck et al., 1985) and (Hào, 1995).

8.1 On the formulation of inverse problems for parabolic
equations and their relationship with the corresponding
inverse problems for hyperbolic equations

Inverse and ill-posed problems for parabolic equations represent one of the most com-
plex and important types of inverse problems for practical applications. The stability
of these problems is worse than that of the corresponding inverse problems for hyper-
bolic equations (see Chapters 7 and 10). Figuratively speaking, it is “worse by one
inversion of the Laplace transform”. This means that if we want to apply the meth-
ods developed for the hyperbolic case to inverse problems for parabolic equations, it
can be done by inverting the Laplace transform (see (8.1.8) below), which obviously
adds to instability. Therefore, the main methods for the numerical solution of inverse
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problems for parabolic equations are optimization methods and combinations thereof
with methods that use the properties of the operator of the direct problem.

Linear inverse and ill-posed problems for parabolic equations are categorized into
the following main groups:

1) problems with reverse time or, equivalently, problems of reconstruction of the
initial state from the results of measurements at a certain fixed instant of time
(retrospective inverse problems);

2) problems of extension of a solution inside the domain under study from its
boundary (or a part thereof);

3) inverse boundary-value problems of reconstruction of a solution on an inacces-
sible part of the boundary;

4) problems of reconstruction of sources, i.e., determining the right-hand side of a
parabolic equation;

5) interior inverse problems, i.e., problems of reconstruction of a solution from its
values at interior points of the domain under study.

This classification can certainly be refined further by subdividing each of the groups
into classes, but we will confine ourselves to the simplest examples. Further de-
tails about the classification and application of the theory and numerical methods for
solving inverse problems of heat conduction can be found in (Alifanov et al., 1988),
(Lavrentiev et al., 1986) and (Beck et al., 1985).

Note that inverse boundary-value problems, extension problems, and problems of
reconstructing sources are interrelated. For example, solving a problem of extension
to the inaccessible boundary, we end up solving an inverse boundary-value problem.
Extending a solution in the direction of a source, we get more information on its
location, shape, and intensity.

Based on the above classification, we can illustrate the differences in the solution of
inverse problems for hyperbolic and parabolic equations. In the case of two variables
.x; t/, the extension problem, the inverse boundary-value problem, and the problem
with reverse time for the hyperbolic equation ut t D uxx are well posed, whereas all
these problems for parabolic equations are strongly ill-posed. In the multidimensional
case, the problem with reverse time for the hyperbolic equation ut t D Lu, where the
operator L is defined by formula (8.1.4) below, is well posed; moreover, it is reduced
to an identical problem by the change of variables � D �t .

Ill-posedness. Consider a one-dimensional problem of extending a solution of the
parabolic equation

ut D uxx; x > 0; t 2 R; (8.1.1)
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to the half-space x > 0 based on the measurements on the boundary x D 0:

u.0; t/ D f .t/; ux.0; t/ D g.t/: (8.1.2)

We will show that this problem is ill-posed (Pucci, 1959). Indeed, let fn.t/ D
2n�1 sin.2n2t /, g.t/ � 0. Then the function

un.x; t/ D n
�1
�
enx sin.2n2t C nx/C e�nx sin.2n2t � nx/

�
is clearly a solution to equation (8.1.1) satisfying the conditions (8.1.2). But fn tends
to zero as n ! 1, whereas un.x; t/ increases for any x > 0, which means that the
problem (8.1.1), (8.1.2) is unstable. (Selection of specific function spaces to complete
the analysis of ill-posedness is left to the reader.)

For comparison, consider a similar extension problem for a hyperbolic equation

ut t D uxx; x > 0; t 2 R;

u.0; t/ D f .t/; ux.0; t/ D g.t/:

This problem has an explicit solution

u.x; t/ D
1

2

�
f .t C x/C f .t � x/

�
C
1

2

Z tCx

t�x

g.�/ d�;

and is obviously well posed if considered in any finite domain �.T / D ¹x 2 .0; T /,
t 2 .�T C x; T � x/º.

Relationship between inverse problems for hyperbolic and parabolic equations.
When studying inverse problems for parabolic and elliptic equations, it is possible
to consider equivalent inverse problems for hyperbolic equations. In a connected
bounded domain D � Rn with smooth boundary S , consider the mixed problem for
a parabolic equation

ut D LuC '.x; t/; u
ˇ̌
tD0
D f .x/;

@u

@ Nn

ˇ̌̌
S
D  .x; t/; (8.1.3)

where Nn is the conormal to S , and L is a uniformly elliptic operator with continuous
coefficients that depend only on the spatial variable x D .x1; : : : ; xn/:

Lu D

nX
i;jD1

aij .x/uxixj C

nX
iD1

bi .x/uxi C c.x/u; (8.1.4)

�

nX
iD1

�2i �

nX
i;jD1

aij .x/�i�j �
1

�

nX
iD1

�2i for any �i 2 R; 0 < � <1:
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We associate the problem (8.1.3) with the following problem for a hyperbolic equa-
tion:

Qut t D L QuC Q'.x; t/;

Qu
ˇ̌
tD0
D f .x/; Qut

ˇ̌
tD0
D 0;

@ Qu

@ Nn

ˇ̌̌
S
D Q .x; t/:

(8.1.5)

Assume that the functions Q' and Q are sufficiently smooth, increase as t !1 not
faster than C e˛t , and are related to ' and  by the formulas

'.x; t/ D

Z 1
0

Q'.x; �/G.t; �/ d�;  .x; t/ D

Z 1
0

Q .x; �/G.t; �/ d�; (8.1.6)

where

G.t; �/ D
1
p
�t

e��
2=.4t/:

We will show that the function

u.x; t/ D

Z 1
0

Qu.x; �/G.t; �/ d� (8.1.7)

is a solution to the problem (8.1.3) if Qu is a solution to (8.1.5) and (8.1.6) holds.
Indeed, since Gt D G�� for t > 0, we have

ut D

Z 1
0

Qu.x; �/Gt .t; �/ d� D

Z 1
0

Qu.x; �/G�� .t; �/ d�

D QuG�
ˇ̌1
0
�

Z 1
0

Qu� .x; �/G� .t; �/ d�

D QuG�
ˇ̌1
0
� Qu�G

ˇ̌1
0
C

Z 1
0

Qu�� .x; �/G.t; �/ d�

D

Z 1
0

G.t; �/ Qu�� .x; �/ d�

D

Z 1
0

G.t; �/
�
L Qu.x; �/C Q'.x; �/

�
d� D

Z 1
0

G.t; �/L Qu.x; �/ d� C '.x; t/:

However, since

Lu D

Z 1
0

G.t; �/L Qu.x; �/ d�;

for t > 0 we have

ut D LuC ':
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It is easy to verify that u.x; t/ satisfies the initial and boundary conditions:

u
ˇ̌
tD0
D lim
t!0

Z 1
0

Qu.x; �/G.t; �/ d�

D lim
t!0

2
p
�

Z 1
0

Qu.x; 2
p
t�/e��

2

d� D Qu.x; 0/ D f .x/;

@u

@ Nn

ˇ̌̌
S
D

Z 1
0

@ Qu

@ Nn

ˇ̌̌
S
G.t; �/ d� D

Z 1
0

Q .x; �/G.t; �/ d� D  .x; t/:

Thus, formula (8.1.7) enables to find a solution of the problem (8.1.3) through the
solution of (8.1.5) if the data of these problems are related by the formulas (8.1.6). It is
known that the solution to the problem (8.1.3) is unique under fairly general assump-
tions on the operator L and the surface S , and it is related to Qu by formula (8.1.7).
Note that (8.1.7) is invertible for any fixed x, since it can be represented in the form
of the Laplace transform with parameter p D 1=.4t/:

u
�
x;

1

4p

�
D

r
p

�

Z 1
0

e�zp Qu.x;
p
z /

dz
p
z
: (8.1.8)

Therefore, formula (8.1.7) establishes a one-to-one correspondence between the solu-
tions to the problems (8.1.3) and (8.1.5).

We now consider the inverse problem of determining '.x; t/ or coefficients of the
operator L in the parabolic equation ut D LuC '.x; t/ from the additional informa-
tion about a solution to the problem (8.1.3) on the boundary S :

u
ˇ̌
S
D g.x; t/; t � 0: (8.1.9)

To the function g.x; t/ we associate a function Qg.x; t/, x 2 S , that is uniquely
determined from the equation

g.x; t/ D

Z 1
0

Qg.x; �/G.t; �/ d�; x 2 S; t � 0: (8.1.10)

Setting

Qu
ˇ̌
S
D Qg.x; t/; t � 0; (8.1.11)

we obtain the inverse problem (8.1.5), (8.1.11).
Under rather general assumptions on the coefficients of the operator L, the solution

to the problem (8.1.5) satisfies the estimate

j Qu.x; t/j � C e˛t ; x 2 S:

Remark 8.1.1. Formula (8.1.7) and the equivalent formula (8.1.8) show that u.x; t/
is an analytic function of t in the domain t > 0. Therefore, it suffices to specify the
function g.x; t/ from (8.1.9) in an arbitrarily small neighborhood of the point t D 0,
for example, in an interval 0 � t < ı, ı > 0.
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The established relationship between the problems (8.1.3), (8.1.9) and (8.1.5),
(8.1.11) makes it possible to prove the uniqueness of solutions to linear inverse prob-
lems for parabolic equations using the results of analysis of the corresponding inverse
problems for hyperbolic equations.

8.2 Inverse problem of heat conduction with reverse time
(retrospective inverse problem)

In many practical problems it is required to reconstruct the distribution of the temper-
ature of a body at a certain instant of time t 2 .0; T / from the temperature measured
at t D T . Such problems are called retrospective or initial boundary value prob-
lems for the heat conduction equation with reverse time (Alifanov et al., 1988). For
example, for a bar of length l with fixed temperature at the ends (without loss of gen-
erality we can assume that the temperature at both ends is zero) we have the following
retrospective problem:

@v

@�
D
@2v

@x2
; x 2 .0; l/; � 2 .0; T /; (8.2.1)

v.0; �/ D v.l; �/ D 0; � 2 .0; T /; (8.2.2)

v.x; T / D f .x/; x 2 .0; l/: (8.2.3)

It is required to determine v.x; �/ in the domain .0; l/ � .0; T /.
Performing the change of variables � DT�t in (8.2.1)–(8.2.3) and setting u.x; t/D

v.x; �/, we arrive at an equivalent (adjoint) problem

@u

@t
D �

@2u

@x2
; x 2 .0; l/; t 2 .0; T /; (8.2.4)

u.0; t/ D u.l; t/ D 0; t 2 .0; T /; (8.2.5)

u.x; 0/ D f .x/; x 2 .0; l/; (8.2.6)

in which it is required to determine u.x; t/ in the domain .0; l/ � .0; T /.
Note that the problem (8.2.4)–(8.2.6) is ill-posed because arbitrarily small varia-

tions in the right-hand side f may cause arbitrarily large variations in u. Indeed, for

f .x/ D 1
n

sin �nx
l

the solution u.x; t/ D 1
n

e
�2n2t

l2 sin �nx
l

increases indefinitely as n
increases, while the data f .x/ of the problem tends to zero.

Consider several examples of regularization of the problem (8.2.4)–(8.2.6). Assume
that the functions u.x; t/ and f .x/ are sufficiently smooth.

The Lattès–Lions quasi-inversion method. We will describe the regularization
procedure for the problem (8.2.4)–(8.2.6) proposed by Lattès and Lions (1967).
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Let u˛.x; t/ be a solution to the problem

@u

@t
D �

@2u

@x2
� ˛

@4u

@x4
;

u.0; t/ D u.l; t/ D
@2

@x2
u.0; t/ D

@2

@x2
u.l; t/ D 0; 0 � t � T;

u.x; 0/ D f .x/:

(8.2.7)

It is easy to verify that the solution u˛.x; t/ to the problem (8.2.7) can be constructed
using the Fourier method:

u˛.x; t/ D

1X
kD1

fk exp
°��k

l

�2�
1 � ˛

��k
l

�2�
t
±

sin
��kx
l

�
; (8.2.8)

where fk are the Fourier coefficients for f .x/. The family of operators R˛ trans-
forming f .x/ into a solution u˛.x; t/ of the form (8.2.8), i.e., defined by the formula
R˛f D u˛, is a regularizing family for the problem (8.2.4)–(8.2.6).

We put

ku. � ; t /k WD ku. � ; t /kL2.0;l/ D
� Z l

0

u2.x; t/ dx
�1=2

;

kf k WD kf kL2.0;l/; kR˛k.t/ D sup
kf kD1

kR˛f . � ; t /k:

The norm of the operator R˛ satisfies the estimate

kR˛k.t/ � et=.4˛/: (8.2.9)

We can estimate the deviation of u˛ from the exact solution u to the problem (8.2.4)–
(8.2.6) under the condition ku. � ; T /k � C , where C D const. Note that

ku. � ; T /k2 D

1X
kD1

f 2k e2.�k=l/
2T :

In this case, we have

ku˛. � ; t / � u. � ; t /k D
� Z l

0

.u˛.x; t/ � u.x; t//
2 dx

�1=2
�

4C t

.T � t /2
˛e�2:

The proof of this estimate together with (8.2.9) is left to the reader as an exercise.



216 Chapter 8 Linear problems for parabolic equations

Regularization based on the separation of variables. Consider the problem
(8.2.4)–(8.2.6) where it is required to find u.x; t/.

We denote by fk the Fourier coefficients of f .x/:

fk D
1

l

Z l

0

f .x/ sin
�kx

l
dx:

If f .x/ is such that there is a solution u.x; t/ of the problem under study, then

u.x; t/ D

1X
kD1

fke.�k=l/
2t sin

�kx

l
: (8.2.10)

Consider the sequence of linear operators Rn:

.Rnf /.x; t/ D

nX
kD1

fk e.�k=l/
2t sin

�kx

l
: (8.2.11)

The operators of determining the Fourier coefficients fk and of finite summation are
continuous, which implies the continuity of the operators Rn. The fact that the se-
quence ¹Rnf º converges to the exact solution u.x; t/ follows from the representation
(8.2.10) and the convergence of the Fourier series in the space L2.

We now estimate the effectiveness of the application of this regularizing family
to approximate data. Assume that the problem under consideration is conditionally
well-posed, and the well-posedness set M is defined by the inequality

ku. � ; T /k WD
� Z l

0

u2.x; T / dx
�1=2

� C: (8.2.12)

It is obvious that

kRnk.t/ D e.�n=l/
2t :

From (8.2.10) and (8.2.11) it follows that

k.Rnf /. � ; t / � u. � ; t /k
2 D

1X
kDnC1

f 2k e2.�k=l/
2t : (8.2.13)

On the other hand, (8.2.12) implies

1X
kD1

f 2k e2.�k=l/
2T � C 2: (8.2.14)

It is easy to see that the sum in the right-hand side of (8.2.13) achieves the maximum
value under the condition (8.2.14) when

fk D 0; k ¤ nC 1; fnC1 D C e�.�.nC1/=l/
2T ;
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and therefore

k.Rnf /. � ; t / � u. � ; t /k � C e�.�.nC1/=l/
2.T�t/:

Consequently, if there is an error ı in the given data, i.e., kfı � f k � ı, then

k.Rnfı/. � ; t / � u. � ; t /k � kRn.fı � f /. � ; t /k C k.Rnf /. � ; t / � u. � ; t /k

� e.�n=l/
2tı C C e�.�.nC1/=l/

2.T�t/: (8.2.15)

Exercise 8.2.1. Assume that the error in the given data f is fixed. Find the index
n D n.ı/ such that the right-hand side of the estimate (8.2.15) is minimal.

A detailed discussion of similar matters within the framework of the theory of op-
erator differential equations can be found in Krein (1957).

Reduction to an integral equation. The method of integral equations is one of the
main methods in the study of problems of mathematical physics. Problems of math-
ematical physics that are classically well-posed can usually be reduced to Fredholm
or Volterra integral equations of the second kind. Ill-posed problems can usually be
reduced to integral equations of the first kind. It is easy to verify that solution of the
problem (8.2.4)–(8.2.6) is equivalent to solution of an integral equation of the formZ l

0

K.x; 	/q.	/ d	 D f .x/; (8.2.16)

where

K.x; 	/ D
1

l

1X
kD1

e�.�k=l/
2T sin

�kx

l
sin

�k	

l
:

Conditional stability estimate. In the initial boundary value problem for the heat
conduction equation with reverse time, it is natural to assume that the solution u.x; t/
belongs to the set

M D ¹u.x; t/ W C1 � u.x; t/ � C2º;

where C1 and C2 are constants. Indeed, if u.x; t/ describes the concentration of
a substance in the process of diffusion, i.e., u.x; t/ is the ratio of the mass of the
substance in a unit layer to the total mass of the layer, then, obviously,

0 � u.x; t/ � 1:

If u.x; t/ is the temperature distribution in a bar, then, for example,

C1 � u.x; t/ � C2;

where C1 is the absolute zero temperature and C2 is the melting point of the bar.
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Theorem 2.2.1 implies that if a well-posedness setM is compact, then a conditional
stability estimate ˇ.ı/ (see Definition 2.8.1) can be found on the setM . The estimate
ˇ.ı/ is of high importance in the study of ill-posed problems. As noted above, in the
initial boundary value problem for the heat conduction equation, it is natural to take
the set of bounded functions for the well-posedness set. We will obtain the conditional
stability estimate ˇ.ı/ on the set of functions u.x; t/ that are bounded in L2.0; l/ for
any t 2 .t; 0/.

Let u.x; t/ be a solution to the equation

@u

@t
D �

@2u

@x2
; x 2 .0; l/; t 2 .0; T /; (8.2.17)

that satisfies the boundary conditions

u.0; t/ D u.l; t/ D 0; 0 � t � T: (8.2.18)

We introduce the function

�.t/ D

Z l

0

u2.x; t/ dx:

Differentiating �.t/ twice, we obtain

�0.t/ D 2

Z l

0

uut dx;

�00.t/ D 2

Z l

0

u2t dx C 2

Z l

0

uut t dx:

Transforming the second term in the expression for �00.t/, we haveZ l

0

uut t dx D

Z l

0

uuxxxx dx D

Z l

0

u2xx dx D

Z l

0

u2t dx:

Consequently,

�00.t/ D 4

Z l

0

u2t dx:

Consider the function

'.t/ D ln �.t/:

Differentiating '.t/ twice, we have

'00.t/ D
1

�2.t/

�
�00.t/ �.t/ � .�0.t//2

�
D

1

�2.t/

h
4

Z l

0

u2 dx

Z l

0

u2t dx � 4
� Z l

0

uut dx
�2i

:
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Hence, by the Cauchy–Bunyakovsky inequality,

'00.t/ � 0: (8.2.19)

The inequality (8.2.19) means that '.t/ is convex, which implies that on the interval
Œ0; T 
 the function '.t/ does not exceed the linear function that has the same values
at the ends of the interval as '.t/:

'.t/ �
T � t

T
'.0/C

t

T
'.T /: (8.2.20)

Exponentiating the inequality (8.2.20), we have

�.t/ � Œ�.0/
.T�t/=T Œ�.T /
t=T : (8.2.21)

Let u.x; t/ be a solution of the problem (8.2.4)–(8.2.6) and let uı.x; t/ solve the same
problem but with fı.x/ instead of f .x/. Setting Qu.x; t/ D u.x; t/�uı.x; t/, we note
that Qu.x; t/ satisfies (8.2.17), (8.2.18) and Qu.x; 0/ D f .x/ � fı.x/. Assume that

� Z l

0

Qu2.x; T / dx
�1=2

� C; (8.2.22)

� Z l

0

Qu2.x; 0/ dx
�1=2

� ı; (8.2.23)

where C and ı are constants. Clearly, from (8.2.21)–(8.2.23) it follows that

� Z l

0

Qu2.x; t/ dx
�1=2

� .C /t=T .ı/.T�t/=T D ˇ.ı/: (8.2.24)

Thus, in the initial boundary value problem for the heat conduction equation with
reverse time, the conditional stability estimate (8.2.24) holds in the case where the set
of well-posedness consists of functions u.x; t/ bounded in L2.0; l/ for t D T .

Formulation of the initial boundary value problem for the heat conduction equa-
tion in the form of an inverse problem. Reduction to an operator equation. The
ill-posed initial boundary value problem for the heat conduction equation

@u

@t
D �

@2u

@x2
; x 2 .0; l/; t 2 .0; T /; (8.2.25)

u.x; 0/ D f .x/; x 2 .0; l/; (8.2.26)

u.0; t/ D u.l; t/ D 0; t 2 .0; T /; (8.2.27)
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can be formulated in the form of the inverse to a certain direct (well-posed) problem.
Indeed, let us consider the problem

@u

@t
D �

@2u

@x2
; x 2 .0; l/; t 2 .0; T /; (8.2.28)

u.x; T / D q.x/; x 2 .0; l/; (8.2.29)

u.0; t/ D u.l; t/ D 0; t 2 .0; T /; (8.2.30)

where it is required to determine u.x; t/ from a given function q.x/.
The problem (8.2.28)–(8.2.30) is well posed. Therefore, the problem (8.2.25)–

(8.2.27) can be reduced to the following inverse problem: determine q.x/ from the
additional information about the solution to the direct problem (8.2.28)–(8.2.30)

u.x; 0/ D f .x/; x 2 .0; l/: (8.2.31)

Consider the operator

A W q.x/ WD u.x; T / ! f .x/ WD u.x; 0/;

where u.x; t/ is a solution to the problem (8.2.28)–(8.2.30).
Then the inverse problem can be written in the operator form

Aq D f;

where f .x/ is given and q.x/ is the unknown.

The steepest descent method in the initial boundary value problem for the heat
conduction equation. Consider the inverse problem (8.2.28)–(8.2.31) in the opera-
tor form

Aq D f: (8.2.32)

To solve this problem, we will minimize the objective functional J.q/ D kAq �
f k2

L2.0;l/
using the steepest descent method. This method consists in the successive

calculation of approximations qn according to the procedure

qnC1 D qn � ˛nJ
0.qn/; n D 0; 1; : : : ;

where q0 is an initial approximation, J 0.q/ is the gradient of the objective functional,
and the descent parameter ˛n is determined from the condition

˛n D arg min
˛>0

.J.qn � ˛J
0.qn///: (8.2.33)
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The gradient J 0.q/ in this inverse problem is calculated as follows. First, calculate
the increment of the functional J.q/:

J.q C ıq/ � J.q/ D kA.q C ıq/ � f k2L2.0;l/ � kAq � f k
2
L2.0;l/

D 2hAq � f;A ıqi C kAıqk2L2.0;l/

D 2

Z l

0

Œu.x; 0/ � f .x/
ıu.x; 0/ dx C

Z l

0

.ıu.x; 0//2 dx;

where u.x; t/ is a solution to the direct problem (8.2.28)–(8.2.30) and ıu.x; t/ is a
solution to the problem

@u

@t
D �

@2u

@x2
; x 2 .0; l/; t 2 .0; T /; (8.2.34)

u.x; T / D ıq.x/; x 2 .0; l/; (8.2.35)

u.0; t/ D u.l; t/ D 0; t 2 .0; T /: (8.2.36)

Let  .x; t/ be a solution to the adjoint problem

@ 

@t
D
@2 

@x2
; (8.2.37)

 .x; 0/ D �.x/; (8.2.38)

 .0; t/ D  .l; t/ D 0: (8.2.39)

Using (8.2.34)–(8.2.39), we obtain the formulas relating the solutions of the problems
(8.2.34)–(8.2.36) and (8.2.37)–(8.2.39):

0 D

Z l

0

Z T

0

 .x; t/
�
ıut .x; t/C ıuxx.x; t/

�
dx dt

D

Z l

0

Z T

0

 .x; t/ıut .x; t/ dx dt C

Z l

0

Z T

0

 .x; t/ıuxx.x; t/ dx dt

D

Z l

0

 .x; t/ıu.x; t/ dx
ˇ̌̌T
0
�

Z l

0

Z T

0

 t .x; t/ıu.x; t/ dx dt

C

Z T

0

 .x; t/ıux.x; t/ dt
ˇ̌̌l
0
�

Z l

0

Z T

0

 x.x; t/ıux.x; t/ dx dt

D

Z l

0

 .x; t/ıu.x; t/ dx
ˇ̌̌T
0
�

Z l

0

Z T

0

 t .x; t/ıu.x; t/ dx dt

�

Z T

0

 x.x; t/ıu.x; t/ dt
ˇ̌̌l
0
C

Z l

0

Z T

0

 xx.x; t/ıu.x; t/ dx dt
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D

Z l

0

. .x; T /ıu.x; T / �  .x; 0/ıu.x; 0// dx

�

Z l

0

Z T

0

�
 t .x; t/ �  xx.x; t/

�
ıu.x; t/ dx dt

D

Z l

0

 .x; T /ıu.x; T / dx �

Z l

0

 .x; 0/ıu.x; 0/ dx:

Hence

Z l

0

 .x; T /ıq.x/ dx �

Z l

0

 .x; 0/ıu.x; 0/ dx D 0:

Put �.x/ D 2.u.x; 0/ � f .x// in the adjoint problem (8.2.37)–(8.2.39). Then

J.q C ıq/ � J.q/ D

Z l

0

 .x; 0/ıu.x; 0/ dx C

Z l

0

.ıu.x; 0//2 dx

D

Z l

0

 .x; T /ıq.x/ dx C

Z l

0

.ıu.x; 0//2 dx

D h . � ; T /; ıq. � /i C

Z l

0

.ıu.x; 0//2 dx:

Comparing the obtained expression for the increment of the functional to the defi-
nition of its gradient

J.q C ıq/ � J.q/ D hJ 0.q/; ıqi C o.kıqk/

and applying Theorem 8.2.2 (see below), we conclude that J 0.q/ D 2A�.Aq � f / D
 .x; T /, where  is a solution to the adjoint problem (8.2.37)–(8.2.39) with the func-
tion 2.Aq � f / D 2.u.x; 0/ � f .x// standing for �.x/.

Multidimensional formulation. In a connected bounded domain D � Rn with
smooth boundary @D, consider the initial boundary value problem for the heat con-
duction equation with reverse time

ut D �Lu; .x; t/ 2 D � .0; T /; (8.2.40)

u.x; 0/ D f .x/; x 2 D; (8.2.41)

u
ˇ̌
@D
D 0; t 2 Œ0; T 
; (8.2.42)
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where it is required to determine u.x; t/ 2 L2.D � .0; T // from a given function
f .x/ 2 L2.D/. In the above formulation, L is an elliptic operator such that

Lu D

nX
i;jD1

Di .aij .x/Dju/ � c.x/u; Diu D
@u

@xi
; i D 1; n; (8.2.43)

nX
i;jD1

aij .x/�i�j �

nX
1

�2i for any �i 2 R; aij .x/ D aj i .x/; x 2 DI (8.2.44)

0 � c.x/ � C1: (8.2.45)

Note that the coefficients of the operator L depend only on the spatial variable x 2
D � Rn.

The problem (8.2.40)–(8.2.42) is ill-posed because arbitrarily small variations in
the right-hand side f may cause arbitrarily large variations in the solution u. The
problem can be formulated as the inverse to the direct (well-posed) problem

ut D �Lu; .x; t/ 2 D � .0; T /; (8.2.46)

u.x; T / D q.x/; x 2 D; (8.2.47)

u
ˇ̌
@D
D 0; t 2 Œ0; T 
: (8.2.48)

The function q.x/ is assumed to satisfy the concordance condition

q
ˇ̌
@D
D 0: (8.2.49)

In the direct problem (8.2.46)–(8.2.49) it is required to determine u.x; t/ inD�.0; T /
from the given function q.x/.

The inverse problem consists in finding q.x/ from (8.2.46)–(8.2.48) and the addi-
tional information

u.x; 0/ D f .x/; x 2 D: (8.2.50)

The function u 2 L2.D � .0; T // will be called a generalized solution to the direct
problem (8.2.46)–(8.2.48) if any w 2 H 2;1.D � .0; T // such that

w.x; 0/ D 0; x 2 D; (8.2.51)

w
ˇ̌
@D
D 0; t 2 Œ0; T 
; (8.2.52)

satisfies the equalityZ T

0

Z
D

u.wt � Lw/ dx dt �

Z
D

q.x/w.x; T / dx D 0: (8.2.53)

The direct problem (8.2.46)–(8.2.48) is well-posed in the generalized sense, which
follows from the next theorem.
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Theorem 8.2.1. If q 2 L2.D/, then the problem (8.2.46)–(8.2.48) has a unique gen-
eralized solution u 2 L2.D � .0; T // that depends continuously on the initial data:

kukL2.D�.0;T // �
p
T kqkL2.D/: (8.2.54)

Proof. Consider a function Qq 2 C10 .D/ (see Definition A.5.2). For any such func-
tion, the problem (8.2.46)–(8.2.48) has a unique infinitely smooth solution Qu.x; t/ 2
C10 .D � .0; T //. The solution to the auxiliary problem

Qwt � L Qw D Qu; .x; t/ 2 D � .0; T /; (8.2.55)

Qw.x; 0/ D 0; (8.2.56)

Qw
ˇ̌
@D
D 0 (8.2.57)

has the same property.
Using (8.2.56), from the equality

Qw.x; T / D Qw.x; 0/C

Z T

0

Qwt .x; t/ dt

we obtain

j Qw.x; T /j2 � T

Z T

0

Qw2t .x; t/ dt;

k Qw. � ; T /k2L2.D/ � T k Qwtk
2
L2.D�.0;T //

:

(8.2.58)

Consider the identity

Qwt Qu D Qwt . Qwt � L Qw/ D Qw
2
t �

nX
i;jD1

Di . Qwtaij .x/Dj Qw/

C

nX
i;jD1

aij .x/Di QwtDj Qw C
1

2
c.x/. Qw2/t : (8.2.59)

Since aij .x/ D aj i .x/ for i; j D 1; n, we have

nX
i;jD1

aij .x/Di QwtDj Qw D
1

2

nX
i;jD1

aij .x/.Di QwDj Qw/t : (8.2.60)
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Using (8.2.60), integrate (8.2.59) over the domain D � .0; T /:Z T

0

Z
D

Qwt Qudx dt D

Z T

0

Z
D

Qw2t dx dt �

Z T

0

nX
i;jD1

Qwtaij .x/Dj Qw
ˇ̌̌
@D
dt

C
1

2

Z
D

nX
i;jD1

aij .x/Di QwDj Qw.x; T / dx

�
1

2

Z
D

nX
i;jD1

aij .x/Di QwDj Qw.x; 0/ dx

C
1

2

Z
D

c.x/Œ Qw2.x; T / � Qw2.x; 0/
 dx: (8.2.61)

By condition (8.2.45), Z
D

c.x/ Qw2.x; T / � 0: (8.2.62)

By virtue of (8.2.44), (8.2.56), (8.2.57), and (8.2.62), from (8.2.61) we obtain

k Qwtk
2
L2.D�.0;T //

� k Qwtk
2
L2.D�.0;T //

k QukL2.D�.0;T //;

k QwtkL2.D�.0;T // � k QukL2.D�.0;T //:
(8.2.63)

From (8.2.63) and (8.2.58) it follows that

k Qw. � ; t /k2L2.D/ � T k Quk
2
L2.D�.0;T //

: (8.2.64)

Take a solution Qw.x; t/ to the auxiliary problem (8.2.55)–(8.2.57) as a test function
and substitute it into (8.2.53). As a result, using (8.2.64) we obtain

k Quk2L2.D�.0;T // � kQqk
2
L2.D/

k Qw. � ; T /kL2.D/ �
p
T k QqkL2.D/k QukL2.D�.0;T //;

k QukL2.D�.0;T // �
p
T k QqkL2.D/:

Thus, approximating q 2 L2.D/ with a sequence of functions Qqj 2 C10 .D/, we
obtain the sequence of solutions Quj 2 C10 .D � .0; T // converging to the solution
u 2 L2.D � .0; T // because of the continuity of the scalar product, and the esti-
mate (8.2.54) holds.

Theorem 8.2.2. If q 2 L2.D/, then the generalized solution to the direct problem
(8.2.46)–(8.2.48) has the trace u.x; 0/ 2 L2.D/ and

ku. � ; 0/kL2.D/ < kqkL2.D/: (8.2.65)

The proof of this theorem is similar to that of Theorem 8.2.1.
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Using arguments similar to those in the proof of the estimate (8.2.24), we can obtain
an analogous estimate for the solution u.x; t/ to the problem (8.2.40)–(8.2.42):Z

D

u2.x; t/ dx � ku. � ; T /k
2t=T

L2.D/
kf k

2.T�t/=T
L2.D/

: (8.2.66)

This estimate implies that the problem (8.2.40)–(8.2.42) is conditionally well posed
on the set M of functions u.x; t/ such that ku. � ; T /kL2.D/ � C .

Similar assertions and estimates hold for the adjoint problem. A detailed theoretical
analysis of the direct and the adjoint problem is provided in Kabanikhin et al. (2006).

We now introduce an operator

A W q.x/ 7! u.x; 0/;

where u.x; t/ is a solution to the direct problem (8.2.46)–(8.2.48).
The inverse problem (8.2.46)–(8.2.50) in the operator form is written as

Aq D f:

Note that from Theorem 8.2.2 it follows that A: L2.D/! L2.D/ and kAk � 1. We
will solve the problem by minimizing the functional J.q/ D kAq � f k2

L2.D/
using

the steepest descent method. The following theorem provides the rate of convergence
for this method.

Theorem 8.2.3. Assume that there exists a sufficiently smooth solution qe to the prob-
lem Aq D f with f 2 L2.D/, and the initial approximation satisfies the condition
kq0 � qek � C . Then the sequence of solutions ¹unº to the direct problems for
the corresponding iterations qn converges to the exact solution u to the prboblem
(8.2.40)–(8.2.42) and the following estimate holds:

kun � uk
2
L2.D�.0;t//

� C 2T .nt=T�1= lnn/; t 2 .0; T /: (8.2.67)

Proof. Using the estimate (8.2.66), for � 2 .0; T / we obtain

kun. � ; �/ � u. � ; �/k
2
L2.D/

D

Z
D

Œun.x; �/ � u.x; �/

2 dx

� kqn � qek
2�=T

L2.D/
kAqn � f k

2.T��/=T
L2.D/

:

From Theorem 2.7.1 it follows that

kqn � qek � kq0 � qek � C;

J.qn/ D kAqn � f k
2 �
kAk2kq0 � qek

2

n
�
C 2

n
:
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Hence

kun. � ; �/ � u. � ; �/k
2
L2.D/

� C 2�=T
�C 2
n

�.T��/=T
D C 2n�=T�1: (8.2.68)

Integrating (8.2.68) with respect to � from 0 to t , we arrive at the inequality

kun � uk
2
L2.D�.0;t//

�
C 2T

n

nt=T � 1

lnn
� C 2T

nt=T�1

lnn
;

which is the desired conclusion.

8.3 Inverse boundary-value problems and extension
problems

Consider the process of heat propagation in a medium (diffusion process). Heat flow
(substance flow) and temperature (concentration) are measured on one part of the
boundary, while the other part of the boundary is not available or too difficult to ac-
cess for measurements. It is required to determine the temperature (or the substance
concentration) inside the domain up to the inaccessible part of the boundary. Problems
of this type arise in geophysics (Ballani et al., 2002), the theory of nuclear reactors,
aeronautics, etc. (Becket al., 1985; Griedt, 1995).

Consider a mathematical model of this physical process in the two-dimensional
case.

Let D WD ¹.x; y/ 2 R2: x 2 .0; 1/, y 2 .0; 1/º be the domain under study. The
process of heat propagation in the domain D during the time t 2 Œ0; T 
, T 2 RC, is
described by the initial boundary value problem for a parabolic equation

ut D uxx C uyy ; .x; y/ 2 D; t 2 .0; T /; (8.3.1)

u.0; y; t/ D f .y; t/; y 2 .0; 1/; t 2 .0; T /; (8.3.2)

ux.0; y; t/ D 0; y 2 .0; 1/; t 2 .0; T /; (8.3.3)

u.x; 0; t/ D u.x; 1; t/ D 0; x 2 .0; 1/; t 2 .0; T /; (8.3.4)

u.x; y; 0/ D 0; .x; y/ 2 D: (8.3.5)

In the above formulation, u.x; y; t/ represents the temperature of the medium at the
point .x; y/ 2 D at the instant of time t 2 Œ0; T 
. It is required to find u.x; y; t/ in
D � .0; T / from the temperature f .y; t/ measured on a part of the boundary of D.

Let us replace the condition (8.3.2) in the problem (8.3.1)–(8.3.5) by the condition

u.1; y; t/ D q.y; t/; y 2 .0; 1/; t 2 .0; T /; (8.3.6)

where q.y; t/ is a given function. The problem of finding u.x; y; t/ from (8.3.1),
(8.3.3)–(8.3.6) will be called the direct problem. Then the problem (8.3.1)–(8.3.5)
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is inverse to the problem (8.3.1), (8.3.3)–(8.3.6), since it is reduced to determining
q.y; t/ from (8.3.1), (8.3.3)–(8.3.6) using the additional information about the solu-
tion to the direct problem

u.0; y; t/ D f .y; t/; y 2 .0; 1/; t 2 .0; T /:

As before, we introduce the operator

A W q.y; t/ D u.1; y; t/ 7! f .y; t/ D u.0; y; t/;

where u.x; y; t/ is a solution to the direct problem (8.3.1), (8.3.3)–(8.3.6), and write
the problem (8.3.1)–(8.3.6) in the operator form Aq D f . It can be proved (Ka-
banikhin et al., 2006) that the operator A acts from the space L2..0; 1/ � .0; T // into
L2..0; 1/ � .0; T // and is bounded: kAk � 1. Consequently, the problem (8.3.1)–
(8.3.6) can be solved using the gradient method (see Chapter 2) and, in particular,
using the steepest descent method.

8.4 Interior problems and problems of determining sources

In this section, we will present several formulations of linear ill-posed inverse prob-
lems for parabolic equations such that gradient methods are applicable in the numeri-
cal solution of these problems.

Finding the initial condition from an additional measurement at a point. Con-
sider the boundary-value problem

ut D uxx ; x 2 .0; 1/; t 2 .0; T /; (8.4.1)

u.x; 0/ D q.x/; x 2 .0; 1/; (8.4.2)

ux.0; t/ D ux.1; t/ D 0; t 2 .0; T /; (8.4.3)

where q.x/ is a given function and u.x; t/ is the unknown. This problem is well
posed.

We now suppose that q.x/ is unknown, and the following additional information
about the solution to the problem (8.4.1)–(8.4.3) is known at a fixed point x0 2 Œ0; 1
:

u.x0; t / D f .t/; t 2 .t0; t1/; 0 < t0 < t1 < T: (8.4.4)

The problem of reconstruction of the function q.x/ from the function f .t/ and
(8.4.1)–(8.4.4) is inverse to the problem (8.4.1)–(8.4.3).

The solution to the direct problem can be represented in the form of a Fourier series

u.x; t/ D
1
p
2
q0 C

1X
kD1

qk e��
2k2t
p
2 cos.�kx/;

qk D
p
2

Z 1

0

q.	/ cos.�k	/ d	; k 2 N [ ¹0º:
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Substituting this representation of u.x; t/ into (8.4.4), we obtain a Fredholm inte-
gral equation of the first kind for q.x/:

f .t/ D

Z 1

0

K.t; x0; 	/q.	/ d	; t 2 .t0; t1/; (8.4.5)

where

K.t; x0; 	/ D 1C 2

1X
kD1

e��
2k2t cos.�kx0/ cos.�k	/: (8.4.6)

Theorem 8.4.1. If x0 D 0, then the solution of equation (8.4.5) is unique in the space
L2.0; 1/.

Proof. Since equation (8.4.5) is linear, it suffices to prove that the homogeneous equa-
tion

R 1
0 K.t; 0; 	/q.	/ d	 D 0 has only zero solution (Denisov, 1994).

Substituting (8.4.6) into (8.4.5), we haveZ 1

0

q.	/ d	 C 2

1X
kD1

e��
2k2t

Z 1

0

q.	/ cos.�k	/ d	 D 0; t 2 .t0; t1/: (8.4.7)

Let ˛ 2 .0; t0/. Then the function

ˆ.z/ D

Z 1

0

q.	/ d	 C 2

1X
kD1

e��
2k2z

Z 1

0

q.	/ cos.�k	/ d	 (8.4.8)

is analytic in the complex half-plane Re z � ˛, which follows from the Weierstrass
theorem and the estimate

je��
2k2zj � e��

2k2˛; Re z � ˛:

Equality (8.4.7) means that the analytic function ˆ.z/ vanishes on the interval
.t0; t1/ of the real axis that lies in the domain of analyticity ofˆ.z/. Consequently, by
the uniqueness theorem for analytic functions, ˆ.z/ D 0 for all z such that Re z � ˛.
Passing to the limit as t !C1 in (8.4.7), we have

R 1
0 q.	/ d	 D 0:

Hence,

e��
2t

Z 1

0

q.	/ cos.�	/ d	 C
1X
kD2

e��
2k2t

Z 1

0

q.	/ cos.�k	/ d	 D 0:

Multiplying the last equality by e�
2t and again passing to the limit as t ! 1, we

obtain Z 1

0

q.	/ cos.�	/ d	 D 0:
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Using similar arguments, we arrive at the system of equalitiesZ 1

0

q.	/ cos.�k	/ d	 D 0; k D 0; 1; 2; : : : : (8.4.9)

Since the system of functions ¹cos.�kx/ºk2N[¹0º is complete in the space L2.0; 1/,
from (8.4.9) it follows that q.x/ � 0.

Exercise 8.4.1. Analyze the case of x0 ¤ 0.

Determining the boundary condition. For the direct problem we take the problem
of finding the function u.x; t/ for x 2 .0; 1/ and t 2 Œ0; T 
 such that

ut D uxx ; x 2 .0; 1/; t 2 .0; T 
; (8.4.10)

u.x; 0/ D 0; x 2 .0; 1/; (8.4.11)

u.0; t/ D q.t/; t 2 .0; T 
; (8.4.12)

ux.1; t/ D 0; t 2 .0; T 
; (8.4.13)

where q.t/ is a given function. In the inverse problem, q.t/ is the unknown, and
the following additional information is given for the solution to the direct problem
(8.4.10)–(8.4.13):

u.1; t/ D f .t/; t 2 Œ0; T 
: (8.4.14)

The uniqueness theorem for the solution of this inverse problem was proved in
(Landis, 1959).

Theorem 8.4.2. Let a function u.x; t/ 2 C 2;1.Œ0; 1
 � Œ0; T 
/ satisfy the equation
(8.4.10) in Œ0; 1
 � Œ0; T 
. Let u.1; t/ D 0 and ux.1; t/ D 0 for t 2 Œ0; T 
. Then
u.x; t/ � 0 in Œ0; 1
 � Œ0; T 
.

Note that the initial condition is not required in 8.4.2. The uniqueness theorem
still holds if the additional information (8.4.14) results from the measurements at an
interior point of the interval: u.x0; t / D f .t/, x0 2 .0; 1/ (Denisov, 1994)

Reconstruction of sources. The problem of determining the function u.x; t/, x 2
.0; 1/, t 2 .0; T 
, from given functions q1.x/, q2.t/ and the relations

ut D uxx C q1.x/q2.t/; x 2 .0; 1/; t 2 .0; T 
; (8.4.15)

u.x; 0/ D 0; x 2 Œ0; 1
; (8.4.16)

ux.0; t/ D ux.1; t/ D 0; t 2 .0; T 
; (8.4.17)
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will be called the direct problem.
Let q1.x/ be given and u.x; t/ be measured at a fixed point x0 2 Œ0; 1
:

u.x0; t / D f .t/; t 2 Œ0; T 
: (8.4.18)

The problem of finding q2.t/ from the given x0, q1.x/, and f .t/ and (8.4.15)–(8.4.18)
is inverse to the problem (8.4.15)–(8.4.17).

The direct problem can be solved using the method of separation of variables:

u.x; t/ D q1;0

Z t

0

q2.�/ d� C

1X
kD1

q1;k
p
2 cos.�kx/

Z t

0

q2.�/e��
2k2.t��/ d�;

(8.4.19)

q1;k D
p
2

Z l

0

q1.	/ cos.�k	/ d	; k D 1; 2; : : : ;

q1;0 D

Z l

0

q1.	/ d	:

(8.4.20)

For x D x0, the equality (8.4.18) becomes

q1;0

Z t

0

q2.�/ d� C

1X
kD1

q1;k
p
2 cos.�kx0/

Z t

0

q2.�/e
��2k2.t��/ d� D f .t/;

t 2 Œ0; T 
:

Assume that q1 2 C 2Œ0; 1
 and q2 2 C Œ0; 1
. Changing the order of integration and
summation, we obtain the Volterra integral equation of the first kind for q2Z t

0

K.t; �/q2.�/ d� D f .t/; t 2 Œ0; T 
; (8.4.21)

with the kernel

K.t; �/ D q1;0 C

1X
kD1

q1;ke
��2k2.t��/

p
2 cos.�kx0/:

The following theorem appears in Denisov (1994).

Theorem 8.4.3. Let the data of the inverse problem (8.4.15)–(8.4.18) satisfy the con-
ditions

1) q1.x/ 2 C 4Œ0; 1
, q01.C0/ D q
0
1.1 � 0/ D 0, q1.x0/ ¤ 0;

2) f .t/ 2 C 4Œ0; T 
, f .C0/ D 0.

Then there exists a unique solution q2.t/ to equation (8.4.21) in C Œ0; T 
.
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Proof. Since q1 2 C 4Œ0; T 
, there exists a constant c > 0 such that jq1;kj < Ck�4

for all k 2 N. Consequently, the kernel K.t; �/ of equation (8.4.21) is continuous
and has a continuous partial derivative Kt .t; �/ for 0 � � � t � T . Differentiating
(8.4.21) with respect to t , we have

K.t; t/q2.t/C

Z t

0

Kt .t; �/q2.�/ d� D f
0.t/; t 2 Œ0; T 
: (8.4.22)

Note that K.t; t/ D q1.x0/ ¤ 0. Therefore, the Volterra equation of the second
kind (8.4.22) with continuous kernel Kt .t; �/ and continuous right-hand side f 0.t/
has a unique solution q2.t/ in C Œ0; T 
, which is also a solution to equation (8.4.21).

If q1.x0/ D 0, then the solution of the inverse problem (8.4.15)–(8.4.18) is not
necessarily unique. This can be proved by choosing x0 D 1=2 and q1.x/ so that
q1.x/ D �q1.1=2 � x/ for all x 2 Œ0; 1
.

Exercise 8.4.2. Analyze the direct problem (8.4.15)–(8.4.17) in the case q2.t/ � 1.



Chapter 9

Linear problems for elliptic equations

The Cauchy problem for the Laplace equation was the first one whose ill-posedness
was noticed by mathematicians (Hadamard, 1902). This problem, however, turned
out to be so important for practical applications that it had been constantly studied
throughout the 20th century. The uniqueness and conditional stability estimates and
the first algorithms for constructing approximate solutions (Carleman, 1926; Lavren-
tiev, 1955, 1956, 1962; Pucci, 1955; Mergelyan, 1956; Landis, 1959; Aronszain,
1957; Calderon, 1958) were followed by a great number of publications devoted to
the numerical solution and different generalizations and modifications of this prob-
lem. Such were the early publications by Douglas (1960) and by Chudov (1962), as
well as more recent works (Kozlov et al., 1991; Kabanikhin and Karchevsky, 1995;
Hào and Lesnic, 2000; Elden, 2002; Johansson, 2003; Kabanikhin et al., 2003) that
developed iterative methods for minimizing the corresponding residual functional.

In this chapter, we will use a simple example to demonstrate the methods for prov-
ing the uniqueness and conditional stability theorems (Section 9.1). In the next sec-
tion, we will reduce the initial boundary value problem for the Laplace equation to an
inverse problem and then to an operator equation Aq D f (Section 9.2). Studying
the properties of the linear operator A and its adjoint A�, we will show, in particular,
that they are bounded (Section 9.3). As follows from the results of Chapter 2, if A is
bounded, the conditional stability estimate enables not only to prove the convergence
but also to estimate the rate of convergence of gradient methods for minimizing the
objective functional J.q/ D kAq � f k2. We will extend all the obtained results to
the multidimensional case of an elliptic equation with divergent principal part (Sec-
tion 9.4) and conclude the chapter by giving estimates for the rate of convergence with
respect to the objective functional and the rate of strong convergence of the steepest
descent method.

There are certainly many more formulations of linear inverse and ill-posed prob-
lems for elliptic equations, for example, the problem of determining the right-hand
side of the Poisson equation�u D q. But the study of the uniqueness and conditional
stability of solutions in the cases that are of importance for practical applications is
considerably more difficult.
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9.1 The uniqueness theorem and a conditional stability
estimate on a plane

Consider the following initial boundary value problem in the domain � WD ¹.x; y/ 2
R2 W x 2 .0; 1/; y 2 .0; 1/º:

�u D 0; .x; y/ 2 �; (9.1.1)

u.0; y/ D f .y/; y 2 .0; 1/; (9.1.2)

ux.0; y/ D 0; y 2 .0; 1/; (9.1.3)

u.x; 0/ D u.x; 1/ D 0; x 2 .0; 1/: (9.1.4)

Two-dimensional Cauchy problems for the Laplace equation that have many ap-
plications, for example, in finding the potential of electrostatic field in the Earth’s
interior, are reduced to the above problem.

This problem is ill-posed in the sense of Hadamard. The solution is unique (see
Theorem 9.1.1), but unstable. Indeed, for

f .y/ D
1

n
sin.ny/

the solution to the problem (9.1.1)–(9.1.4) is given by the formula

u.x; y/ D
1

n
sin.ny/

enx C e�nx

2
:

Consequently, the function f .y/ can become as small as desired as n increases,
whereas the solution u.x; y/ increases indefinitely as n!1.

Exercise 9.1.1. Using the obtained particular solutions, determine the functional
spaces where the problem (9.1.1)–(9.1.4) is ill-posed.

Theorem 9.1.1 (on the uniqueness of solution). The solution of the problem (9.1.1)–
(9.1.4) is unique in the class of functions u 2 C 4.� / that can be represented in the
form of a Fourier series

u.x; y/ D

1X
kD1

uk.x/ sin
�ky
�

�
(9.1.5)

with Fourier coefficients uk 2 C
4Œ0; 1
.

Proof. If u 2 C 4.� /, then f .y/ 2 C 4Œ0; 1
. Substituting (9.1.5) into (9.1.1)–(9.1.4),
we obtain

u00k � k
2uk D 0; (9.1.6)

uk.0/ D fk ; (9.1.7)

u0k.0/ D 0; (9.1.8)

where fk are Fourier coefficients of the function f .y/.



Section 9.1 The uniqueness theorem and a conditional stability estimate on a plane 235

Integrating (9.1.6) twice from 0 to x, we have

uk.x/ D fk C k
2

Z x

0

Z �

0

uk.�/d�d	: (9.1.9)

As in Chapter 4, we introduce an auxiliary norm

kukkk;m WD sup
x2Œ0;1�

¹juk.x/je
�kmxº; m 2 RC;

and note that for any m > 0

sup
x2Œ0;1�

juk.x/j D kukkCŒ0;1� � kukkk;mekm: (9.1.10)

Using (9.1.9), estimate juk.x/j for any x 2 .0; 1/:

juk.x/j � jfkj C k
2

Z x

0

Z �

0

juk.�/je
��kme�km d� d	

� jfkj C k
2kukkk;m

Z x

0

Z �

0

e�km d� d	

� jfkj C k
2kukkk;m

Z x

0

e�km � 1

km
d	

� jfkj C k
2kukkk;m

exkm � 1

k2m2
:

Consequently, for any x 2 .0; 1/

juk.x/j � jfkj C kukkk;m
exkm

m2
: (9.1.11)

Multiplying (9.1.11) by e�xkm, we obtain

jukje
�xkm � jfkje

�xkm C
kukkk;m

m2
;

kukkk;m � jfkj C
kukkk;m

m2
:

Then for any m > 1 we have

kukkk;m �
m2

m2 � 1
jfkj: (9.1.12)

Combining (9.1.10) and (9.1.12), we arrive at

kukkCŒ0;1� �
m2

m2 � 1
jfkje

km; (9.1.13)

which implies the uniqueness of the solution of the problem (9.1.1)–(9.1.4).
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Theorem 9.1.2 (on the conditional stability). Assume that for f 2 C 2.0; 1/ there
exists a solution u 2 C 2.�/ to the problem (9.1.1)–(9.1.4). Then the following con-
ditional stability estimate holds:

Z 1

0

u2.x; y/ dy �
� Z 1

0

f 2.y/ dy
�1�x� Z 1

0

u2.1; y/ dy
�x
: (9.1.14)

Proof. Consider the auxiliary function

g.x/ D

Z 1

0

u2.x; y/ dy: (9.1.15)

Differentiating (9.1.15) twice with respect to x, we have

g0.x/ D 2

Z 1

0

u.x; y/ux.x; y/ dy; (9.1.16)

g00.x/ D 2

Z 1

0

u2x.x; y/ dy C 2

Z 1

0

u.x; y/uxx.x; y/ dy: (9.1.17)

We now transform the second term in (9.1.17) using (9.1.1):

Z 1

0

u.x; y/uxx.x; y/ dy D �

Z 1

0

u.x; y/uyy.x; y/ dy

D �.uuy/.x; 1/C .uuy/.x; 0/C

Z 1

0

u2y.x; y/ dy

D

Z 1

0

u2y.x; y/ dy:

Hence,

g00.x/ D 2

Z 1

0

u2x.x; y/ dy C 2

Z 1

0

u2y.x; y/ dy: (9.1.18)

Note that

d

dx

Z 1

0

u2y.x; y/ dy D 2

Z 1

0

uy.x; y/uyx.x; y/ dy

D 2.uyux/.1; y/ � 2.uyux/.0; y/ � 2

Z 1

0

ux.x; y/u
2
yy.x; y/ dy

D
d

dx

Z 1

0

u2x.x; y/ dy: (9.1.19)
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Integrating (9.1.19) with respect to x from 0 to an x0 2 .0; 1/, we obtainZ 1

0

u2y.x
0; y/ dy �

Z 1

0

u2y.0; y/ dy D

Z 1

0

u2x.x
0; y/ dy �

Z 1

0

u2x.0; y/ dy

D

Z 1

0

u2x.x
0; y/ dy: (9.1.20)

From the boundary conditions (9.1.2), it follows thatZ 1

0

u2y.0; y/ dy D

Z 1

0

Œf 0.y/
2 dy:

By (9.1.20) and the arbitrary choice of x0 2 .0; 1/, from (9.1.18) we obtain

g00.x/ D 4

Z 1

0

u2x.x; y/ dy C 2

Z 1

0

Œf 0.y/
2 dy:

We introduce the function

G.x/ D lng.x/:

Differentiating G.x/ twice, we have

G00.x/ D
1

g2.x/

�
g00.x/g.x/ � Œg0.x/
2

�
:

Consequently,

G 00.x/ D
1

g2.x/

°h
4

Z 1

0

u2x.x; y/ dy C 2

Z 1

0

Œf 0.y/
2 dy
i Z 1

0

u2.x; y/ dy

�
�
2

Z 1

0

u.x; y/ux.x; y/ dy
�2±

:

We will prove that G00.x/ > 0, x 2 Œ0; 1
. Indeed, by the Cauchy–Bunyakovsky
inequality,� Z 1

0

u.x; y/ux.x; y/ dy
�2
�

Z 1

0

u2.x; y/ dy

Z 1

0

u2x.x; y/ dy:

Therefore,

G00.x/ �
2

g2.x/

Z 1

0

u2.x; y/ dy

Z 1

0

jf 0.y/j2 dy > 0:

This means that G.x/ is convex on Œ0; 1
. Then for x 2 .0; 1/ we have

G.x/ � .1 � x/G.0/C xG.1/;

and exponentiation yields the inequality

g.x/ � Œg.0/
1�x Œg.1/
x ; x 2 .0; 1/;
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i.e., Z 1

0

u2.x; y/ dy �
� Z 1

0

f 2.y/ dy
�1�x� Z 1

0

u2.1; y/ dy
�x
; x 2 .0; 1/;

which is the desired conclusion.

Exercise 9.1.2. Analyze the proof of Theorem 9.1.2 and show that the conditions on
the smoothness of u.x; y/ and f .y/ can be relaxed.

9.2 Formulation of the initial boundary value problem for
the Laplace equation in the form of an inverse problem.
Reduction to an operator equation

Consider the initial boundary value problem (9.1.1)–(9.1.4). As will be shown in
Section 9.3, if the condition (9.1.3) is replaced by the condition

u.1; y/ D q.y/; y 2 .0; 1/;

where q.y/ 2 L2.0; 1/ is a given function, then the problem becomes well-posed.
This means that the problem (9.1.1)–(9.1.4) of finding u.x; y/, .x; y/ 2 �, can be
reduced to the problem of finding q.y/ D u.1; y/, y 2 .0; 1/.

Therefore, the initial boundary value problem (9.1.1)–(9.1.4) can be viewed as in-
verse to the problem

�u D 0; .x; y/ 2 �; (9.2.1)

ux.0; y/ D 0; y 2 .0; 1/; (9.2.2)

u.1; y/ D q.y/; y 2 .0; 1/; (9.2.3)

u.x; 0/ D u.x; 1/ D 0; x 2 .0; 1/; (9.2.4)

where q.x/ is a given function (Kabanikhin and Karchevsky, 1995).
Indeed, it is required to reconstruct the unknown function q.y/, y 2 .0; 1/, from

the additional information

u.0; y/ D f .y/; y 2 .0; 1/; (9.2.5)

about the solution to the direct problem (9.2.1)–(9.2.4).
From Theorem 9.1.1 it follows that the inverse problem (9.2.1)–(9.2.5) has at most

one solution.
Consider the operator

A W q.y/ WD u.1; y/ 7! f .y/ WD u.0; y/;

where u.x; y/ is a solution to the problem (9.2.1)–(9.2.4).
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Then the inverse problem (9.2.1)–(9.2.5) can be written as an operator equation

Aq D f: (9.2.6)

We will show below that the operator A acts from L2.0; 1/ into L2.0; 1/ and is
bounded in norm.

9.3 Analysis of the direct initial boundary value problem
for the Laplace equation

This section employs a somewhat unusual definition of a generalized solution to the
direct problem (9.2.1)–(9.2.4) in the space L2 (usually a generalized solution to the
Laplace equation is defined in the Sobolev space H 1). However, the definition given
below is more convenient for the analysis of gradient methods for solving the corre-
sponding inverse problem.

Definition 9.3.1. A function u 2 L2.�/ will be called a generalized (or weak) solu-
tion to the direct problem (9.2.1)–(9.2.4) if any w 2 H 2.�/ such that

wx.0; y/ D 0; y 2 .0; 1/; (9.3.1)

w.1; y/ D 0; y 2 .0; 1/; (9.3.2)

w.x; 0/ D w.x; 1/ D 0; x 2 .0; 1/; (9.3.3)

satisfies the equalityZ
�

u�w dx dy �

Z 1

0

q.y/wx.1; y/ dy D 0: (9.3.4)

A function w 2 H 2.�/ satisfying (9.3.1)–(9.3.3) will be called a test function.

It is easy to verify that if u 2 C 2.�/\C 1.� /, then the generalized solution to the
problem (9.2.1)–(9.2.4) is also its classical solution.

Theorem 9.3.1 (on the well-posedness of the direct problem). If q 2 L2.0; 1/, then
the problem (9.2.1)–(9.2.4) has a unique generalized solution u 2 L2.�/ satisfying
the estimate

kuk2L2.�/ �
p
2 kqk2L2.0;1/: (9.3.5)

Proof. Let Nq 2 C10 .0; 1/, where C10 .0; 1/ is the space of finite infinitely differen-
tiable functions whose support lies within the interval .0; 1/. For any such function,
the problem (9.2.1)–(9.2.4) has an infinitely differentiable solution, which will be de-
noted by Nu (Ladyzhenskaya and Uraltseva, 1973)
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Consider the auxiliary problem

�w D Nu; .x; y/ 2 �; (9.3.6)

wx.0; y/ D 0; y 2 .0; 1/; (9.3.7)

w.1; y/ D 0; y 2 .0; 1/; (9.3.8)

w.x; 0/ D w.x; 1/ D 0; x 2 .0; 1/: (9.3.9)

Integrating the identity

w Nu D w�w D .wwx/x � w
2
x C .wwy/y � w

2
y

over the domain �, we haveZ
�

w Nudx dy D �

Z
�

Œw2x C w
2
y 
 dx dy:

Hence, Z
�

Œw2x C w
2
y 
 dx dy � kwkL2.�/k NukL2.�/: (9.3.10)

The equalities

0 D w.1; y/ D w.x; y/C

Z 1

x

w�.	; y/ d	;

w.x; y/ D w.x; 0/C

Z y

0

w�.x; 
/ d
 D

Z y

0

w�.x; 
/ d


imply that

2w.x; y/ D

Z y

0

w�.x; 
/ d
 �

Z 1

x

w�.	; y/ dy:

Consequently,

jw.x; y/j �
1

2

� Z 1

0

jw�.x; 
/j d
C

Z 1

0

jw�.	; y/j d	
�
:

By the Cauchy–Bunyakovsky inequality,Z 1

0

jw�.x; 
/j d
 �
� Z 1

0

w2�.x; 
/ d

�1=2

:

Since .aC b/2 � 2a2 C 2b2, we arrive at the inequality

jw.x; y/j2 �
1

2

� Z 1

0

w2�.x; 
/ d
C

Z 1

0

w2� .	; y/ d	
�
:
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Integrating the preceding inequality over �, we obtain

kwk2L2.�/ �
1

2

Z
�

�
w2x C w

2
y

�
dx dy: (9.3.11)

Comparing (9.3.11) and (9.3.10), we have

kwkL2.�/ �
1

2
k NukL2.�/;Z

�

.w2x C w
2
y/ dx dy �

1

2
k Nuk2L2.�/: (9.3.12)

We now integrate the expression wx Nu D wx.wxxCwyy/ over� using the bound-
ary conditions (9.3.7)–(9.3.9):Z

�

wx.wxx C wyy/ dx dy

D

Z
�

h1
2
.w2x/x C .wxwy/y � wxywy

i
dx dy

D
1

2

Z 1

0

w2x.1; y/ dy �
1

2

Z 1

0

w2x.0; y/ dy C

Z 1

0

.wxwy/.x; 1/ dx

�

Z 1

0

.wxwy/.x; 0/ dx �
1

2

Z
�

.w2y/x dx dy

D
1

2

Z 1

0

w2x.1; y/ dy �
1

2

Z 1

0

w2y.1; y/ dy C
1

2

Z 1

0

w2y.0; y/ dy

D
1

2

Z 1

0

w2x.1; y/ dy C
1

2

Z 1

0

w2y.0; y/ dy:

Consequently,

Z 1

0

w2x.1; y/ dy � 2

Z
�

jwx Nuj dx dy � 2kwxkL2.�/k NukL2.�/:

From (9.3.12) it follows that

kwxk
2
L2.�/

�
1

2
k Nuk2L2.�/:

Hence, Z 1

0

w2x.1; y/ dy �
p
2 k Nuk2L2.�/: (9.3.13)
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Take a solution w.x; y/ to the auxiliary problem (9.3.6)–(9.3.9) as a test function (see
Definition 9.3.1) and substitute it into (9.3.4). Changing q and u for Nq and Nu in (9.3.4)
and using (9.3.13), we obtain

k Nuk2L2.�/ �
� Z 1

0

w2x.1; y/ dy
�1=2
k NqkL2.0;1/ �

4
p
2 k NukL2.�/k NqkL2.0;1/:

Thus, by approximating the function q 2 L2.0; 1/ by the sequence of functions
Nqj 2 C

1
0 .0; 1/, we get the sequence of solutions Nuj 2 C10 .�/ that converges to

the solution u 2 L2.�/ because of the continuity of the scalar product, which yields
the estimate (9.3.5). This completes the proof.

Theorem 9.3.2. If q 2 L2.0; 1/, then the solution to the direct problem (9.2.1)–
(9.2.4) has the trace u.0; y/ 2 L2.0; 1/ and the following estimate holds:

ku.0; y/kL2.0;1/ < kqkL2.0;1/: (9.3.14)

Proof. As in Theorem 9.3.1, we take an arbitrary Nq 2 C10 .0; 1/ and note that for
q D Nq there exists a unique infinitely differentiable solution to the problem (9.2.1)–
(9.2.4), which will be denoted by Nu. Integrate the identity

0 D Nu� Nu D . Nux Nu/x � Nu
2
x C . Nuy Nu/y � Nu

2
y

with respect to 	 from 0 to x and with respect to y from 0 to 1. As a result, we have

0 D
1

2

Z 1

0

. Nu2/x.x; y/ dy �

Z 1

0

Z x

0

. Nu2x C Nu
2
y/ d	 dy;

whence

1

2

Z 1

0

. Nu2/x.x; y/ dy > 0:

Integrating the preceding inequality with respect to x from 0 to 1, we haveZ 1

0

Nu2.1; y/ dy >

Z 1

0

Nu2.0; y/ dy;

i.e.,

k Nu.0; y/k2L2.0;1/ < k Nqk
2
L2.0;1/

:

Approximating q.x/ 2 L2.0; 1/ by a sequence of functions Qqj 2 C10 .0; 1/, we
can show that the corresponding sequence Qun.0; y/ has a limit that satisfies the es-
timate (9.3.14). The proof is complete.
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From Theorem 9.3.2 it follows that the operator A (see Section 9.2) acts from
L2.0; 1/ into L2.0; 1/ and kAk � 1. Note that these properties of A make it possible
to estimate the rate of convergence of the method of simple iterations (see Section 2.7).

Consider the problem adjoint to the direct problem (9.2.1)–(9.2.4):

� D 0; .x; y/ 2 �; (9.3.15)

 x.0; y/ D �.y/; y 2 .0; 1/; (9.3.16)

 .1; y/ D 0; y 2 .0; 1/; (9.3.17)

 .x; 0/ D  .x; 1/ D 0; x 2 .0; 1/: (9.3.18)

Definition 9.3.2. A function  2 L2.�/ is called a generalized solution to the ad-
joint problem (9.3.15)–(9.3.18) if any v 2 H 2.�/ such that

vx.0; y/ D 0; y 2 .0; 1/; (9.3.19)

v.1; y/ D 0; y 2 .0; 1/; (9.3.20)

v.x; 0/ D v.x; 1/ D 0; x 2 .0; 1/; (9.3.21)

satisfies the equality

Z
�

 �v dx dy �

Z 1

0

�.y/v.0; y/ dy D 0: (9.3.22)

If  2 C 2.�/, then a generalized solution to (9.3.15)–(9.3.18) is also its classical
solution.

Theorem 9.3.3 (on the well-posedness of the adjoint problem). If � 2 L2.0; 1/, then
the problem (9.3.15)–(9.3.18) has a unique generalized solution  2 L2.�/ and the
following estimate holds:

k kL2.�/ � k�kL2.0;1/: (9.3.23)

Theorem 9.3.4. If � 2 L2.0; 1/, then the derivative of a solution to the adjoint prob-
lem has the trace  x.1; y/ 2 L2.0; 1/ and the following estimate holds:

k x.1; y/kL2.0;1/ < k�kL2.0;1/: (9.3.24)

Theorems 9.3.3 and 9.3.4 are similar to Theorems 9.3.1 and 9.3.2, and we leave it
to the reader to prove them.
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9.4 The extension problem for an equation with
self-adjoint elliptic operator

In the domain � WD ¹.x; y/ 2 RnC1 j x 2 .0; l/; y 2 D � Rnº, consider the
extension problem

uxx C L.y/u D 0; .x; y/ 2 �; (9.4.1)

u.0; y/ D f .y/; y 2 D ; (9.4.2)

ux.0; y/ D 0; y 2 D ; (9.4.3)

u
ˇ̌
@D
D 0; x 2 .0; l/; (9.4.4)

with the concordance condition

f
ˇ̌
@D
D 0; x 2 .0; l/; (9.4.5)

where

L.y/u D

nX
i;jD1

Di .aij .y/Dju/ � c.y/u; Diu D
@u

@yi
; i D 1; n: (9.4.6)

Assume that D is a connected bounded domain with Lipschitz boundary, and the
operator L.y/ has the following properties:

C1

nX
jD1

�2j �

nX
i;jD1

aij .y/�i�j for any �i 2 R; aij D aj i ; i; j D 1; n; (9.4.7)

0 � c.y/ � C2; (9.4.8)

aij 2 C
1. ND/; c 2 C. ND/; (9.4.9)

where C1 > 0 and C2 > 0 are constants.
The problem (9.4.1)–(9.4.4) is ill-posed. Hadamard’s example in the case where

D D .0; 1/, c.y/ � 0, and ¹aij º is a unit matrix was already considered in Section 9.1
Consider the ill-posed problem (9.4.1)–(9.4.4) as an inverse problem with respect

to the direct problem

uxx C L.y/u D 0; .x; y/ 2 �; (9.4.10)

ux.0; y/ D 0; y 2 D ; (9.4.11)

u.l; y/ D q.y/; y 2 D ; (9.4.12)

u
ˇ̌
@D
D 0; x 2 .0; l/; (9.4.13)

with the concordance condition

q
ˇ̌
@D
D 0; x 2 .0; l/: (9.4.14)
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In the direct problem (9.4.10)–(9.4.13), it is required to determine u.x; y/ in �
from the function q.y/ given on a part of the boundary x D l of the domain �.

The inverse problem consists in finding q.y/ from (9.4.10)–(9.4.13) and the addi-
tional information

u.0; y/ D f .y/; y 2 D : (9.4.15)

Definition 9.4.1. A function u 2 L2.�/ is called a generalized solution to the direct
problem (9.4.10)–(9.4.13) if any w 2 H2.�/ such that

wx.0; y/ D 0; y 2 D ; (9.4.16)

w.l; y/ D 0; y 2 D ; (9.4.17)

wj@D D 0; x 2 .0; l/; (9.4.18)

satisfies the equalityZ
�

u.wxx C L.y/w/ dx dy �

Z
D

q.y/wx.l; y/ dy D 0: (9.4.19)

Theorems 9.4.1–9.4.4 are generalizations of Theorems 9.3.1–9.3.4. Their proofs
can be found in Kabanikhin et al. (2006).

Theorem 9.4.1 (on the well-posedness of the direct problem). Assume that the con-
ditions (9.4.6)–(9.4.9) hold, and D is a connected bounded domain with Lipschitz
boundary. If q 2 L2.D/, then the problem (9.4.10)–(9.4.14) has a unique general-
ized solution u 2 L2.�/ such that

kukL2.�/ �
p
2l C 2C3l3 kqkL2.D/: (9.4.20)

Theorem 9.4.2. If q 2 L2.D/, then the solution to the direct problem (9.4.10)–
(9.4.14) has the trace u.0; y/ 2 L2.D/ and the following estimate holds:

ku.0; y/kL2.D/ < kqkL2.D/: (9.4.21)

Together with the direct problem (9.4.10)–(9.4.14), we consider the adjoint problem

 xx C L.y/ D 0; .x; y/ 2 �; (9.4.22)

 x.0; y/ D �.y/; y 2 D ; (9.4.23)

 .l; y/ D 0; y 2 D ; (9.4.24)

 
ˇ̌
@D
D 0; x 2 .0; l/; (9.4.25)

where it is required to determine  .x; y/ from the given function �.y/.
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Definition 9.4.2. A function  2 L2.�/ is called a generalized solution to the ad-
joint problem (9.4.22)–(9.4.25) if any v 2 H 2.�/ such that

vx.0; y/ D 0; y 2 D ; (9.4.26)

v.l; y/ D 0; y 2 D ; (9.4.27)

vj@D D 0; x 2 .0; l/; (9.4.28)

satisfies the equalityZ
�

 .vxx C L.y/v/ dx dy �

Z
D

�.y/v.0; y/ dy D 0: (9.4.29)

Theorem 9.4.3 (on the well-posedness of the adjoint problem). If � 2 L2.D/, then
the problem (9.4.22)–(9.4.25) has a unique generalized solution  2 L2.�/ such that

k kL2.�/ � l
p
2l k�kL2.D/: (9.4.30)

Theorem 9.4.4. Let  2 L2.�/ be a generalized solution to the adjoint problem
(9.4.22)–(9.4.25) with � 2 L2.D/. Then there exists a trace  x.l; y/ 2 L2.D/ and
the following estimate holds:

k x.l; y/kL2.D/ < k�kL2.D/: (9.4.31)

Theorem 9.4.5 (conditional stability estimate for the extension problem). Let q; f 2
L2.D/. If the extension problem (9.4.1)–(9.4.5) has a solution u 2 C 2.�/, then it
satisfies the inequalityZ

D

u2.x; y/ dy � kqk
2x=l

L2.D/
kf k

2.l�x/=l
L2.D/

: (9.4.32)

The proof of this theorem is similar to that of Theorem 9.1.2.

The steepest descent method. We introduce the operator

A W q.y/ 7! u.0; y/;

where u.x; y/ is a solution to the direct problem (9.4.10)–(9.4.13).
Then the adjoint of A has the form

A� W �.y/ 7!  x.l; y/; (9.4.33)

where  .x; y/ is a solution to the adjoint problem (9.4.22)–(9.4.25).
From Theorems 9.4.2 and 9.4.4 it follows that the operators A and A� act from

L2.D/ into L2.D/ and kAk � 1, kA�k � 1.
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Therefore, the inverse problem (9.4.1)–(9.4.4) can be written in the operator form

Aq D f: (9.4.34)

We will solve the problem (9.4.34) by minimizing the functional

J.q/ D kAq � f k2L2.D/: (9.4.35)

To this end, we will use the steepest descent method

qnC1 D qn � ˛nJ
0qn; n D 0; 1; 2; : : : ; (9.4.36)

where J 0q is the gradient of the functional J.q/ and ˛n is the descent parameter:

J 0q D 2A�.Aq � f /; (9.4.37)

˛n D arg min
˛�0

J.qn � ˛J
0qn/: (9.4.38)

Note that (9.4.37) implies

J 0q D  x.l; y/; (9.4.39)

where  .x; y/ is a solution to the adjoint problem (9.4.22)–(9.4.25) with �.y/ D
2ŒAq � f 
.

For q; ıq 2 L2.D/ we have

jJ.q C ıq/ � J.q/ � hıq; J 0.q/ij < kıqk2: (9.4.40)

To determine the descent parameter ˛n, we note that (9.4.37) implies that J.qn �
˛J 0qn/ is a quadratic polynomial in ˛. Consequently, it achieves its minimum at the
point

˛n D
kJ 0qnk

2

2kA.J 0qn/k2
D
kA�.Aqn � f /k

2

2kAA�.Aqn � f /k2
: (9.4.41)

If there exists a solution qe to the inverse problem Aq D f with f 2 L2.D/, then
the descent parameter ˛n and iteration qnC1 of the steepest descent method defined
by formula (9.4.36) satisfy the inequalities

1

2kAk2
� ˛n �

kqn � qek
2

2kAqn � f k2
; (9.4.42)

kqnC1 � qek < kqn � qek:
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Theorem 9.4.6 (on the rate of convergence with respect to the functional). Assume
that the problem Aq D f with f 2 L2.D/ has a solution qe 2 L2.D/. If the
initial approximation satisfies the condition kq0 � qek � C , then the iterations qn of
the steepest descent method converge with respect to the objective functional, and the
following estimate holds:

J.qn/ �
C 2

n
; n D 1; 2; : : : :

The proof of a more general formulation of this theorem is given in Chapter 2.
Using the estimate of the rate of convergence of iterations qn with respect to the
objective functional, one can estimate the rate of convergence of the sequence ¹unº of
solutions to the direct problems (9.4.10)–(9.4.14) for the corresponding qn.

Set �0 WD ¹.x; y/ 2 RnC1 W x 2 .0; l0/; y 2 Dº, l0 2 .0; l/.

Theorem 9.4.7. Assume that the problem Aq D f with f 2 L2.D/ has a solution
qe 2 L2.D/, and the initial approximation q0 satisfies the condition kq0 � qek �
C . Then the sequence ¹unº of solutions to the direct problems (9.4.10)–(9.4.14) for
the corresponding iterations qn converges to the exact solution ue 2 L2.�/ to the
problem (9.4.1)–(9.4.5), and the following estimate holds:

kun � uek
2
L2.�0/

� lC 2n�.l�l0/=l :

Proof. Theorems 9.4.5 and 9.4.6 imply the inequalityZ
D

.un � ue/
2.x; y/ dy � C 2x=l

�C 2
n

�.l�x/=l
D C 2nx=l�1: (9.4.43)

Integrating (9.4.43) with respect to x from 0 to l0 .l0 2 .0; l//, we obtain

kun � uek
2
L2.�0/

�
lC 2

n

nl0=l � 1

lnn
� lC 2n�

l�l0
l ;

which is the desired conclusion.
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Inverse coefficient problems for hyperbolic
equations

The reader may notice that this chapter is more voluminous than the others. A nat-
ural question arises of whether this is caused by a particular interest of the author
to this subject or some external reasons exist. The answer is “both”. In fact, the
hyperbolic equations describing wave processes are of great concern for a large num-
ber of researchers in abstract and applied mathematics. Physically, it is explained
by the capacity of a wave to come through the object under investigation and to de-
liver information about its internal structure to the surface. For example, a primitive
knocking might help to locate a cavity inside a wall. How to achieve the matching
results by heating (parabolic equations) or applying pressure (elliptic ones) is difficult
to imagine. On the other side, theoretical results for the inverse problems for hyper-
bolic equations are more obtainable as compared to those for parabolic equations and,
a fortiori, elliptic ones. Indeed, the more stable is the operator, the more difficult is
to invert it. The direct problems for parabolic and elliptic equations have, as a rule,
rather smooth solutions. The same cannot be said of hyperbolic equations. Solutions
of the corresponding direct problems may have discontinuities, singular components
of complicated structure, etc. That is why the inverse coefficient problems for hy-
perbolic equations are more amenable to study. Vast amount of literature have been
published concerning these problems and different methods for their solution. The
enclosed bibliography contains only a small part of the scientific publications.

10.1 Inverse problems for the equation
utt D uxx � q.x/uC F.x; t/

The problems we are consider in this chapter can be roughly separated into two types.
Some of them are aimed at illustrating the investigative technique; the others are of
practical significance. We start with a problem of the first type, namely, an inverse
problem for the equation ut t D uxx � q.x/uC F.x; t/, x 2 R, t > 0, with smooth
initial data.

Many results obtained for this equation can be extended to the case of several space
variables. However, the theory of inverse problems for the equation

ut t D �u � q.x/uC F; x 2 Rn;
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is not so developed as in the one-dimensional case. In fact, the ill-posedness of one-
dimensional inverse problems in the large is caused by their non-linearity, which may
be remedied by using the fundamental Gelfand–Levitan–Krein approach. The main
difficulties experienced in solving multidimensional inverse problems are created by
the fact that additional information is often given on a timelike surface. As was shown
in Chapter 9, this circumstance leads to a serious problem even in the linear case.

In this section we use results and technique presented in (Romanov, 1984).

10.1.1 An inverse problem for the equation utt D uxx�q.x/uCF.x; t/
with smooth initial data

Denote Lqu D ut t � uxx C q.x/u and consider the Cauchy problem

Lqu D F.x; t/; x 2 R; t > 0I (10.1.1)

u.x; 0/ D '.x/; ut .x; 0/ D  .x/; x 2 R: (10.1.2)

The problem of finding the function u.x; t/ from the given functions q.x/, F.x; t/,
'.x/,  .x/ will be referred to as a direct problem.

The direct problem (10.1.1), (10.1.2) is well-posed if functional spaces for the data
and the solution are suitably chosen, for example, if q; ';  2 C.R/ and F; u 2
C.R � RC/. In this case the function u.x; t/ is a generalized solution of prob-
lem (10.1.1), (10.1.2). It will be shown later that putting more restrictions on the
data, namely, q 2 C.R/, ' 2 C 2.R/,  2 C 1.R/, F;Ft 2 C.R � .0; T 
/, provides
the existence of a classical solution u 2 C 2.R� .0; T 
/ to problem (10.1.1), (10.1.2).

Consider now the inverse problem of recovering the coefficient q.x/ 2 C.R/ of
equation (10.1.1) if an additional information on the solution u.x; t/ of the direct
problem (10.1.1), (10.1.2) is given in the form

u.x0; t / D f1.t/; ux.x0; t / D f2.t/; t � 0; (10.1.3)

where x0 2 R is a fixed point. In other words, it is required to find the functions q.x/
and u.x; t/ satisfying (10.1.1)–(10.1.3) provided the functions F.x; t/, '.x/,  .x/,
f1.t/ and f2.t/ are known.

Since the functions f1 and f2 are traces of functions u and ux on the line x D x0,
they can not be arbitrary. In particular, the smoothness of these functions depends on
that of q, ',  , F . In other words, the necessary conditions on f1, f2 follow from the
properties of the solution u.x; t/ to problem (10.1.1), (10.1.2).

Denote by �.x0; t0/ a triangle on the half-plane R � RC which is enclosed by the
x-axis and the characteristics of equation (10.1.1) passing through the point .x0; t0/
(see Figure 1).

Lemma 10.1.1. If, for some t0 > 0 and x0 2 R, there hold q.x/ 2 C Œx0�t0; x0Ct0
,
'.x/ 2 C 2Œx0 � t0; x0 C t0
,  .x/ 2 C 1Œx0 � t0; x0 C t0
, F , Ft 2 C.�.x0; t0//,
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Figure 1 The domain �.x0; t0/.

then in the domain �.x0; t0/ there exists a unique classical solution of the direct
problem (10.1.1), (10.1.2).

Proof. Problem (10.1.1), (10.1.2) can be reduced to a linear integral equation for the
function u.x; t/. Indeed, rewrite equation (10.1.1) in the form� @2

@t2
�
@2

@x2

�
u D F.x; t/ � q.x/u: (10.1.4)

By d’Alembert’s formula, the solution of problem (10.1.4), (10.1.2) is representable
as

u.x; t/ D
1

2
Œ'.x � t /C '.x C t /
C

1

2

Z xCt

x�t

 .	/ d	

C
1

2

“

.x;t/

ŒF .	; �/ � q.	/u.	; �/
 d	 d�:

Therefore, the solution u.x; t/ of problem (10.1.1), (10.1.2) satisfies the integral equa-
tion

u.x; t/ D u0.x; t/ �
1

2

“

.x;t/

q.	/u.	; �/ d	 d�; .x; t/ 2 �.x0; t0/; (10.1.5)

where

u0.x; t/ D
1

2
Œ'.x � t /C '.x C t /
C

1

2

Z xCt

x�t

 .	/ d	

C
1

2

“

.x;t/

F.	; �/ d	 d�:

Equation (10.1.5) admits a unique continuous solution in �.x0; t0/. To prove this,
we shall use the method of successive approximations assuming

u.x; t/ D

1X
nD0

un.x; t/; (10.1.6)



252 Chapter 10 Inverse coefficient problems for hyperbolic equations

where un.x; t/, n � 1, are determined by the formulae

un.x; t/ D �
1

2

“

.x;t/

q.	/un�1.	; �/ d	 d�; .x; t/ 2 �.x0; t0/; n � 1:

(10.1.7)

Let us show that the series defined by (10.1.6) converges in �.x0; t0/.
Note that u0 2 C 2.�.x0; t0// under the lemma assumptions. From (10.1.7) it

follows that all the functions un are continuous in �.x0; t0/. Denote

Un.t/ D max
x0C.t�t0/�x�x0�.t�t0/

jun.x; t/j; 0 � t � t0;

kukk D
X
j˛j�k

max
.x;t/2
.x0;t0/

jD˛u.x; t/j; k D 0; 1; 2;
(10.1.8)

where

D˛ D
@j˛j

@˛1@˛2
; ˛ D .˛1; ˛2/; j˛j D ˛1 C ˛2; j̨ D 0; 1; 2; j D 1; 2:

Then (10.1.7) implies the inequality

Un.t/ �
1

2

Z t

0

max
x0C.t�t0/�x�x0�.t�t0/

ˇ̌̌ Z ��CtCx
��tCx

q.	/un�1.	; �/ d	
ˇ̌̌
d�

� kqk0

Z t

0

.t � �/Un�1.�/ d�; n � 1; 0 � t � t0:

Using this inequality successively for n D 1; 2; : : : , we come to the estimate

Un.t/ � .kqk0/
n t

2n

.2n/Š
ku0k0; n � 1: (10.1.9)

As seen from (10.1.9), there holds jun.x; t/j � Un.t/ � ku0k0
.kqk0t

2
0 /
n

.2n/Š
. Since the

numerical series
P1
nD0 ku0k0

.kqk0t
2
0 /
n

.2n/Š
converges, we apply the Weierstrass criterion

to conclude that the series in (10.1.6) converges uniformly in the domain �.x0; t0/.
Consequently, there exists a continuous function u.x; t/D

P1
nD0un.x; t/ in�.x0; t0/

which solves equation (10.1.5). The solution is unique because the corresponding
homogeneous equation

u.x; t/ D �
1

2

“

.x;t/

q.	/u.	; �/ d	 d� (10.1.10)

admits only the trivial solution in the class of continuous functions in �.x0; t0/. In-
deed, putting

U.t/ D max
x0�.t0�t/�x�x0C.t0�t/

ju.x; t/j;
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we note that, in view of (10.1.10), the function U.t/ satisfies the inequality

U.t/ � kqk0

Z t

0

.t � �/U.�/ d�; t 2 Œ0; t0
;

but this is possible only for U.t/ � 0. Consequently, u.x; t/ � 0 for .x; t/ 2
�.x0; t0/.

Thus, we have shown the existence of a unique continuous solution to equation
(10.1.5). Let us prove that the solution has continuous partial derivatives of order � 2
in �.x0; t0/ and hence is a classical solution to the direct problem (10.1.1), (10.1.2).
Rewrite (10.1.5) in the form

u.x; t/ D u0.x; t/ �
1

2

Z xCt

x�t

q.	/
h Z t�jx��j

0

u.	; �/ d�
i
d	; .x; t/ 2 �.x0; t0/:

(10.1.11)

Since u0 2 C 2.�.x0; t0//, the expression in the right-hand side of (10.1.11) is differ-
entiable with respect to x and t . Therefore, so is the function u.x; t/:

ut .x; t/ D
@

@t
u0.x; t/ �

1

2

Z xCt

x�t

q.	/u.	; t � jx � 	j/ d	; (10.1.12)

ux.x; t/ D
@

@x
u0.x; t/ �

1

2

Z xCt

x�t

q.	/u.	; t � jx � 	j/ sign.	 � x/ d	: (10.1.13)

As evident from equalities (10.1.12), (10.1.13), the functions ut and ux are continu-
ous and have first-order derivatives with respect to x and t in�.x0; t0/. Consequently,
the function u.x; t/ has partial derivatives of the second order in the domain�.x0; t0/:

ut t .x; t/ D
@2

@t2
u0.x; t/ �

1

2
Œq.x C t /u.x C t; 0/C q.x � t /u.x � t; 0/


�
1

2

Z xCt

x�t

q.	/ut .	; t � jx � 	j/ d	; (10.1.14)

uxt .x; t/ D
@2

@x@t
u0.x; t/ �

1

2
Œq.x C t /u.x C t; 0/ � q.x � t /u.x � t; 0/


�
1

2

Z xCt

x�t

q.	/ut .	; t � jx � 	j/ sign.	 � x/ d	; (10.1.15)

uxx.x; t/ D
@2

@x2
u0.x; t/ �

1

2
Œq.x C t /u.x C t; 0/C q.x � t /u.x � t; 0/


C q.x/u.x; t/ �
1

2

Z xCt

x�t

q.	/ut .	; t � jx � 	j/ d	: (10.1.16)

From formulae (10.1.14)–(10.1.16) it follows that ut t , uxx , uxt 2 C.�.x0; t0//, that
is, u 2 C 2.�.x0; t0//. Thus, the lemma is proved.
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Turning back to the inverse problem (10.1.1)–(10.1.3), we see that under the as-
sumptions of Lemma 10.1.1 the data f1.t/, f2.t/ are bound to be smooth enough,
namely,

f1.t/ 2 C
2Œ0; t0
; f2.t/ 2 C

1Œ0; t0
: (10.1.17)

Moreover, the functions f1.t/, f2.t/ have to meet the following conditions of consis-
tency with the direct problem data:

'.x0/ D f1.0/;  .x0/ D f
0
1.0/; '0.x0/ D f2.0/;  0.x0/ D f

0
2.0/:

(10.1.18)

The necessary conditions (10.1.17), (10.1.18) are also sufficient for solvability of
the inverse problem in the small.

Theorem 10.1.1. Let t0 > 0 and x0 2 R be fixed. Suppose that the assumptions of
Lemma 10.1.1, conditions (10.1.17), (10.1.18) and the inequality

j'.x/j � ˛ > 0; x 2 Œx0 � t0; x0 C t0
; (10.1.19)

hold. Then, for a small enough h > 0, a solution q.x/ of the inverse problem (10.1.1)–
(10.1.3) exists on the interval Œx0�h;x0Ch
 and is unique in the classCŒx0�h;x0Ch
.

Proof. Setting x D x0 in formulae (10.1.14), (10.1.15) and using (10.1.3), we obtain

f 001 .t/ D
@2

@t2
u0.x0; t / �

1

2
Œq.x0 C t /u.x0 C t; 0/C q.x0 � t /u.x0 � t; 0/


�
1

2

Z x0Ct

x0�t

q.	/ut .	; t � jx0 � 	j/ d	; (10.1.20)

f 02.t/ D
@2

@x @t
u0.x; t/jxDx0 �

1

2
Œq.x0 C t /u.x0 C t; 0/ � q.x0 � t /u.x0 � t; 0/


�
1

2

Z x0Ct

x0�t

q.	/ut .	; t � jx0 � 	j/ sign .	 � x0/ d	; t 2 Œ0; t0
;

(10.1.21)

whence, in view of (10.1.2),

q.x/ D
1

'.x/

°
�f 001 .x � x0/ � f

0
2.x � x0/C

h� @2
@t2
C

@2

@x@t

�
u0.x; t/

i
xDx0;tDx�x0

�

Z x

x0

q.	/ut .	; x � 	/ d	
±
; x0 � x � x0 C t0;

q.x/ D
1

'.x/

°
�f 001 .x0 � x/C f

0
2.x0� x/C

h� @2
@t2
�

@2

@x@t

�
u0.x; t/

i
xDx0;tDx0�x

�

Z x0

x

q.	/ut .	; 	 � x/ d	
±
; x0 � t0 � x � x0:
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Combining these two equalities yields

q.x/ D q0.x/C
1

'.x/

Z x

x0

q.	/ut .	; jx � 	j/ d	 sign .x0 � x/;

x 2 Œx0 � t0; x0 C t0
; (10.1.22)

where

q0.x/ D
1

'.x/

°
�f 001 .jx � x0j/ � f

0
2.jx � x0j/ sign.x � x0/ (10.1.23)

C
h� @2
@t2
C sign .x � x0/

@2

@x @t

�
u0.x; t/

i
xDx0;tDjx�x0j

±
:

Though the discontinuous function sign.x � x0/ is involved in (10.1.23), the func-
tion q0.x/ is continuous on Œx0 � t0; x0 C t0/ due to the consistency conditions
(10.1.18). Indeed, since

�f 02.0/C
@2

@x @t
u0.x; t/

ˇ̌
xDx0; tD0

D �f 02.0/C  
0.x0/ D 0;

the multiplier at sign .x � x0/ vanishes for x D x0.
We consider now a system of nonlinear second-kind integral equations (10.1.5),

(10.1.12), (10.1.22) for the functions u, ut , q in the domain �.x0; t0/. Regarding the
measure of the integration domain as a small parameter, we can apply the principle of
contracting mappings to the system. Indeed, system (10.1.5), (10.1.12), (10.1.22) can
be rewritten in the operator form

q D Aq; (10.1.24)

where q D .q1; q2; q3/> is a vector-function of two variables x and t whose compo-
nents are as follows:

q1.x; t/ D u.x; t/; q2.x; t/ D ut .x; t/; q3.x; t/ � q3.x/ D q.x/:

The operatorA in (10.1.24) is defined over the set of vector-functions q2C.�.x0; t0//
and acts so that Aq D .A1q; A2q; A3q/> where

A1q D u0.x; t/ �
1

2

“

.x;t/

q3.	/q1.	; �/ d	 d�;

A2q D
@

@t
u0.x; t/ �

1

2

Z xCt

x�t

q3.	/q1.	; t � jx � 	j/ d	; (10.1.25)

A3q D q0.x/C
sign .x0 � x/

'.x/

Z x

x0

q3.	/q2.	; jx � 	j/ d	:
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Denote

kqk.t0/ D max
1�k�3

max
.x;t/2
.x0;t0/

jqk.x; t/j;

q0.x; t/ D
�
u0.x; t/;

@

@t
u0.x; t/; q0.x/

�
:

Let 0 < h � t0 and M.h/ be a set of functions q.x; t/ 2 C.�.x0; h// satisfying the
inequality

kq � q0k.h/ � kq0k.t0/: (10.1.26)

Let us show that if h is small enough, then A is a contracting mapping of the setM.h/
into itself. Note that for q 2M.h/ there holds

kqk.h/ � 2kq0k.h/:

Consequently, from formulae (10.1.25) we obtain

kAq � q0k.h/ � 4kq0k
2.t0/max

�h2
2
; h;

h

˛

�
:

Thus, if

h � h� D min
� 1p

2kq0k.t0/
;

min.˛; 1/

4kq0k.t0/
; t0

�
; (10.1.27)

then the operator A maps the set M.h/ into itself.
Let q.1/ and q.2/ be arbitrary elements of the set M.h/, h � h�. Then using the

evident inequalities

jq
.1/

k
q.1/s � q

.2/

k
q.2/s j � jq

.1/

k
� q

.2/

k
j jq.1/s j C jq

.2/

k
j jq.1/s � q

.2/
s j

� 4kq0k.t0/kq
.1/ � q.2/k.h/;

we get

kAq.1/ � Aq.2/k.h/ � 4kq0k.t0/kq
.1/ � q.2/k.h/max

�h2
2
; h;

h

˛

�
�
h

h�
kq.1/ � q.2/k.h/:

As evident from the last inequality, for any h < h� the operator A is a contract-
ing mapping of the set M.h/ into itself. Consequently, by the Banach fixed point
theorem, the operator A admits one and only one fixed point in M.h/, that is, there
exists a unique solution of equation (10.1.24). Therefore, solving the system of equa-
tions (10.1.5), (10.1.12), (10.1.22) by, for example, the method of successive approxi-
mations, we thereby uniquely determine the functions u, ut , q in the domain�.x0; h/,
h 2 .0; h�/. The function q.x/ thus constructed is a solution of the inverse problem
on the interval Œx0 � h; x0 C h
.
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10.1.2 An inverse point-source problem for the equation
utt D uxx � q.x/u

The one-dimensional homogeneous equation ut t D uxx � q.x/u seems to be the
most demonstrative among hyperbolic equations. First, this equation is closely con-
nected with the classical Sturm–Lioville problem (see Subsection 10.1.4). Secondly,
inverse problems for this equation are reducible to a system of nonlinear integral
Volterra equations of the second kind, which makes it possible to prove their local
well-posedness and conditional well-posedness in the large (Subsection 10.1.2 and
Chapter 4). Thirdly, the technique developed for the equation ut t D uxx � q.x/u

may be exploited in solving the acoustic equation c�2.x/vt t D vxx � .ln �.x//0vx
(Section 10.2) and others, for example, c�2.x/vt t D vxx , vt t D vxx � .ln �.x//0vx
(see also Subsection A.6.3). Finally, the considered equation is associated with the
parabolic equation vt D vxx � q.x/v (Section 11.2).

The direct and inverse point-source problems for the equation ut t D uxx � q.x/u
are formulated as follows.

In the direct problem it is required to find a generalized solution u.x; t/ to the
Cauchy problem

ut t D uxx � q.x/u; .x; t/ 2 R �RC; (10.1.28)

u
ˇ̌
tD0
D 0; ut

ˇ̌
tD0
D ı.x/: (10.1.29)

The inverse point-source problem consists in recovering the function q.x/ from an
additional information about the solution of the direct problem (10.1.28), (10.1.29)
given in the form

u.0; t/ D f1.t/; ux.0; t/ D f2.t/; t � 0: (10.1.30)

Properties of the direct problem solution. Taking into account thatZ 1
�1

 .x/ı.x/ dx D  .0/

for any continuous finite function  .x/ and applying d’Alembert’s formula, we con-
clude that the generalized solution of the direct problem (10.1.28), (10.1.29) is a piece-
wise continuous solution of the integral equation

u.x; t/ D
1

2
�.t � jxj/ �

1

2

“

.x;t/

q.	/u.	; �/ d	 d�; .x; t/ 2 R �RC:

(10.1.31)

Here �. � / is the Heaviside step function:

�.t/ D

´
1; t � 0;

0; t < 0:
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From (10.1.31) it follows that

u.x; t/ � 0; t < jxj; .x; t/ 2 R �RC: (10.1.32)

To prove this, we consider the domain �.x1; t1/ where .x1; t1/ 2 R � RC is an
arbitrary point such that t1 < jx1j. In the domain �.x1; t1/, owing to (10.1.31), there
holds

u.x; t/ D �
1

2

“

.x;t/

q.	/u.	; �/ d	 d�; .x; t/ 2 �.x1; t1/: (10.1.33)

Denote

Q1 D max
x1�t1�x�x1Ct1

jq.x/j; U.t/ D max
x1�.t1�t/�x�x1C.t1�t/

ju.x; t/j:

In view of (10.1.33), we obtain

U.t/ � Q1t1

Z t

0

U.�/ d�; 0 � t � t1:

By Gronwall’s lemma, U.t/ � 0 for t 2 Œ0; t1
. Therefore, u.x; t/ � 0 in the
domain �.x1; t1/. Taking into account that the point .x1; t1/ was chosen arbitrarily,
we obtain (10.1.32).

From (10.1.32) it follows that the support of the function u.x; t/ is wholly con-
tained in the domain ¹.x; t/ W t � jxjº.

Let D D ¹.x; t/ W t > jxjº. In what follows we shall consider the function u.x; t/
in the domain D only. Formulae (10.1.31), (10.1.32) imply

u.x; t/ D
1

2
�
1

2

“
�.x;t/

q.	/u.	; �/ d	 d�; .x; t/ 2 D: (10.1.34)

Here �.x; t/ D ¹.	; �/ W j	j � � � t � jx � 	jº is a rectangle confined between the
characteristics of equation (10.1.28) passing through the points .0; 0/ and .x; t/ (see
Figure 2).

Lemma 10.1.2. If for a point .x1; t1/ 2 D the function q.x/ is continuous on the
interval

�
.x1 � t1/=2; .x1 C t1/=2/

�
, then a solution to equation (10.1.34) exists and

belongs to the class C 2
�
�.x1; t1/

�
.

We shall give a sketchy proof of the lemma.
Let

u0 D
1

2
; un.x; t/D�

1

2

“
�.x;t/

q.	/un�1.	; �/ d	 d�; n� 1; .x; t/ 2�.x1; t1/:
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(x – t)/2 (x + t)/2

τ

ξ

(x, t)

(x, t)

0

τ =
 ξ +

t –
 x

τ =
 ξ

τ = –
 ξ+

x +
t

τ=–
 ξ

Figure 2 The domain�.x; t/.

It can be shown that the series

u.x; t/ D

1X
nD0

un.x; t/

converges and thus defined function u.x; t/ solves equation (10.1.34). This solution
is continuous in the domain �.x1; t1/ because the functions un.x; t/ are obviously
continuous and the series u.x; t/ D

P1
nD0 un.x; t/ uniformly converges in�.x1; t1/,

which follows from the inequalities

jun.x; t/j �
1

2nC1
Œkqk0.t1 � jx1j/


n t
n

nŠ
; .x; t/ 2 �.x1; t1/; n D 0; 1; 2; : : : :

These inequalities can be easily verified by induction. The required smoothness of
the solution can be checked by differentiating (10.1.34). To show its uniqueness, it
suffices to observe that the corresponding homogeneous equation has no nontrivial
solutions. The proof of this fact is similar to that of (10.1.32).

Note that, due to (10.1.34), the function u.x; t/ is constant on the boundary of the
domain D and equals to 1=2:

u.x; jxj/ D 1=2: (10.1.35)

Reducing the inverse point-source problem to a system of integral Volterra equa-
tions. Let us write down partial derivatives of the function u.x; t/ in the domain D.
For this purpose we replace the double integral in (10.1.34) by a repeated one:

u.x; t/ D
1

2
�
1

2

Z .xCt/=2

.x�t/=2

Z t�jx��j

j�j

q.	/u.	; �/ d	 d�; .x; t/ 2 D:
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Differentiating this equality, we obtain

ut D
1

2

Z .xCt/=2

.x�t/=2

q.	/u.	; t � jx � 	j/ d	; (10.1.36)

ux D �
1

2

Z .xCt/=2

.x�t/=2

q.	/u.	; t � jx � 	j/ sign .	 � x/ d	; (10.1.37)

uxt D �
1

4

h
q
�x C t

2

�
� q

�x � t
2

�i
�
1

2

Z .xCt/=2

.x�t/=2

q.	/ut .	; t � jx � 	j/ sign .	 � x/ d	; (10.1.38)

ut t D �
1

4

h
q
�x C t

2

�
C q

�x � t
2

�i
�
1

2

Z .xCt/=2

.x�t/=2

q.	/ut .	; t � jx � 	j/ d	: (10.1.39)

Lemma 10.1.2 and equalities (10.1.35)–(10.1.38) imply the conditions (see Lemma
10.1.3) which the inverse problem data f1.t/, f2.t/ are to satisfy.

Lemma 10.1.3. If q.x/ 2 C Œ�T=2; T=2
, T > 0, then f1 2 C 2Œ0; T 
, f2 2
C 1Œ0; T 
 and

f1.C0/ D 1=2; f 01.C0/ D f2.C0/ D f
0
2.C0/ D 0: (10.1.40)

Summing formulae (10.1.38), (10.1.39) for x D 0 and setting then t D 2jxj, we
come to

q.x/ D q0.x/ � 4 sign.x/
Z x

0

q.	/ut .	; 2jxj � 	/ d	: (10.1.41)

Here

q0.x/ D �4
�
f 001 .2jxj/C f

0
2.2jxj/ sign.x/

�
:

Equations (10.1.41), (10.1.34), (10.1.36) form a closed system of integral equations
for the functions u, ut , q in the domainD. Using this system, it is not difficult to prove
the following theorems.

Theorem 10.1.2. Assume that, for some t0 > 0, the functions f1.t/ 2 C 2Œ0; t0
 and
f2.t/ 2 C

1Œ0; t0
 meet conditions (10.1.40). Then there exists such h 2 .0; t0=2/ that
the inverse problem (10.1.28)–(10.1.30) is uniquely solvable in the class of functions
q.x/ 2 C Œ�h; h
.
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Theorem 10.1.3. On the assumptions of Theorem 10.1.2 the function q.x/ 2

C Œ�t0=2; t0=2
 is uniquely determined from the functions f1, f2 given for t 2 .0; t0
.

Theorem 10.1.4. Let q.x/, Nq.x/ be solutions of the inverse problem (10.1.28)–
(10.1.30) with the data f1, f2 and Nf1, Nf2, respectively. Then

jq.x/ � Nq.x/j � c.kf 001 �
Nf 001 kCŒ0;t0� C kf

0
2 �

Nf 02kCŒ0;t0�/; x 2 Œ�t0=2; t0=2
;

with the constant c depending on kqkCŒ�t0=2;t0=2�, k NqkCŒ�t0=2;t0=2� and t0 only.

These theorems can be proven in a similar way as Theorem 10.1.1.
Let us look now at the case when information about the solution of the Cauchy

problem (10.1.28), (10.1.29) is given at a point x1 ¤ 0:

u.x1; t / D f1.t/; ux.x1; t / D f2.t/; t > 0: (10.1.42)

Considering the uniqueness of a solution to the inverse problem (10.1.28), (10.1.29),
(10.1.42), we face a different situation here. Indeed, let x1 > 0. Then the following
theorem is valid (see (Romanov, 1984)).

Theorem 10.1.5. The information (10.1.42) on the solution of the Cauchy prob-
lem (10.1.28), (10.1.29) uniquely determines the function q.x/ in the domain x �
x1 > 0.

10.1.3 Solvability in the large of the inverse problem for the equation
utt D uxx � q.x/u

In this subsection our main concern is to formulate necessary and sufficient conditions
for the inverse problem (10.1.28)–(10.1.30) to be solvable in the large.

Consider the inverse problem in the case when f2.t/ � 0:

ut t D uxx � q.x/ u; .x; t/ 2 R �RCI (10.1.43)

ujtD0 D 0; ut jtD0 D ı.x/I (10.1.44)

u.0; t/ D f .t/; ux.0; t/ D 0; t � 0: (10.1.45)

We extend the functions u.x; t/ and f .t/ over t < 0 assuming

u.x; t/ D �u.x;�t /; t < 0I

f .t/ D �f .�t /; t < 0:

In view of (10.1.40), f .C0/ D 1=2. Therefore, the extended function f .t/ has a
jump at t D 0:

f .C0/ D 1=2; f .�0/ D �1=2:
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The function u.x; t/ thus continued satisfies the equation

ut t D uxx � q.x/ u; .x; t/ 2 R2; (10.1.46)

and the condition

u.x; t/ � 0; t < jxj: (10.1.47)

Suppose a solution of the inverse problem (10.1.43)–(10.1.45) to exist. Then the
function u.x; t/ meets additional conditions

u.0; t/ D f .t/; ux.0; t/ D 0; (10.1.48)

with f .t/ being twice continuously differentiable at t ¤ 0.
Consider an auxiliary Cauchy problem:

wt t D wxx � q.x/w; x > 0; t 2 RI (10.1.49)

w
ˇ̌
xD0
D ı.t/; wx

ˇ̌
xD0
D 0: (10.1.50)

A solution of this problem must obey the integral equation

w.x; t/ D
1

2
Œı.t � x/C ı.t C x/
C

1

2

“

1.x;t/

q.	/w.	; �/ d	 d�; (10.1.51)

where �1.x; t/ D ¹.	; �/ W 0 < 	 � x; t � x C 	 < � < t C x � 	º is a triangle
formed by the t -axis and the characteristics passing through the point .x; t/.

It is not difficult to show that

w.x; t/ � 0; 0 < x < jt j: (10.1.52)

From (10.1.52) it follows that the domain of integration in equation (10.1.51) for
.x; t/ 2 D1 D ¹.x; t/ W x � jt jº is, in fact, a rectangle�1.x; t/ D ¹.	; �/ W j� j � 	 �
x � jt � � jº formed by the characteristics passing through the points .0; 0/ and .x; t/.

Denote

Qw.x; t/ D w.x; t/ �
1

2
Œı.t � x/C ı.t C x/
: (10.1.53)

In view of (10.1.51), the piecewise continuous function Qw.x; t/ solves the equation

Qw.x; t/ D
1

4
�.x � jt j/

� Z .xCt/=2

0

q.	/ d	 C

Z .x�t/=2

0

q.	/ d	

�

C
1

2

“
�1.x;t/

q.	/ Qw.	; �/ d	 d�; x > 0: (10.1.54)
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From (10.1.54) it follows that Qw.x; t/ � 0 for x < jt j, Qw is even in t and has contin-
uous first derivatives inside D1. Moreover,

Qw.x; x � 0/ D
1

4

Z x

0

q.	/ d	; x > 0: (10.1.55)

The solution of problem (10.1.46), (10.1.48) is representable in the form

u.x; t/ D

Z 1
�1

f .�/w.x; t � �/ d� D

Z 1
�1

f .t � �/w.x; �/ d�: (10.1.56)

Let us prove this.
It follows from (10.1.49), (10.1.50) that

Lqu D

Z 1
�1

f .�/Lqw.x; t � �/ d� D 0;

u
ˇ̌
xD0
D

Z 1
�1

f .�/ ı.t � �/ d� D f .t/; ux
ˇ̌
xD0
D 0;

where Lq � @2

@t2
� @2

@x2
C q.x/. We use (10.1.52) and (10.1.53) to bring equal-

ity (10.1.56) to the form:

u.x; t/ D
1

2
Œf .t � x/C f .t C x/
C

Z x

�x

f .t � �/ Qw.x; �/ d�: (10.1.57)

In view of (10.1.47),

1

2
Œf .t � x/C f .t C x/
C

Z x

�x

f .t � �/ Qw.x; �/ d� D 0; x > jt j: (10.1.58)

For any fixed x > 0, (10.1.58) is a first-kind integral equation for the function Qw.x; t/,
t 2 .�x; x/. Let us look more closely at this equation. Note that its kernel f .t � �/
has a finite discontinuity at t D � : f .C0/ D 1=2, f .�0/ D �1=2. Therefore,
differentiating equation (10.1.58) with respect to t , we come to the following second-
kind integral equation of Fredholm type:

Qw.x; t/C

Z x

�x

f 0.t � �/ Qw.x; �/ d� D �
1

2
Œf 0.t � x/C f 0.t C x/
;

x > 0; t 2 .�x; x/: (10.1.59)

The kernel f 0.t � �/ of equation (10.1.59) is continuous and, since f 0.t/ is even,
symmetric.
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Taking into account that Qw.x; t/ D Qw.x;�t /, we can put (10.1.59) in a more con-
venient form, namely,

Qw.x; t/C

Z x

0

Œf 0.t � �/C f 0.t C �/
 Qw.x; �/ d� D �
1

2
Œf 0.t � x/C f 0.t C x/
;

x > 0; t 2 Œ0; x/:

(10.1.60)

Equation (10.1.60) is equivalent to (10.1.58) under the assumption that its solution is
even in t . Indeed, any even in t solution of equation (10.1.58) solves (10.1.60). On
the other hand, any solution Qw.x; t/ of (10.1.60) extended so that Qw.x; t/ D Qw.x;�t /
for t 2 .�x; 0/ satisfies equation (10.1.59) (which is derived from (10.1.58) by dif-
ferentiation with respect to t ) and meets the conditionZ x

�x

f .��/ Qw.x; �/ d� D 0

coinciding with (10.1.58) for t D 0. Consequently, any solution of equation (10.1.60)
evenly extended in t solves (10.1.58). Thus, we have shown the equivalence of equa-
tions (10.1.58) and (10.1.60).

Suppose that, for every x > 0, equation (10.1.60) is uniquely solvable in the
class of continuous functions. Let Qw.x; t/ satisfy (10.1.60). Setting Qw.x; t/ D
Qw.x;�t / for t 2 .�x; 0/, we obtain a continuous function Qw.x; t/ in the domain D1.

Since the term on the right of (10.1.59) is continuously differentiable in D1 and
the kernel f 0.t � s/ is piecewise continuously differentiable, the solution of equa-
tion (10.1.59) is continuously differentiable in D1. Note that the solution Qw.x; t/
of (10.1.60) enjoys the property Qwt .x;C0/ D 0. Hence, upon the even continuation
of Qw.x; t/ for t < 0, its partial derivatives remain continuous.

From (10.1.55) we derive

q.x/ D 4
d

dx
Qw.x; x � 0/; x > 0: (10.1.61)

For x < 0 we can obtain an equation identical to (10.1.60) except for the upper
limit of integration which becomes jxj instead of x. This implies Qw.�x; t/ D Qw.x; t/
and, hence, q.�x/ D q.x/.

Thus, to find a solution of the inverse problem at a point x > 0, it suffices to solve
equation (10.1.60) and calculate q.x/ by formula (10.1.61).

As is known from the theory of Fredholm equations, equation (10.1.60) is uniquely
solvable if x is small enough. In the case in question the following assertion holds.

Lemma 10.1.4. If there exists a solution of the inverse problem (10.1.43)–(10.1.45),
then equation (10.1.60) is uniquely solvable for all x > 0.
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Proof. Equation (10.1.60) is uniquely solvable for a fixed x > 0 if and only if the
homogeneous equation

Qw.x; t/C

Z x

0

Œf 0.t � �/C f 0.t C �/
 Qw.x; �/ d� D 0; t 2 Œ0; x/; (10.1.62)

has only trivial solution Qw � 0. Suppose the contrary, namely, let x0 > 0 exist such
that for x D x0 equation (10.1.62) has a solution Qw.x0; t / 6� 0, t 2 Œ0; x0/. Put
Qw.x0; t / D Qw.x0;�t / for t 2 .�x0; 0/ and Qw.x0; t / D 0 for t … .�x0; x0/. Then

from (10.1.62) it followsZ 1
�1

f .t � �/ Qw.x0; �/ d� D 0; t 2 .�x0; x0/:

Introduce a function

ˆ.x; t/ D

Z 1
�1

u.x; t � �/ Qw.x0; �/ d�: (10.1.63)

Evidently,

Lqˆ D 0; 0 < x < x0; (10.1.64)

ˆ
ˇ̌
xD0
D 0; t 2 .�x0; x0/; ˆx

ˇ̌
xD0
D 0: (10.1.65)

Therefore, ˆ.x; t/ � 0 for .x; t/ 2 �1.x0; 0/, that is,Z 1
�1

u.x; t � �/ Qw.x0; �/ d� D 0; .x; t/ 2 �1.x0; 0/: (10.1.66)

Differentiating equality (10.1.66) with respect to t and setting t D 0, we obtainZ 1
�1

ut .x;��/ Qw.x0; �/ d� D 0; x 2 Œ0; x0
: (10.1.67)

Taking into account the evenness of the functions ut .x; t/ and Qw.x0; t /, rewrite
(10.1.66) as Z 1

�1

ut .x; �/ Qw.x0; �/ d� D 0; x 2 Œ0; x0
: (10.1.68)

The solution of the Cauchy problem (10.1.28), (10.1.29) in the domain x > 0, t > 0

has the form

u.x; t/ D �.t � x/
h1
2
C Qu.x; t/

i
;
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where Qu.x; t/ is a twice continuously differentiable function in the domain t � x � 0
vanishing at x D t : Qu.x; x/ D 0. Consequently,

ut .x; t/ D
1

2
ı.t � x/C �.t � x/ Qut .x; t/; x > 0; t > 0:

Combining this equality with (10.1.68) yields

1

2
Qw.x0; x/C

Z x0

x

Qut .x; t/ Qw.x0; t / dt D 0; x 2 Œ0; x0
: (10.1.69)

Note that (10.1.69) is a homogeneous integral Volterra equation of second kind for
the function Qw.x0; t / with a continuous kernel. Therefore, Qw.x0; t / � 0, t 2 Œ0; x0
,
which contradicts the assumption that a nontrivial solution of (10.1.62) exists. Thereby
the lemma is proven.

From Lemma 10.1.4 follows uniqueness of the solution to the inverse problem in
question.

The following lemma may be regarded as converse to Lemma 10.1.4.

Lemma 10.1.5. Let T > 0 be fixed, f .t/ 2 C 2.0; T 
, f .C0/ D 1=2, f 0.C0/ D 0.
Suppose equation (10.1.60) where f .t/ is oddly extended for t 2 Œ�T; 0/ to be
uniquely solvable for all x 2 .0; T=2
. Then there exists a solution of the inverse
problem (10.1.43)–(10.1.45) on the interval Œ�T=2; T=2
.

Proof. Let f .t/ 2 C 3.0; T 
. Denote by D1.T / the part of the domain D1 where
x � T=2. Extend a solution Qw.x; t/ of (10.1.60) evenly for t < 0 and note that the
extended solution is twice continuously differentiable in D1.T /.

Put

q.x/ D 4
d

dx
Qw.x; x � 0/; 0 < x �

T

2
; q.�x/ D q.x/;

w.x; t/ D
1

2
Œı.t � x/C ı.t C x/
C �.x � jt j/ Qw.x; t/; 0 < x �

T

2
; (10.1.70)

Ow.x; t/ D Lqw.x; t/; 0 � x �
T

2
; �1 < t <1: (10.1.71)

Note that though the function w.x; t/ is defined for x 2 .0; T=2
, the function Ow.x; t/
is piecewise continuous on the closed interval Œ0; T=2
. Indeed,

Ow.x; t/ D
1

2
LqŒı.t � x/C ı.t C x/
C LqŒ�.x � jt j/ Qw.x; t/


D
1

2
q.x/Œı.t � x/C ı.t C x/


� Œı.t � x/C ı.t C x/
 2
d

dx
Qw.x; x � 0/C �.x � jt j/Lq Qw.x; t/

D �.x � jt j/Lq Qw.x; t/:
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The function w.x; t/ obeys the equationZ 1
�1

f .t � �/w.x; �/ d� D 0; .x; t/ 2 D1.T /: (10.1.72)

Rewriting (10.1.72) in the formZ 1
�1

f .�/w.x; t � �/ d� D 0; .x; t/ 2 D1.T /; (10.1.73)

and applying Lq to equation (10.1.73), we observe that Ow.x; t/ solves the equationZ 1
�1

f .�/ Ow.x; t � �/ d� D 0; .x; t/ 2 D1.T /: (10.1.74)

Since Ow.x; t/ � 0 for x < jt j, equation (10.1.74) is equivalent toZ �x
x

f .t � �/ Ow.x; �/ d� D 0; .x; t/ 2 D1.T /:

We differentiate this equation with respect to t and use the conditions

Ow.x;�t / D Ow.x; t/; f .C0/ D
1

2
; f .�0/ D �

1

2

to get

Ow.x; t/C

Z x

0

Œf 0.t � �/C f 0.t C �/
 Ow.x; �/ d� D 0; .x; t/ 2 D1.T /:

(10.1.75)

Owing to the unique solvability of (10.1.60), equality (10.1.75) implies

Ow.x; t/ � 0; .x; t/ 2 D1.T /:

Consequently, Ow � 0 for x 2 Œ0; T=2
. Thus, the function w.x; t/ satisfies the
equation

Lqw D 0:

Since f 0.0/ D 0, from (10.1.60) it follows that Qw.0; 0/ D 0. Assuming x ! C0
in (10.1.70), we find

w.0; t/ D ı.t/; wx
ˇ̌
xD0
D 0; t 2 R:

Therefore, w.x; t/ is a solution of the Cauchy problem (10.1.49), (10.1.50) for x 2
.0; T=2
.
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Then the function u.x; t/ defined by formula (10.1.56) solves equation (10.1.46) for
x 2 Œ0; T=2
, meets conditions (10.1.48) for t 2 .�T; T / and, in view of (10.1.72),
satisfies (10.1.47). Assuming u.x; t/ D u.�x; t/ for x 2 Œ�T=2; 0/, we note that
the extended function u.x; t/ still solves (10.1.46) and fulfills (10.1.47), (10.1.48).
Moreover, it is apparent that

u.x; 0/ D 0; ut
ˇ̌
tD0
D ı.x/: (10.1.76)

So, the inverse problem has a solution q.x/ 2 C 1Œ�T=2; T=2
.
Suppose now that f 2 C 2Œ0; T 
. Consider such a sequence of functions fn.t/ 2

C 3Œ0; T 
 that fn.t/ converge to f .t/ in the norm of C 2Œ0; T 
 as n ! 1. To
the sequence ¹fnº correspond sequences ¹ Qwn.x; t/º, ¹qn.x/º, ¹un.x; t/º. Evidently,
the functions Qwn 2 C 2.D1.T // converge in the norm of C 1.D1.T // to a func-
tion Qw.x; t/ 2 C 1.D1.T // while the functions qn.x/ and un.x; t/ converge uni-
formly to q.x/ 2 C Œ�T=2; T=2
 and to a piecewise continuous function u.x; t/,
respectively. The limiting functions q.x/ and u.x; t/ regarded as distributions sat-
isfy (10.1.46), (10.1.48), (10.1.76). So, the lemma is proven.

From Lemmata 10.1.4 and 10.1.5 follows the next theorem where necessary and
sufficient conditions for the unique solvability of the inverse problem on the interval
Œ�T=2; T=2
 are formulated.

Theorem 10.1.6. The inverse problem (10.1.43), (10.1.44), (10.1.48) is uniquely solv-
able in the class C Œ�T=2; T=2
 if and only if

a) the function f .t/ fulfills the following conditions: f .t/ 2 C 2Œ0; T 
, f .C0/ D
1=2, f 0.0/ D 0;

b) the integral equation (10.1.60) .with f .t/ extended over t 2 Œ�T; 0/ by the
formula f .�t / D �f .t/, t 2 Œ0; T 
/ is uniquely solvable for any x 2 .0; T=2
.

The second condition of the theorem is equivalent to the condition of positive defi-
niteness of an operator Ax acting by the formula

Ax' D '.t/C

Z x

0

Œf 0.t � �/C f 0.t C �/
 '.�/ d�; x 2 Œ0; T=2
;

that is, instead of condition b), we can verify that hAx'; 'iL2Œ0;x� > 0 for any x 2
Œ0; T=2
 and any ' 2 L2Œ0; x
.

10.1.4 A connection between the inverse Sturm–Liouville problem and
the inverse point-source problem

In this subsection we derive a formula which relates spectral data and the inverse
point-source problem data (Romanov, 1984). As noted above, such formulae are of
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great interest because they permit the results obtained for one problem to be extended
to the other.

We remind that the expression

lqy D �y
00 C q.x/y; x 2 .a; b/; (10.1.77)

together with the boundary conditions

.y0 � hy/
ˇ̌
xDa
D 0; .y0 CHy/

ˇ̌
xDb
D 0; (10.1.78)

where q 2 C Œa; b
 and h, H , a, b are finite real numbers, defines an operator lq
in L2Œa; b
 which is referred to as a Sturm–Liouville operator on the interval Œa; b
.
We say a number � to be an eigenvalue of the operator lq if there exists a nontrivial
solution y.x; �/ of the equation

y00 � q.x/y D ��y; x 2 .a; b/; (10.1.79)

satisfying the boundary condition (10.1.78). The function y.x; �/ is called the eigen-
function of the operator lq corresponding to the eigenvalue �.

The direct Sturm–Liouville problem is to find all the eigenvalues and eigenfunctions
of the Sturm–Liouville operator.

Note that all the eigenfunctions corresponding to a given eigenvalue � are propor-
tional. Hence we can assume

y.a; �/ D 1; y0.a; �/ D h:

Eigenvalues of the Sturm–Liouville operator form a countable set ¹�nº � R. If we
arrange the set so that �1 < �2 < �3 < � � � < �n < � � � , then limn!1 �n D 1.
A sequence of the corresponding eigenfunctions ¹yn.x/º, where yn.x/ D y.x; �n/,
contains mutually orthogonal functions and is complete in L2Œa; b
. This means that
for any f 2 L2Œa; b
 the Fourier series

f .x/ D

1X
nD1

fnyn.x/; fn D
1

kynk2

Z b

a

f .x/yn.x/ dx; (10.1.80)

converges in the norm of L2Œa; b
 to f .x/. Consequently, for any f 2 L2Œa; b
 the
Parseval equality Z b

a

f 2.x/ dx D

1X
nD1

f 2n kynk
2 D

1X
nD1

hf; yni
2

kynk2

holds. The sequences ¹�nº and ¹kynkº are called the spectral data.
The inverse Sturm–Liouville problem consists in recovering the function q.x/ from

the spectral data.
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This problem can be reformulated in terms of the spectral function �.�/ of the
Sturm–Liouville operator, which has the form

�.�/ D
X

nW¹�n<�º

1

kynk2
�.� � �n/: (10.1.81)

Here we sum over all n such that �n < �.
To illustrate the spectral function, consider the Cauchy problem

y00.x/ � q.x/y.x/ D ��y.x/; x 2 Œa; b
;

y.a; �/ D 1; y0.a; �/ D h:
(10.1.82)

Denote by y.x; �/ a solution of problem (10.1.82). For an arbitrary g.x/ 2 L2Œa; b
,
we introduce a function Qg.�/ putting

Qg.�/ D

Z b

a

g.x/y.x; �/ dx; � 2 R: (10.1.83)

Since y.x; �n/ D yn.x/, the function g.x/ can be represented as the Fourier series

g.x/ D

1X
nD1

Qg.�n/

kynk2
yn.x/: (10.1.84)

Therefore, g.x/ is determined by the sequence ¹ Qg.�n/º. Using the spectral func-
tion (10.1.81), we rewrite (10.1.84) in the form

g.x/ D

Z 1
�1

Qg.�/y.x; �/ d�.�/: (10.1.85)

The spectral function �.�/ is displayed in Figure 3. This is a piecewise constant
function having finite jumps at the points � D �n. The jump value at � D �n is equal
to kynk�2. Hence, from the spectral function �.�/ we can recover the spectral data

ρ(λ)

y
3  

–2

y
4  

–2

y
2  

–2

y
1  

–2

λ
1

λ
2

λ
3

λ
4

λ

Figure 3 Spectral function �.�/.
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¹�nº, ¹kynkº. So, the inverse Sturm–Liouville problem can be rephrased as follows:
it is required to restore the operator lq from its spectral function. This formulation is
more convenient for considering the problem in the case when b D1.

The inverse Sturm–Liouville problem is closely connected with the inverse point-
source problem. To demonstrate this, we derive a formula relating the spectral func-
tion �.�/ and the data f .t/ of the following inverse problem: find q.x/ 2 C.a; b/
from the relations

ut t D uxx � q.x/u; .x; t/ 2 .a; b/ �RC; (10.1.86)

u
ˇ̌
tD0
D 0; ut

ˇ̌
tD0
D ı.x � a/; (10.1.87)

.ux � hu/
ˇ̌
xDa
D 0; .ux CHu/

ˇ̌
xDb
D 0; t > 0; (10.1.88)

u
ˇ̌
xDa
D f .t/; t 2 .0; 2.b � a//: (10.1.89)

One of the ways to study this problem is by reducing it to an integral equation. We
shall apply another approach based on the Fourier method of separation of variables.

Let u.x; t/ be a solution of the direct problem (10.1.86)–(10.1.88). We present
u.x; t/ in the form

u.x; t/ D

1X
nD1

Tn.t/yn.x/;

where yn.x/ are eigenfunctions of the operator lq such that yn.a/ D 1, y0n.a/ D h.
From (10.1.86), (10.1.87) it follows that the functions Tn.t/ satisfy the equation

T 00n C �nTn D 0 (10.1.90)

and the conditions

Tn.0/ D 0; T 0n.0/ D kynk
�2: (10.1.91)

The Cauchy problem (10.1.90), (10.1.91) admits a solution in the form

Tn.t/ D
1

p
�n kynk2

sin
p
�n t: (10.1.92)

Note that if �n < 0, then in (10.1.92) the equality

sin
p
�n t

p
�n

D
sinh
p
��n t

p
��n

should be used.
In view of (10.1.92), the solution of the direct problem (10.1.86)–(10.1.88) takes

the form

u.x; t/ D

1X
nD1

sin
p
�n t

p
�nkynk2

yn.x/: (10.1.93)
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Rewrite (10.1.93) using the spectral function �.�/:

u.x; t/ D

Z 1
�1

sin
p
� t

p
�

y.x; �/ d�.�/: (10.1.94)

Setting x D a in (10.1.93) and (10.1.94), we obtain the desired formulae expressing
the data f .t/ through the spectral data ¹�nº, ¹kynkº or the spectral function �.�/,
respectively:

f .t/ D

1X
nD1

1

kynk2
sin
p
�n t

p
�n

;

f .t/ D

Z 1
�1

sin
p
� t

p
�

d�.�/:

(10.1.95)

Given �.�/, we can calculate f .t/ for t 2 .0; 2.b � a// using (10.1.95). Conversely,
if the data f .t/ are known for t 2 .0; 2.b � a//, we first restore q.x/ by solving
the inverse problem (10.1.86)–(10.1.89) and then solve the direct Sturm–Liouville
problem to find �.�/.

So, we have shown that there exists a one-to-one correspondence between the in-
verse problem data f .t/, t 2 .0; 2.b�a//, and the spectral function �.�/. Solving ei-
ther the inverse Sturm–Liouville problem or inverse point-source problem (10.1.86)–
(10.1.89) with appropriate data, we obtain a function q.x/ desired for both of the
problems.

10.2 Inverse problems of acoustics

Consider the following one-dimensional inverse problem of acoustics:

1

c2.z/
vt t D vzz �

�0.z/

�.z/
vz; z > 0; t > 0; (10.2.1)

v
ˇ̌
t<0
� 0; z > 0; (10.2.2)

vz
ˇ̌
zD0
D ı.t/; t > 0; (10.2.3)

v.C0; t/ D g.t/; t > 0: (10.2.4)

Here �.z/ > 0 stands for the density of a medium, c.z/ > 0 is the wave velocity in the
medium and v.z; t/ denotes the acoustic pressure of the medium at the moment t > 0.
The direct (generalized initial boundary value) problem (10.2.1)–(10.2.3) consists in
determining the function v.z; t/ from the given functions c.z/ and �.z/. In the inverse
problem (10.2.1)–(10.2.4) it is required to find either c.z/ or �.z/ (or some their
combination) from the known function g.t/. We will show below that it is impossible
to recover both the functions c.z/ and �.z/ from the relations (10.2.1)–(10.2.4) though
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we can find their product c. .x//�. .x//, where x D '.z/ WD
R z
0

dz
c.z/

is a new
variable,  .'.z// D z. Note that the condition c.z/ > 0 provides the existence of the
function  .x/ inverse to '.z/.

Denote

u.x; t/ D v. .x/; t/; a.x/ D c. .x//; b.x/ D �. .x//:

Exercise 10.2.1. Verify that the inverse problem (10.2.1)–(10.2.4) in the variables
.x; t/ takes the form

ut t D uxx � .a
0=aC b0=b/ux ; x > 0; t > 0I

u
ˇ̌
t<0
� 0; x > 0;

ux.C0; t/ D c.C0/ı.t/; t > 0;

u.C0; t/ D g.t/; t > 0:

Let �.x/ D a.x/b.x/, c0 D c.C0/. Since

a0=aC b0=b D .ln a/0 C .ln b/0 D .ln .ab//0 D .ln �/0 D � 0=�;

we come to the problem

ut t D uxx �
� 0.x/

�.x/
ux ; x > 0; t > 0; (10.2.5)

u
ˇ̌
t<0
� 0; x > 0; (10.2.6)

ux.C0; t/ D c0ı.t/; t > 0; (10.2.7)

u.C0; t/ D g.t/; t > 0; (10.2.8)

where u.x; t/ and �.x/ > 0 are the desired functions.

Exercise 10.2.2. Show that if � 2 C 1.RC/, then the solution u.x; t/ of the direct
problem (10.2.5)–(10.2.7) has the form

u.x; t/ D s.x/�.t � x/C Qu.x; t/; (10.2.9)

where Qu.x; t/ is a function continuous for x � 0 and smooth for t > x > 0, s.x/ D
�c0

p
�.x/=�.C0/, � is the Heaviside function.

Exercise 10.2.3. Prove that, in view of (10.2.9), the inverse problem (10.2.5)–(10.2.8)
is equivalent to the problem of finding the functions u.x; t/ and s.x/ from the relations

ut t D uxx � 2
s0.x/

s.x/
ux ; t > x > 0; (10.2.10)

ux
ˇ̌
xD0
D 0; t > 0; (10.2.11)

u.x; x C 0/ D s.x/; x > 0; (10.2.12)

u
ˇ̌
xDC0

D g.t/; t > 0: (10.2.13)
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We prefer to consider the inverse problem (10.2.10)–(10.2.13) instead of (10.2.1)–
(10.2.4) for the following reasons. First, unlike problem (10.2.1)–(10.2.3), the di-
rect problem (10.2.10)–(10.2.12) contains no singular functions. Second, we need
to restore only one coefficient s.x/ while in (10.2.1)–(10.2.4) two coefficients c.z/
and �.z/ are unknown. Third, the inverse problem (10.2.10)–(10.2.13) can be re-
duced to a system of nonlinear integral Volterra equations for which a local theorem
of unique solvability, among other results, will be proven. It is remarkable that from
this theorem it follows that the original problem (10.2.1)–(10.2.4) admits a lot of solu-
tions. Indeed, if �.x/ D c. .x//�. .x// is a solution to problem (10.2.5)–(10.2.8),
then any pair ¹ Qc.. .x//; Q�. .x//º such that Qc.. .x// D Cc. .x//, Q�. .x// D
C�1�. .x//, C D const, solves problem (10.2.1)–(10.2.4)

Reduction of problem (10.2.10)–(10.2.13) to a system of integral equations. Let

q1.x; t/ D ux.x; t/; q2.x/ D
1

s.x/
; q3.x/ D 2

s0.x/

s.x/
D
� 0.x/

�.x/
:

Note that

q02.x/ D �
s0.x/

s2.x/
D �

1

2
q3.x/q2.x/; s.C0/ D �c0;

whence

q2.x/ D �
1

c0
�
1

2

Z x

0

q3.	/q2.	/ d	: (10.2.14)

Applying the d’Alembert formula to the Cauchy problem (10.2.10)–(10.2.12), we
obtain

u.x; t/ D
1

2
Œg.t � x/C g.t C x/
C

1

2

Z x

0

Z tCx��

t�xC�

q3.	/q1.	; �/ d� d	:

(10.2.15)

Differentiating (10.2.15) with respect to x yields

ux.x; t/ D q1.x; t/ D
1

2
Œ�g0.t � x/C g0.t C x/
 (10.2.16)

C
1

2

Z x

0

q3.	/Œq1.	; t C x � 	/C q1.	; t � x C 	/
 d	:

Set t D x C 0 in (10.2.15) and use (10.2.12) to come to

s.x/ D
1

2
Œg.C0/C g.2x/
C

1

2

Z x

0

Z 2x��

�

q3.	/q1.	; �/ d� d	;

s0.x/ D g0.2x/C

Z x

0

q3.	/q1.	; 2x � 	/ d	:
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The last equality multiplied by (10.2.14) takes the form

q3.x/ D
h
�
1

c0
�
1

2

Z x

0

q3.	/q2.	/ d	
ih
2g0.2x/C 2

Z x

0

q3.	/q1.	; 2x � 	/ d	
i
:

(10.2.17)

Equations (10.2.16), (10.2.14), (10.2.17) form a system of nonlinear integral Vol-
terra equations of the second kind. Note that if system (10.2.16), (10.2.14), (10.2.17)
is solvable and u 2 L2.�.l// \ C

2.�.l//, s 2 C 1.0; l/, g 2 C 2.0; 2l/, where
�.l/ D ¹.x; t/ 2 R2: 0 < x < t < 2l � xº, l > 0, then we can find a solution
of problem (10.2.5)–(10.2.8) by the formula �.x/ D .�.C0/=c20/s

2.x/ providing
�.C0/ is known.

Formulation of problem (10.2.10)–(10.2.13) in an operator form. The system of
integral equations (10.2.16), (10.2.14), (10.2.17) can be written in the operator form

Aq D f; (10.2.18)

where

Aq WD q C Bq; (10.2.19)

q.x; t/ D .q1; q2; q3/
>; (10.2.20)

q1.x; t/ D ux.x; t/; q2.x/ D 1=s.x/; q3.x/ D 2s
0.x/=s.x/;

f .x; t/ D .f1; f2; f3/
>;

f1.x; t/ D Œg
0.t C x/ � g0.t � x/
=2;

f2.x/ D �1=c0; f3.x/ D �2g
0.2x/=c0;

(10.2.21)

Bq D .B1q; B2q; B3q/
>;

B1q D �
1

2

Z x

0

q3.	/Œq1.	; t C x � 	/C q1.	; t � x C 	/
 d	;

B2q D
1

2

Z x

0

q3.	/q2.	/ d	;

B3q D 2B2qŒg
0.2x/C B4q
C .2=c0/B4q;

B4q D

Z x

0

q3.	/q1.	; 2x � 	/ d	:

(10.2.22)

Note that if ¹u.x; t/; s.x/º is a solution of problem (10.2.10)–(10.2.13), then the
vector-function q.x; t/ defined by (10.2.20) solves problem (10.2.18)–(10.2.22).

Definition 10.2.1. A vector-function q.x; t/ D .q1; q2; q3/
> will be said to belong

to the space EL2.l/ if

q1.x; t/ 2 L2.�.l//; qk.x/ 2 L2.0; l/; k D 2; 3;

where �.l/ D ¹.x; t/ 2 R2 W 0 < x < t < 2l � xº, l > 0.
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Define an inner product in the space EL2.l/ by the formula

hq.1/; q.2/i EL2.l/
D

“

.l/

q
.1/
1 .x; t/q

.2/
1 .x; t/ dx dt C

3X
kD2

Z l

0

q
.1/

k
.x/q

.2/

k
.x/ dx:

(10.2.23)

Then the associated norm in EL2.l/ has the form

kqk2
EL2.l/

WD hq; qi EL2.l/
D kq1k

2
L2.
.l//

C

3X
2

kqkk
2
L2.0;l/

:

Exercise 10.2.4. Verify that the operation defined in the space EL2.l/ by formula
(10.2.23) is really an inner product and that EL2.l/ is a Hilbert space.

Exercise 10.2.5. Prove that if q.x; t/ 2 EL2.l/ is a solution of problem (10.2.18)–
(10.2.22), then the pair of functions ¹u.x; t/; s.x/º, where u.x; t/ is found by for-
mula (10.2.15) and s.x/ D 1=q2.x/, solves problem (10.2.10)–(10.2.13).

Features of the operatorA. We begin a study of problem (10.2.18)–(10.2.22) with
discussing some properties of the operator A.

Lemma 10.2.1 (on boundedness of A). Let A be an operator defined by (10.2.19),
(10.2.22) and g0 2 L2.0; 2l/. Then the following estimates hold:

kB1qk
2
L2.
.l//

� kqk4
EL2.l/

l; kB2qk
2
L2.0;l/

� .1=4/kqk4
EL2.l/

l;

kB3qk
2
L2.0;l/

� .3=2/.4=c20 C ˇ/kqk
4
EL2.l/
C .3=2/kqk8

EL2.l/
;

where ˇ WD kg0k2
L2.0;2l/

. Consequently, A W EL2.l/! EL2.l/.

Proof. Let q D .q1; q2; q3/
> 2 EL2.l/, x 2 .0; l/. Consider the operator Bq D

.B1q; B2q; B3q/
> and estimate its components. Note that

jB1qj �
1

2

� Z x

0

q23.	/ d	
�1=2�� Z x

0

q21.	; t C x � 	/ d	
�1=2

C
� Z x

0

q21.	; t � x C 	/ d	
�1=2�

;

whence

jB1qj
2 �

1

2
kqk2

EL2.l/

h Z x

0

q21.	; t C x � 	/ d	 C

Z x

0

q21.	; t � x C 	/ d	
i
:
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Consequently,

kB1qk
2
L2.
.l//

�
1

2
kqk2

EL2.l/

Z l

0

Z 2l�x

x

Z x

0

.q21.	; t C x � 	/C q
2
1.	; t � x C 	/ d	 dt dx

� kqk2
EL2.l/

Z l

0

Z x

0

Z 2l��

�

q21.	; t/ dt d	 dx � kqk
4
EL2.l/

l:

Similarly, we get

jB2qj
2 �

1

4

Z x

0

q23.	/ d	

Z x

0

q22.	/ d	 �
1

4
kqk4

EL2.l/

and therefore

kB2qk
2
L2.0;l/

�
1

4
kqk4

EL2.l/
l:

Finally,

jB3qj � 2jB2qj jg
0.2x/j C 2jB4qj .jB2qj C 1=c0/;

jB3qj
2 � 12jB2qj

2 jg0.2x/j2 C 12jB4qj
2.jB2qj

2 C 1=c20/:

To derive the desired estimate for B3q, we first evaluate kB4qk2L2.0;l/. Since

jB4qj
2 �

Z x

0

q23.	/ d	

Z x

0

q21.	; 2x � 	/ d	 � kqk
2
EL2.l/

Z x

0

q21.	; 2x � 	/ d	;

we obtain

kB4qk
2
L2.0;l/

� kqk2
EL2.l/

Z l

0

Z x

0

q21.	; 2x � 	/ d	 dx

D kqk2
EL2.l/

Z l

0

Z l

�

q21.	; 2x � 	/ dx d	

D
1

2
kqk2

EL2.l/

Z l

0

Z 2l��

�

q21.	; t/ dt d	 �
1

2
kqk4

EL2.l/
:

It is therefore concluded that

kB3qk
2
L2.0;l/

� 3kqk4
EL2.l/

Z l

0

Œg0.2x/
2 dx C 12
�1
4
kqk4

EL2.l/
C
1

c20

� Z l

0

jB4qj
2

� .3=2/kqk4
EL2.l/

ˇ C .3=2/.kqk4
EL2.l/
C 4=c20/kqk

4
EL2.l/

D .3=2/.4=c20 C ˇ/kqk
4
EL2.l/
C .3=2/kqk8

EL2.l/
:

So, the lemma is proven.
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Lemma 10.2.2 (on existence of A0.q/). If q 2 EL2.l/, g0 2 L2.0; 2l/, then the opera-
torA defined by (10.2.19), (10.2.22) is Frechet differentiable and its Frechet derivative
A0.q/ W EL2.l/ ! EL2.l/ is determined by the formula A0.q/p D p C B 0.q/p, where
p 2 EL2.l/, B 0.q/p D .B 01.q/p;B

0
2.q/p;B

0
3.q/p/

>,

B 01.q/p D �
1

2

Z x

0

q3.	/Œp1.	; t C x � 	/C p1.	; t � x C 	/
 d	

�
1

2

Z x

0

p3.	/Œq1.	; t C x � 	/C q1.	; t � x C 	/
 d	;

B 02.q/p D
1

2

Z x

0

Œq3.	/p2.	/C q2.	/p3.	/
 d	;

B 03.q/p D 2B
0
2.q/pŒg

0.2x/C B4q
C 2B
0
4.q/pŒB2q C 1=c0
;

B 04.q/p D

Z x

0

Œq3.	/p1.	; 2x � 	/C p3.	/q1.	; 2x � 	/
 d	:

Moreover, the following estimates hold:

kB 01.q/pk
2
L2.
.l//

� 4kqk2
EL2.l/
kpk2

EL2.l/
l;

kB 02.q/pk
2
L2.0;l/

� kpk2
EL2.l/
kqk2

EL2.l/
l;

kB 03.q/pk
2
L2.0;l/

� 8.ˇ C 4=c20/kqk
2
EL2.l/
kpk2

EL2.l/
C 16kqk6

EL2.l/
kpk2

EL2.l/
:

Lemma 10.2.3 (on properties of ŒA0.q/
�). Let A be an operator defined by formulae
(10.2.19), (10.2.22) and let g0 2 L2.0; 2l/. Then, for any q 2 EL2.l/, the opera-
tor A0.q/ W EL2.l/ ! EL2.l/ has an adjoint ŒA0.q/
� W EL2.l/ ! EL2.l/ such that
ŒA0.q/
�r D r C ŒB 0.q/
�r , r 2 EL2.l/, and the components of ŒB 0.q/
�r have the
form

ŒB 01.q/

�r D �

1

2
q3.x/

° Z .xCt/=2

x

r1.	; t C x � 	/ d	

C

Z l�.t�x/=2

x

r1.	; t � x C 	/ d	

� 2
h
B2q

� t C x
2

�
C
1

c0

i
r3

� t C x
2

�±
;

ŒB 02.q/

�r D

1

2
q3.x/

Z l

x

¹r2.	 C 2r3.	/Œg
0.2	/C B4q.	/
º d	;
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ŒB 03.q/

�r D �

1

2

Z l

x

° Z 2l��

�

Œq1.x; t C 	 � x/C q1.x; t � 	 C x/
r1.	; t/ dt

� q2.x/r2.	/ � 2q2.x/r3.	/Œg
0.2	/C B4q.	/


� 4q1.x; 2	 � x/
h
B2q.	/C

1

c0

i
r3.	/

±
d	:

Furthermore, the estimates

kŒB 01.q/

�rk2L2.
.l// � 2lkrk

2
EL2.l/
kqk2

EL2.l/
C 2.kqk4

EL2.l/
C 4=c20/krk

2
EL2.l/
kqk2

EL2.l/
;

kŒB 02.q/

�rk2L2.0;l/ � .3=4/kqk

2
EL2.l/
krk2
EL2.l/

.l C 2ˇ C 2kqk4
EL2.l/

/;

kŒB 03.q/

�rk2L2.0;l/ � 3krk

2
EL2.l/
kqk2

EL2.l/
.8=c20 C ˇ C 3l=2C 3kqk

4
EL2.l/

/

hold true.

Lemma 10.2.4. Let an operator A be defined by (10.2.19), (10.2.22) and let g0 2
L2.0; 2l/. Then, for any q 2 EL2.l/, the operator A0.q/ is invertible and for its
inverse ŒA0.q/
�1 W EL2.l/! EL2.l/ there holds

kŒA0.q/
�1rk EL2.l/
�M1krk EL2.l/

; (10.2.24)

where M1 DM1.l; c0; ˇ; kqk/ D const.

Proof. Let r 2 EL2.l/. If

ŒA0.q/
�1r D p; (10.2.25)

then

A0.q/p D p C B 0.q/p D r: (10.2.26)

So, to find the image of the element r 2 EL2.l/ under the operator ŒA0.q/
�1, it suffices
to solve the linear operator equation (10.2.26), which is a system of linear integral
Volterra equations of the second kind. We leave it as an exercise for the reader to
show that there exists a unique solution of (10.2.26) in EL2.l/.

Let h � ; � i denote the inner product (10.2.23) in EL2.l/ and k � k the associated norm.
By Lemma 10.2.2, we get

hA0.q/p; pi D hp; pi C hB 0.q/p; pi;

whence

kpk2 D hr; pi � hB 0.q/p; pi � krk kpk C kpk kŒB 0.q/
�pk:
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Consequently,

kpk � krk C kŒB 0.q/
�pk;

kpk2 � 2krk2 C 2kŒB 0.q/
�pk2: (10.2.27)

For p D .p1; p2; p3/> 2 EL2.l/ we introduce

kpk2.l; x/ D kp1k
2.l; x/C kp2k

2.x/C kp3k
2.x/;

where

kp1k
2.l; x/ D

Z l

x

Z 2l��

�

p21.	; �/ d	 d�;

kpkk
2.x/ D

Z l

x

p2k.	/ d	; k D 2; 3:

Using Lemma 10.2.3, one can show that

kŒB 0.q/
�pk2.l; x/ �

Z l

x

�0.	/kpk
2.l; 	/ d	; (10.2.28)

where

�0.x/ D q
2
3.x/

�
2l C kqk4 C

4

c20

�
C
3

2
q23.x/

� l
2
C ˇ C kqk4

�

C
7

2
kqk2 C

7

4
.l C 2ˇ C 2kqk4q22.x/

C 7
�
kqk4 C

4

c20

� Z l

x

q21.x; 2� � x/ d�: (10.2.29)

From (10.2.27), (10.2.28) it follows that

kpk2.l; x/ � 2krk2 C 2

Z l

x

�0.	/kpk
2.l; 	/ d	:

Applying the Bellman–Gronwall lemma to the last inequality, we obtain the desired
estimate (10.2.24) with

M1 D
p
2 exp

� Z l

0

�0.	/ d	
�
: (10.2.30)

Thus, the lemma is proven.
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10.2.1 Properties of a one-dimensional inverse problem of acoustics

In this subsection we will describe some features of the inverse problem (10.2.5)–
(10.2.8).

Conditional stability in H 1. The inverse problem (10.2.5)–(10.2.8) is condition-
ally stable if its solution �.x/ and data g.t/ belong to special classes of functions.

Definition 10.2.2. The function �.x/ will be said to belong to the class †.l;M0; c0;

�0; ��/ if the following conditions are fulfilled:

1) �.x/ 2 H1.0; l/;

2) k�kH1.0;l/ �M0, M0 D const;

3) 0 < �� � �.x/, x 2 .0; l/, �� D const;

4) �.C0/ D c0�0, c0 D c.C0/, �0 D �.C0/.

Definition 10.2.3. The data g.t/ will be said to belong to G .l; ˇ; c0/ if g satisfies the
following conditions:

1) g.t/ 2 H 1.0; 2l/;

2) kg0k2
L2.0;2l/

� ˇ, ˇ D const;

3) g.C0/ D �c0.

Theorem 10.2.1 (Kabanikhin et al., 2006). Suppose that, for some g.1/, g.2/ from
the class G .l; ˇ; c0/, there exist � .1/; � .2/ 2 †.l;M0; c0; �0; ��/ solving the inverse
problems (10.2.5)–(10.2.8) with the data g.1/, g.2/, respectively. Then

k� .1/ � � .2/k2
H1.0;l/

� C kg.1/ � g.2/k2
H1.0;2l/

;

C D C.l;M0; ˇ; c0; �0; ��/ D const :

Well-posedness for sufficiently small data. Consider the system of nonlinear inte-
gral Volterra equations (10.2.16), (10.2.14), (10.2.17) in the operator form:

q.x; t/C Bq.x; t/ D f .x; t/; .x; t/ 2 �.l/: (10.2.31)

We remind that the vector-functions q.x; t/, f .x; t/ and the operator B are specified
in (10.2.20)–(10.2.22). Introduce an operator V as

Vq D f � Bq; .x; t/ 2 �.l/: (10.2.32)

Lemma 10.2.5. If f 2 EL2.l/, then

V W EL2.l/! EL2.l/: (10.2.33)
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Define k-norms .k � 0/ for q 2 EL2.l/ as follows:

kq1k
2
k.x/ D

Z x

0

kq1k
2
.1/.	/ exp¹�2k	ºd	; x 2 .0; l/;

kq1k
2
.1/.x/ D

Z 2l�x

x

q21.x; t/ dt; x 2 .0; l/;

kqj k
2
k.x/ D

Z x

0

q2j .	/ exp¹�2k	ºd	; x 2 .0; l/; j D 2; 3;

kqk2k.x/ D

3X
jD1

kqj k
2
k.x/; kqkk WD kqkk.l/:

For f 2 EL2.l/, " > 0, k � 0, we denote by B.f; "; k/ the ball of radius " centered
at f :

B.f; "; k/ D ¹q 2 EL2.l/ W kf � qkk < "º:

Lemma 10.2.6. Let V be an operator defined by formula (10.2.32). Suppose that f ,
k and " are such that

16l2 C 2l C 3=2 < k; (10.2.34)

kf k2
EL2.l/

<
1

2
exp¹�2klº; (10.2.35)

"2 <
1

2
exp¹�2klº: (10.2.36)

Then

V.B.f; "; k// � B.f; "; k/: (10.2.37)

Lemma 10.2.7. Let f 2 EL2.l/. Suppose that c0 ¤ 0, l > 0, k 2 .M.l; c0/;1/ are
fixed, where

M.l; c0/ D max¹24=c20 C 5l C 4c
2
0 C 16; 16l

2 C 2l C 3=2º:

If f and " > 0 satisfy (10.2.35), (10.2.36), then V is a contracting operator inB.f;";k/
with the contraction constant �2 DM.l; c0/=k.

Theorem 10.2.2 (on well-posedness for sufficiently small data). Let f 2 EL2.l/,
l > 0, c0 ¤ 0,

k 2 .M.l; c0/;1/; (10.2.38)

"2 2
�
0;
1

2
e�2kl

�
: (10.2.39)



Section 10.2 Inverse problems of acoustics 283

If

kf k2
EL2.l/

< "2; (10.2.40)

then system (10.2.31) has a unique solution q 2 EL2.l/ continuously dependent on the
data f .

Sketch of proof. Following Lemma 10.2.6 and the Banach fixed point theorem, the
operator V has a unique fixed point Nq 2 B.f; "; k/, that is, Nq solves the system

q.x; t/ D Vq.x; t/; .x; t/ 2 �.l/; (10.2.41)

which is the same as (10.2.31).
Let us prove that the solution is stable. Suppose q.1/ and q.2/ to be solutions of the

corresponding systems

q.j / D f .j / C Bq.j /; j D 1; 2: (10.2.42)

Put
Qq D q.1/ � q.2/; Qf D f .1/ � f .2/:

Then

Qq D Qf C Bq.1/ � Bq.2/: (10.2.43)

Using the same reasoning as in Section 4.4, we can deduce from Lemma 10.2.7 that

k Qqkk � k Qf kk C �k Qqkk

and, since � 2 .0; 1/,

k Qqkk �
1

1 � �
k Qf kk �

1

1 � �
k Qf k: (10.2.44)

Combining (10.2.44) with the inequality

k Qqk EL2.l/
� e2klk Qqkk;

which follows from the definition of k-norm, we obtain

k Qqk EL2.l/
�

1

1 � �
e2kl k Qf k EL2.l/: (10.2.45)

Thus, we have shown that the solution q.x; t/ of system (10.2.31) continuously de-
pends on the data f .x; t/.
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Theorem 10.2.3 (on well-posedness in the small). Let f 2 EL2.l0/, l0 > 0, c0 ¤ 0.
Then there exists such l� 2 .0; l0/ that for any l 2 .0; l�/ system (10.2.31) is uniquely
solvable in EL2.l/ and its solution q.x; t/ continuously depends on the data f 2
EL2.l/.

The proof of this theorem is similar to that of Theorem 10.1.1, with the only differ-
ence that now we should use the L2-norm instead of the C -norm.

Theorem 10.2.4 (on well-posedness in a neighbourhood of exact solution). Assume
that, for some l > 0 and f 2 EL2.l/, there exists an exact solution qe 2 EL2.l/
of problem (10.2.18)–(10.2.22). Then such ı > 0 can be found that, for any f ı 2
B.f; ı/, the problem Aq D f ı has a solution qı 2 EL2.l/ continuously depending on
the data f ı . Here

B.f; ı/ WD B.f; ı; 0/ D ¹q 2 EL2.l/ W kq � f k < ıº:

This theorem is similar to Theorem 4.5.1.

10.2.2 Methods for solving the inverse problem of acoustics

In this subsection we consider the inverse problem of acoustics in the operator form
(10.2.18)–(10.2.22) and describe different iterative methods as applied to this prob-
lem.

Note that Theorem 10.2.4 implies the uniqueness of the solution to problem
(10.2.18)–(10.2.22). Therefore, we suppose only the existence of the solution qe in
the following theorems.

Method of successive approximations. Let q0 be an initial approximation. Then
we calculate successively the next approximations using the recurrence formula

qnC1 D f � Aqn; n D 0; 1; : : : : (10.2.46)

Theorem 10.2.5 (on convergence of the method of successive approximations). Sup-
pose that l > 0 and, for f 2 EL2.l/, there exists a solution qe 2 EL2.l/ of the problem
Aq D f . Then such ı� > 0 and �� 2 .0; 1/ can be found that, if q0 2 B.qe; ı�/,
then the iterative procedure defined by (10.2.46) converges to the solution qe and the
following estimate of convergence rate is valid:

kqe � qnk EL2.l/
� �n�ı�: (10.2.47)

Landweber iterations. Given an initial approximation q0, we compute the next
approximations using the formula

qnC1 D qn � ˛ŒA
0.qn/


�.Aqn � f /; ˛ > 0; n D 0; 1; : : : : (10.2.48)
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Theorem 10.2.6 (on convergence of Landweber’s iterations). Let l > 0 and f 2
EL2.l/. Suppose that there exists a solution qe 2 EL2.l/ of the problem Aq D f .
Then one can find such �� 2 .0; 1/, ı� > 0, ˛� > 0 that, if q0 2 B.qe; ı�/ and
˛ 2 .0; ˛�/, then the approximations qn determined by formula (10.2.48) converge to
the solution qe as n!1 at the rate

kqe � qnk
2
EL2.l/

� �n�ı
2
�: (10.2.49)

Gradient descent. Consider the functional

J.q/ D hAq � f;Aq � f i EL2.l/
D kAq � f k2

EL2.l/
: (10.2.50)

Iterations of the gradient descent method are defined by the rule

qnC1 D qn � ˛nJ
0qn; n D 0; 1; : : : : (10.2.51)

Here q0 is a fixed initial approximation, J 0q is the gradient of the functional J.q/, the
parameter ˛n is chosen so as to satisfy

J.qn � ˛nJ
0qn/ D inf

˛>0
.J.qn � ˛J

0qn//; ˛n > 0: (10.2.52)

We remind that

J 0q D 2ŒA0.q/
�.Aq � f /: (10.2.53)

Theorem 10.2.7 (on uniqueness of the critical point). Let the problem Aq D f have
a unique solution qe in EL2.l/. If the equation J 0q D 0 is also uniquely solvable
in EL2.l/, then its solution is precisely qe .

Theorem 10.2.8 (on convergence of gradient descent). Assume that l > 0 and, for
f 2 EL2.l/, there exists a solution qe 2 EL2.l/ of the problem Aq D f . Then one
can specify such ı� > 0, �� 2 .0; 1/, M� > 0 that, if q0 2 B.qe; ı�/, then the
iterations qn of the gradient descent method converge to qe as n ! 1 and there
holds

kqn � qek
2
EL2.l/

�M��
n
�ı
2
�: (10.2.54)

Newton–Kantorovich method. The Newton–Kantorovich method is based on the
following recurrence formula for the iteration sequence:

qnC1 D qn C ŒA
0.qn/


�1.f � Aqn/: (10.2.55)

As before, q0 is supposed to be given.
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Theorem 10.2.9 (on convergence of the Newton–Kantorovich method). Let l > 0

and, for f 2 EL2.l/, the problem Aq D f have a solution qe 2 EL2.l/. Then there
exist such ı� > 0 and �� 2 .0; 1/ that, if q0 2 B.qe; ı�/, then the iterations qn
computed by (10.2.55) converge to qe as n!1 and the following estimate holds:

kqn � qek EL2.l/
� �n�kq0 � qek EL2.l/

: (10.2.56)

10.3 Inverse problems of electrodynamics

In this section we introduce an inverse problem related to Maxwell’s equations (Ro-
manov and Kabanikhin, 1994)8̂̂<

ˆ̂:
"
@

@t
E � rotH C �E C j � D 0;

�
@

@t
H C rotE D 0;

x 2 R3; t 2 R: (10.3.1)

Here E D .E1; E2; E3/
> and H D .H1;H2;H3/

> are vector-functions depending
on the space variable x 2 R3, x D .x1; x2; x3/, and the time variable t . The coeffi-
cients ", �, � are functions of x 2 R3, j � D j �.x; t/. The space R3 is divided by
the plane x3 D 0 into the two half-spaces

R3� D ¹x 2 R3 W x3 < 0º; R3C D ¹x 2 R3 W x3 > 0º:

The coefficients ", �, � are supposed to be constants in R3� and smooth functions in

R
3

C. On the common boundary x3 D 0 of R3C and R3� the functions ", �, � may
have finite jumps. Therefore, equations (10.3.1) are to be understood in the following
sense: they hold in each of the half-spaces R3�, R3C while on the plane x3 D 0 the
tangential components of E andH should meet the continuity conditions

Ej
ˇ̌
x3D�0

D Ej
ˇ̌
x3DC0

; Hj
ˇ̌
x3D�0

D Hj
ˇ̌
x3DC0

; j D 1; 2: (10.3.2)

The vectors E ,H are also assumed to vanish identically up to the moment t D 0:

E
ˇ̌
t<0
� 0; H

ˇ̌
t<0
� 0; j �

ˇ̌
t<0
� 0: (10.3.3)

The problem of finding E ,H from (10.3.1)–(10.3.3), when the coefficients ", �, �
and the function j � are given, is said to be the direct problem of electrodynamics.

Physically, equations (10.3.1)–(10.3.3) describe the electromagnetic field in a
medium with parameters ", �, � characterizing permittivity, permeability, and con-
ductivity, respectively. The medium consists of two parts: the Earth R3C with the flat
surface x3 D 0 and the air R3�. The electromagnetic field is generated by an exterior
current j � at the moment t D 0. The direct problem of electrodynamics consists
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in determining the electric and magnetic strength vectors E , H in the medium of a
given structure, i.e., with known parameters ", �, � . However the opposite situation
is more frequent in practice, namely: it is required to explore a medium by observing
the electromagnetic field on its surface. In other words, the coefficients ", �, � are
desired to be found in the Earth R3C. For this purpose the tangential components ofE ,
H are measured on the surface x3 D 0:

Ej
ˇ̌
x3D0

D 'j .x1; x2; t /; Hj
ˇ̌
x3D0

D  j .x1; x2; t /; j D 1; 2: (10.3.4)

Thereby we come to the inverse problem of electrodynamics which consists in re-
covering the coefficients ", �, � from information (10.3.4) on the solution .E ;H / to
the direct problem (10.3.1)–(10.3.3), provided the function j � is given.

Throughout this section the support of j � is assumed to belong to the domain

D� D ¹.x; t/ 2 R4 W x 2 R
3

�, t � 0º.
Notice that if the coefficients ", �, � are known in R3�, it suffices to measure only

two components ofE ,H in (10.3.4). Indeed, if, for example, 'j , j D 1; 2, are given,
we can solve the initial boundary value problem (10.3.1)–(10.3.3) in the domain D�

with the boundary condition Ej jx3D0 D 'j , j D 1; 2, and thereby uniquely de-
termine all the components of E , H in D�. Hence, we can calculate  j from the
functions 'j , j D 1; 2.

It should be noted that system (10.3.1) is often supplemented by the equations

div.�H / D 0; (10.3.5)

div."E/ D 4��: (10.3.6)

Strictly speaking, it is system (10.3.1), (10.3.5), (10.3.6) which is usually called a sys-
tem of Maxwell’s equations. However, we shall not use equations (10.3.5), (10.3.6)
anywhere because (10.3.5) is a direct consequence of (10.3.1)–(10.3.3) and equa-
tion (10.3.6) can be regarded as an independent equation for determining the charge
density � which is beyond our interest here. At the same time, the vector E can be
found from (10.3.1)–(10.3.3). Thus, we can consider system (10.3.1) as an indepen-
dent object.

Consider now the inverse problem (10.3.1)–(10.3.4) in the half-space R3C and as-
sume that the vector-function has the particular form

j � D .0; 1; 0/>g.x1/ı.x3/�.t/: (10.3.7)

This means that the current is switched on instantaneously, directed along the x2-
axis, concentrated on the plane x3 D 0 and distributed over the x1-axis with the
density g.x1/ (for example, an infinite cable may be used). Assume also that the
coefficients of Maxwell’s equations do not depend on x2 and satisfy conditions

" D ".x1; x3/ � "0 > 0; � D �.x1; x3/ � �0 > 0;

� D �.x1; x3/ � 0; 8.x1; x3/ 2 R �RC:
(10.3.8)



288 Chapter 10 Inverse coefficient problems for hyperbolic equations

It is not difficult to show that under conditions (10.3.3), (10.3.7), (10.3.8) the compo-
nents E1, E3, H2 vanish and Maxwell’s equations take the form

8̂̂<
ˆ̂:
"
@

@t
E2 C

@

@x1
H3 �

@

@x3
H1 C �E2 C g.x1/ı.x3/�.t/ D 0;

�
@

@t
H1 �

@

@x3
E2 D 0; �

@

@t
H3 C

@

@x1
E2 D 0:

(10.3.9)

Let an addition information be given as

E2
ˇ̌
x3D0

D '2.x1; t /; x1 2 R; t > 0: (10.3.10)

The following condition is necessary for '2.x1; t / to be the trace of a smooth solution
of problem (10.3.9) with the initial conditions .E2;H1;H3/jt<0 � 0:

'2.x1;C0/ D g.x1/=2; 8x1 2 R:

If '2.x1; t / is given and the coefficients of system (10.3.9) are known for x3 � 0, we
can solve the direct problem for x3 � 0 using (10.3.10) as a boundary condition. So
we can find

H1
ˇ̌
x3DC0

D  1.x1; t /; 8.x1; t / 2 R �RC: (10.3.11)

Setting the function 1.x1; t / allows us to avoid solving the direct problem for x3 < 0
(i.e. in the air).

Assume that the coefficients of (10.3.9) are sufficiently smooth for x3 > 0. Elim-
inating the partial derivatives of H1 and H3 from system (10.3.9), we obtain the
second-order equation for E2:

"
@2

@t2
E2 C �

@

@t
E2 D

@

@x1

� 1
�

@

@x1
E2

�
C

@

@x3

� 1
�

@

@x3
E2

�
� g.x1/ı.x3/�

0.t/;

x1 2 R; x3 2 R; t � 0; (10.3.12)

with the initial condition

E2
ˇ̌
t<0
� 0 (10.3.13)

and the boundary conditions

E2
ˇ̌
x3DC0

D '2.x1; t /;
� 1
�

@

@x3
E2

�ˇ̌̌
x3DC0

D
@

@t
 1.x1; t /: (10.3.14)



Section 10.3 Inverse problems of electrodynamics 289

If the coefficients of (10.3.12) depend on x3 only, then we can apply the Fourier
transform Fx1 Œ � 
. Denote by QE2 the Fourier image of E2 with respect to x1, i.e.,

QE2.�; x3; t / D

Z 1
�1

E2.x1; x3; t /e
i�x1 dx1;

where � is a fixed parameter. Then problem (10.3.12)–(10.3.14) can be reduced to the
following one-dimensional problem for QE2:

"
@2 QE2

@t2
C �

@ QE2

@t
D

@

@x3

� 1
�

@ QE2

@x3

�
�
�2

�
QE2 � Qgı.x3/ı.t/; (10.3.15)

QE2
ˇ̌
t<0
� 0; QE2

ˇ̌
x3D0

D Q'2;
� 1
�

@ QE2

@x3

�ˇ̌̌
x3DC0

D
@ Q 1

@t
: (10.3.16)

Here Qg, Q'2, Q 1 are the Fourier images with respect to x1 of the functions g, '2,  1
with the same parameter �.

Consider now the problem in the case when � is constant. Set

v.x3; t / D v.�; x3; t / D QE2.�; x3; t /; g� D Qg.�/;

f �0 .t/ D Q'2.�; t/; f �1 .t/ D
@

@t
Q 1.�; t/:

Then (10.3.15), (10.3.16) imply

vt t C
�

"
vt D

1

�"
.vx3x3 � �

2v/ �
1

"
g�ı.x3/ı.t/; x3 2 R; t � 0; (10.3.17)

v
ˇ̌
t<0
� 0; (10.3.18)

v
ˇ̌
x3D0

D f �0 .t/; t � 0; (10.3.19)

vx3
ˇ̌
x3DC0

D �f �1 .t/; t � 0: (10.3.20)

The direct problem is to find the function v.x3; t / from (10.3.17), (10.3.18), pro-
vided ".x3/, �, �.x3/ are given.

The inverse problem consists in recovering ".x3/ or �.x3/ (or both ".x3/ and
�.x3/) from (10.3.17)–(10.3.20), provided the functions f �0 .t/ and f �1 .t/ are known
for a fixed � D �0 (or for two values of �).

To study the direct and inverse problems for equation (10.3.17), it is convenient to
change from x3 to a new variable x:

x D x.x3/ D

Z x3

0

p
�".	/ d	; x3 D !.x/:
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Introduce

a.x/ D
�.!.x//

".!.x//
; b.x/ D

1p
�".!.x//

;

u.x; t/ D v.!.x/; t/; � D �g�
r

�

".C0/
:

Then (10.3.17), (10.3.18) takes the form

ut t .x; t/ D uxx.x; t/ � Pu.x; t/C �ı.x/ı.t/; (10.3.21)

u
ˇ̌
t<0
� 0: (10.3.22)

Here

Pu.x; t/ D a.x/ut .x; t/C
b0.x/

b.x/
ux.x; t/C .�b.x//

2u.x; t/:

Lemma 10.3.1 (Romanov and Kabanikhin, 1994). If a 2 C 1.R/, then the direct
problem (10.3.21), (10.3.22) is uniquely solvable in C 2.t � jxj/ and its solution has
the form

u.x; t/ D s.x/�.t � jxj/C Qu.x; t/;

where Qu.x; t/ is a continuous function and s.x/ solves the following problem:8̂<
:̂
s0.x/ D

1

2

�b0.x/
b.x/

� a.x/ sign x
�
s.x/; x 2 R;

s.0/ D �=2:

(10.3.23)

From Lemma 10.3.1 it follows that we can replace the initial condition (10.3.22)
by the condition

u
ˇ̌
tDjxj

D s.x/; x 2 R; (10.3.24)

and equation (10.3.21) by the following one:

ut t .x; t/ D uxx.x; t/ � Pu.x; t/; 0 < jxj < t: (10.3.25)

Since all the coefficients are to be recovered for x3 > 0 and hence for x > 0, we will
consider the problem in the domain

�.l/ D
®
.x; t/ 2 R2 W 0 < x < l; 0 < x < t < 2l � x

¯
:
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Thus, the direct problem (10.3.21), (10.3.22) can be reformulated as a problem of
finding the function u.x; t/ from the relations

ut t .x; t/ D uxx.x; t/ � Pu.x; t/; .x; t/ 2 �.l/; (10.3.26)

u
ˇ̌
tDx
D s.x/; x 2 .0; l/; (10.3.27)

ux.0; t/ D

r
�

".C0/
f �1 .t/; t 2 .0; 2l/; (10.3.28)

providing the functions a.x/, b.x/, f �1 .t/ are known. Notice that the additional con-
dition (10.3.20) of the inverse problem (10.3.17)–(10.3.20) is used to solve the direct
problem (10.3.26)–(10.3.28) for x > 0.

In the inverse problem it is required to restore the function a.x/ from the additional
information

u.0; t/ D f �0 .t/; t 2 .0; 2l/; (10.3.29)

on the solution to the direct problem (10.3.26)–(10.3.28). The function b.x/, as well
as f �0 .t/ and f �1 .t/, is supposed to be known.

Reduction of the inverse problem (10.3.26)–(10.3.29) to a system of integral equa-
tions. Consider the inverse problem (10.3.26)–(10.3.29) in the domain �.l/.

Note that the solution s.x/ of system (10.3.23) for x 2 .0; l/ satisfies the following
second-kind integral Volterra equation:

s.x/ D
�

2
C
1

2

Z x

0

hb0.	/
b.	/

� a.	/
i
s.	/ d	; x 2 .0; l/: (10.3.30)

Using the d’Alembert formula and taking conditions (10.3.28), (10.3.29) into account,
we obtain the integral equation

u.x; t/ D
1

2

�
f �0 .t C x/C f

�
0 .t � x/

�
C
1

2

Z tCx

t�x

r
�

".C0/
f �1 .	/ d	

C
1

2

Z x

0

Z tCx��

t�xC�

Pu.	; �/ d� d	; .x; t/ 2 �.l/: (10.3.31)

We differentiate (10.3.31) with respect to x and t to get

ux.x; t/ D
1

2
Œ.f �0 /

0.t C x/ � .f �0 /
0.t � x/
C

1

2

r
�

".C0/

�
f �1 .t C x/C f

�
1 .t � x/

�
C
1

2

Z x

0

�
Pu.	; t C x � 	/C Pu.	; t � x C 	/

�
d	; (10.3.32)

ut .x; t/ D
1

2
Œ.f �0 /

0.t C x/C .f �0 /
0.t � x/
/C

1

2

r
�

".C0/
.f �1 .t C x/ � f

�
1 .t � x//

C
1

2

Z x

0

ŒPu.	; t C x � 	/ � Pu.	; t � x C 	/
 d	: (10.3.33)
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Taking the limit in (10.3.31) as t ! x C 0 and using (10.3.27), we obtain

s.x/ D
1

2
Œf �0 .2x/C f

�
0 .0/
C

1

2

r
�

".C0/

Z 2x

0

f �1 .	/ d	

C
1

2

Z x

0

Z 2x��

�

Pu.	; �/ d� d	:

Differentiating this equation with respect to x, in view of (10.3.34), yields

s0.x/ D
1

2

hb0.x/
b.x/

� a.x/
i
s.x/

D Œf �0 

0.2x/C

r
�

".C0/
f �1 .2x/C

Z x

0

Pu.	; 2x � 	/ d	:

It is not difficult to check that the function Œs.x/
�1 solves the second-kind integral
Volterra equation

Œs.x/
�1 D
2

�
�
1

2

Z x

0

hb0.	/
b.	/

� a.	/
i
Œs.	/
�1 d	: (10.3.34)

Combining (10.3.34) and the preceding equality results in

a.x/ D
b0.x/

b.x/
�
4

�

�
Œf �0 


0.2x/C

r
�

".C0/
f �1 .2x/

�
�
4

�

Z x

0

Pu.	; 2x � 	/ d	

C
h
Œf �0 


0.2x/C

r
�

".C0/
f �1 .2x/C

Z x

0

Pu.	; 2x � 	/ d	
i

�

Z x

0

hb0.	/
b.	/

� a.	/
i
Œs.	/
�1 d	: (10.3.35)

Thus, relations (10.3.31)–(10.3.35) form a system of integral equations for the func-
tions u.x; t/, ux.x; t/, ut .x; t/, Œs.x/
�1, a.x/ in the domain �.l/. This system can
be written in the operator form

Aq WD q C Bq D f; (10.3.36)
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where

q.x; t/ D
�
q1; q2; q3; q4; q5

�>
; f .x; t/ D

�
f1; f2; f3; f4; f5

�>
; (10.3.37)

Bq D
�
B1q; B2q; B3q; B4q; B5q

�>
; (10.3.38)

q1.x; t/ D u.x; t/; q2.x; t/ D ux.x; t/; q3.x; t/ D ut .x; t/;

q4.x/ D Œs.x/

�1; q5.x/ D a.x/:

f1.x; t/ D
1

2
Œf �0 .t C x/C f

�
0 .t � x/
C

1

2

Z tCx

t�x

r
�

".C0/
f �1 .	/ d	;

f2.x; t/ D
1

2
Œ.f �0 /

0.t C x/ � .f �0 /
0.t � x/


C
1

2

r
�

".C0/
Œf �1 .t C x/C f

�
1 .t � x/
;

f3.x; t/ D
1

2
Œ.f �0 /

0.t C x/C .f �0 /
0.t � x/


C
1

2

r
�

".C0/
Œf �1 .t C x/ � f

�
1 .t � x/
;

f4 D
2

�
;

f5.x/ D
b0.x/

b.x/
�
4

�

h
.f �0 /

0.2x/C

r
�

".C0/
f �1 .2x/

i
D b1.x/C

4

�
g0.x/;

B1q D �
1

2

Z x

0

Z tCx��

t�xC�

Lq.	; �/ d� d	; (10.3.39)

B2q D �
1

2

Z x

0

ŒLq.	; t C x � 	/C Lq.	; t � x C 	/
 d	; (10.3.40)

B3q D �
1

2

Z x

0

ŒLq.	; t C x � 	/ � Lq.	; t � x C 	/
 d	; (10.3.41)

B4q D
1

2

Z x

0

Œb1.	/ � q5.	/
q4.	/ d	; (10.3.42)

B5q D 2g0.x/B4q C
� 4
�
� 2B4q

� Z x

0

Lq.	; 2x � 	/ d	: (10.3.43)

Lq.x; t/ D b0.x/q1.x; t/C b1.x/q2.x; t/C q5.x/q3.x; t/;

b0.x/ D .�b.x//
2; b1.x/ D

b0.x/

b.x/
;

g0.x/ D �.f
�
0 /
0.2x/ �

r
�

".C0/
f �1 .2x/:
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We define a space EL2.l/ as containing all vector-functions

q D .q1.x; t/; q2.x; t/; q3.x; t/; q4.x/; q5.x//
>

such that

qj .x; t/ 2 L2.�.l//; j D 1; 2; 3; qj .x/ 2 L2.0; l/; j D 4; 5:

The space EL2.l/ when equipped with the inner product

hq.1/; q.2/i EL2.l/
D

3X
jD1

Z l

0

Z 2l�x

x

q
.1/
j .x; t/q

.2/
j .x; t/ dt dx

C

5X
jD4

Z l

0

q
.1/
j .x/q

.2/
j .x/ dx

and with the associated norm

kqk2
EL2.l/

D hq; qi EL2.l/

becomes a Hilbert space.
In the inverse problem it is required to find a vector q 2 EL2.l/ satisfying (10.3.36)

provided f 2 EL2.l/ is known. This problem may be studied using the same reasoning
as we have applied to the inverse problem of acoustics (see Section 10.2).

10.4 Local solvability of multidimensional inverse
problems

Little has been reported regarding the solvability of multidimensional inverse prob-
lems. This makes a first step toward studying the solvability of the problems in the
class of functions analytic in horizontal variables all the more remarkable. The pre-
sented approach invoking the concept of a scale of Banach spaces of analytic func-
tions (Ovsyannikov, 1965) was developed by Romanov (Romanov, 1989a,b).

In this section we deal with the inverse problem of recovering the coefficient q.x; y/
of the hyperbolic equation (10.4.3) in the space .x; y/ 2 RnC1C WD RC � Rn, where
RC WD ¹x 2 R W x > 0º. The initial data are thought of as zero, while the Neumann
boundary condition is set on @RnC1C � Œ0; T 
, @RnC1C D ¹.x; y/ 2 RnC1C W x D 0º,
T > 0, and has the form

ux
ˇ̌
xD0
D �g.y/ı0.t/;

where g is an analytic function. We assume also that the solution to the corresponding
initial boundary value problem is fixed on the surface @RnC1C � Œ0; T 
 and forms a
function analytic in y 2 Rn.
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Denote by As.r/, r > 0, s > 0, a space of real-valued functions '.y/, y 2 Rn,
such that

k'ks.r/ WD sup
jyj�r

1X
j˛jD0

sj˛j

˛Š
jD˛'.y/j <1; (10.4.1)

where ˛ is a multiindex,

D˛ WD
@j˛j

@y
˛1
1 C � � � C @y

˛n
n

; ˛ D .˛1; : : : ; ˛n/; ˛k 2 N [ ¹0º;

j˛j WD ˛1 C � � � C ˛n; ˛Š WD .˛1/Š � : : : � .˛n/Š:

The space As.r/ equipped with the norm (10.4.1) is a Banach space of analytic func-
tions. Assuming r as a fixed parameter and s as a variable one, we obtain the scale
of Banach spaces of analytic functions ¹As.r/º, s > 0. Evidently, if '.y/ 2 As.r/,
then '.y/ 2 As0.r/ for all s0 2 .0; s/. Hence, As.r/ � As0.r/ provided s0 < s.
Moreover, if '.y/ 2 As.r/, then D˛'.y/, for any ˛, belongs to the space As0.r/ for
all s0 2 .0; s/ and the following inequality holds:

kD˛'ks0.r/ � C˛
k'ks.r/

.s � s0/j˛j
:

Here C˛ is a constant depending on ˛ only.
Indeed,

kD˛'ks0.r/ D sup
jyj�r

1X
jˇ jD0

.s0/jˇ j

ˇŠ
jD˛Cˇ'.y/j

� k'ks.r/.s
0/�j˛j sup

ˇ

h.˛ C ˇ/Š
ˇŠ

�s0
s

�j˛Cˇ ji

� k'ks.r/.s
0/�j˛j sup

k�j˛j

h
kj˛j

�s0
s

�ki
� C˛

k'ks.r/

.s � s0/j˛j
;

where C˛ D j˛jj˛j. In particular,

k�'ks0.r/ �
4n

.s � s0/2
k'ks.r/; s > s0 > 0: (10.4.2)

In what follows we will omit the fixed parameter r in the corresponding notations
writing k'ks , As instead of k'ks.r/, As.r/.

Introduce now a space of functions analytic in y 2 Rn and dependent on the vari-
ables .x; t/ 2 G where G is a compact domain with piecewise-smooth boundary.
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Definition 10.4.1. A function w D w.x; y; t/ will be said to belong to C.As; G/ if
w 2 As for all .x; t/ 2 G, w is continuous in G as an element of the space As and,
moreover,

kwkC.As ;G/ WD sup
.x;t/2G

kwks.x; t/ <1:

It is clear that C.As ; G/ is a Banach space.
Consider the initial boundary value problem of determining the function u.x; y; t/

from the relations

ut t � uxx ��u � q.x; y/u D 0; x 2 RC; y 2 Rn; t 2 R; (10.4.3)

ujt<0 D 0; uxjxD0 D �g.y/ı
0.t/; (10.4.4)

provided q.x; y/ and g.y/ are known functions. This problem is well-posed and will
be referred to as the direct problem.

In the inverse problem the functions q.x; y/ and u.x; y; t/ are to be found from the
given function g.y/ and from the trace of the solution to problem (10.4.3)–(10.4.4)
on the hyperplane x D 0:

u
ˇ̌
xD0
D F.y; t/; y 2 Rn; t > 0: (10.4.5)

It can be easily shown that the function F.y; t/ is representable in the form

F.y; t/ D g.y/ı.t/C f .y; t/�.t/; (10.4.6)

where �.t/ is the Heaviside function.
Indeed, the solution to problem (10.4.3)–(10.4.4) can be written in the form

u.x; y; t/ D g.y/ı.t � x/C ˛.x; y/�.t � x/C

1X
kD1

˛k.x; y/�k.t � x/; (10.4.7)

where

�k.t/ WD
tk

kŠ
�.t/; k D 1; 2; : : : :

A similar asymptotic expansion of the solution to a more general problem was derived
in (Romanov, 2005, Section 2.2).

Therefore, the function u.x; y; t/ can be represented as

u.x; y; t/ D g.y/ı.t � x/C Nu.x; y; t/�.t � x/: (10.4.8)

It is not difficult to verify that

˛.x; y/ WD Nu.x; y; x C 0/ D
1

2

h
x �g.y/C g.y/

Z x

0

q.	; y/ d	
i
: (10.4.9)
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From formula (10.4.8) follows the validity of (10.4.6). At the same time, (10.4.9)
implies

f .y;C0/ D 0: (10.4.10)

Equality (10.4.10) is a necessary condition for the inverse problem to have a solution.
Note that u.x; y; t/ � Nu.x; y; t/ when x > t . Therefore, we will write u.x; y; t/
instead of Nu.x; y; t/ when considering the function in this domain.

Set

u0.x; y; t/ D
1

2
Œf .x C t; y/C f .x � t; y/
;

q0.x; y/ D
1

g.y/
Œ��g.y/C 2ft .y; t/jtD2x

�
:

(10.4.11)

Theorem 10.4.1. Assume that condition (10.4.10) is fulfilled, the functions g.y/,
1=g.y/ belong to As0 for some s0 > 0, and f .y; t/, ft .y; t/ belong to C.As0 ; Œ0; T 
/
for some T > 0. Denote

R0 WD max
�
k.g.y//�1ks0 ; max

0�x�T=2
kq0.x; y/ks0.x/; max

0�t�T
kf .y; t/ks0.t/

�
:

(10.4.12)

Then such number a D a.s0; T; R0/ 2 .0; T=.2s0// can be found that, for any
s 2 .0; s0/, there exists a unique solution qe.x; y/, ue.x; y; t/ of the inverse prob-
lem (10.4.3)–(10.4.5) in C.As0 ; Gs/, where Gs D ¹.x; t/ 2 R2 W 0 � x � a.s0 � s/,
x � t � T � xº. Moreover, the following estimates hold:

kue � u0ks.x; t/ � R0; kqe � q0ks.x/ �
R0

s0 � s
; .x; t/ 2 Gs: (10.4.13)

Proof. In view of (10.4.9), the inverse problem (10.4.3)–(10.4.5) is equivalent to the
problem

ut t � uxx ��u � qu D 0; y 2 Rn; t > x > 0; (10.4.14)

ux
ˇ̌
xD0
D 0; u

ˇ̌
tDx
D ˛.x; y/;

u
ˇ̌
xD0
D f .y; t/;

where f .y; t/ is related to the data of the original problem by equality (10.4.6).
Since the Cauchy data u, ux are specified for x D 0, we can use the d’Alembert

formula to get the integro-differential equation for u.x; y; t/:

u.x; y; t/ D u0.x; y; t/ �
1

2

Z

.x;t/

.�uC qu/.�; y; �/ d� d�: (10.4.15)
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Here

�.x; t/ D ¹.�; �/ W 0 � � � x; � C t � x � � � t C x � �º

is a characteristic triangle in the plane .�; �/ whose base lies on the � -axis and other
sides intersect at the point .x; t/. Differentiating (10.4.15) with respect to t and with
respect to x yields two equalities. We sum these equalities assuming t D x and
taking (10.4.9) into account. As a result, we have

�@u
@t
C
@u

@x

�
tDx
D
1

2
.g.y/q.x; y/C�g.y//

D
�@u0
@t
C
@u0

@x

�
tDx
�

Z x

0

.�uC qu/.�; y; 2x � �/ d�:

From this we infer that, in view of (10.4.11), the function q.x; y/ obeys the integro-
differential equation

q.x; y/ D q0.x; y/ �
2

g.y/

Z x

0

.�uC qu/.�; y; 2x � �/ d�: (10.4.16)

Thus, we have derived the system of integro-differential equations (10.4.15),
(10.4.16) for the functions q.x; y/, u.x; y; t/. This system can be solved using a
modified Nirenberg method (Romanov, 2005). Let a sequence a0; a1; : : : ; am; : : : be
defined as

amC1 D am

�
1C

1

.mC 1/2

��1
; m D 0; 1; 2; : : : ; (10.4.17)

and let

a D lim
m!1

am D a0

1Y
nD0

�
1C

1

.mC 1/2

��1
: (10.4.18)

A way of choosing a0 2 .0; T=.2s0// will be specified later. We calculate succes-
sively approximations to the functions u.x; y; t/, q.x; y/ using the recurrent formulae

umC1.x; y; t/ D u0.x; y; t/ �
1

2

Z

.x;t/

.�um C qmum/.�; y; �/ d� d�;

qmC1.x; y/ D q0.x; y/ �
2

g.y/

Z x

0

.�um C qmum/.�; y; 2x � �/ d�

(10.4.19)

for m D 0; 1; 2; : : : . Then the functions

vm D umC1 � um; pm D qmC1 � qm; m D 0; 1; 2; : : : (10.4.20)
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satisfy the relations

v0.x; y; t/ D �
1

2

Z

.x;t/

.�u0 C q0u0/.�; y; �/ d� d�; (10.4.21)

p0.x; y/ D �
2

g.y/

Z x

0

.�u0 C q0u0/.�; y; 2x � �/ d�;

vmC1.x; y; t/ D �
1

2

Z

.x;t/

.�vm C pmumC1 C qmvm/.�; y; �/ d� d�; (10.4.22)

pmC1.x; y/ D �
2

g.y/

Z x

0

.�vm C pmumC1 C qmvm/.�; y; 2x � �/ d�

for m D 0; 1; 2; : : : . Let us prove that, for a suitable a0, the inequalities

�m WD max
°

sup
.x;t;s/2Fm

h
kvmks.x; t/

am.s0 � s/ � x

x

i
;

sup
.x;t;s/2Fm

h
kpmks.x; t/

.am.s0 � s/ � x/
2

amx

i±
<1;

(10.4.23)

kumC1 � u0ks0.x; t/ � R0; kqmC1 � q0ks0.x/ �
R0

s0 � s
(10.4.24)

are valid for .x; t; s/ 2 FmC1, where

Fm WD ¹.x; t; s/ W .x; t/ 2 G; 0 < x < am.s0 � s/; 0 < s < s0º;

G WD ¹.x; t/ W 0 � x � t � T � xº:
(10.4.25)

Since u0.x; y; t/ 2 C.As0 ; Gs/, from (10.4.21) it follows that

kv0ks.x; t/ �
1

2

Z x

0

Z tCx��

t�xC�

.k�u0ks.�; �/C kq0ks.�/ku0ks.�; �// d� d�

�
1

2

Z x

0

Z tCx��

t�xC�

� 4nR0

.s.�/ � s/2
CR20

�
d� d�; (10.4.26)

provided .x; t; s/ 2 F0 and s.�/ D .s0 C s � �=a0/=2. Here we have used inequal-
ity (10.4.2) for the function �u0 regarded as an element of As and the estimates
ku0ks.x; t/ < R0, kq0ks.x/ < R0, s 2 .0; s0/, .x; t/ 2 G.

Note that .x; t; s/ 2 F0 implies .�; �; s/ 2 F0, whence � < a0.s0�s/ or, what is the
same, s < s0 � �=a0. Consequently, s.�/ 2 .s; s0/ and s.�/� s D .s0 � s � �=a0/=2.
Therefore,

kv0ks.x; t/ �
1

2

Z x

0

Z tCx��

t�xC�

� 16na20R0

..s0 � s/a0 � �/2
CR20

�
d� d�

� a20R0.16nCR0s
2
0/

Z x

0

.x � �/ d�

..s0 � s/a0 � �/2
�
xa20R0.16nCR0s

2
0/

.s0 � s/a0 � x
:
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In a similar manner we derive

kp0ks.x/ �
��� 2

g.y/

���
s0

Z x

0

� 16na20R0

Œ.s0 � s/a0 � �
2
CR20

�
d�

� 2R0x
� 16na20R0

Œ.s0 � s/a0 � x
2
CR20

�
�
2xa20R

2
0.16nCR0s

2
0/

Œ.s0 � s/a0 � x
2
:

Hence, upon setting �0 D a0.16nCR0s20/max.a0; 2R0/, we get

�0 � R0�0 <1:

Furthermore, for .x; t; s/ 2 F1 the following inequalities hold true:

ku1 � u0ks.x; t/ D kv0ks.x; t/ �
�0x

a0.s0 � s/ � x
�

�0a1

a0 � a1

D
�0

a0=a1 � 1
D �0 � �0R0;

kq1 � q0ks.x/ D kp0ks.x/ �
�0a0x

.a0.s0 � s/ � x/2
�

�0a0a1

.a0 � a1/2.s0 � s/

D
�0a0=a1

.a0=a1 � 1/2.s0 � s/
�

2�0

s0 � s
�
2�0R0

s0 � s
:

We choose a0 so that the inequality 2�0 � 1 holds. Then relations (10.4.24) are
valid for m D 0. To demonstrate the validity of (10.4.23), (10.4.24) for m D
1; 2; : : : , we apply the method of mathematical induction. Suppose that a0 is so cho-
sen that (10.4.23), (10.4.24) are fulfilled for m � k. Then for .x; t; s/ 2 FkC1 there
holds

kvkC1ks.x; t/ �
1

2

Z x

0

Z tCx��

t�xC�

�4nkvkks.�/.�; �/
.s.�/ � s/2

C kpkks.�/kukC1ks.�; �/C kqkks.�/kvkks.�; �
�
d�d�

�

Z x

0

.x � �/
� 4n�k�

.s.�/ � s/2ŒakC1.s0 � s.�// � �


C
2R20�kak�

ŒakC1.s0 � s.�// � �

2
C

�k�

akC1.s0 � s.�// � �

R0.1C s0/

s0 � s

�
d�;

where s.�/ D .s0 C s � �=akC1/=2 > s. Evaluating the last integral, we have

kvkC1ks.x; t/

� 2�k

Z x

0

16na2
kC1
C 4R0akakC1s0 CR0.1C s0/s0a

2
kC1

.akC1.s0 � s/ � �/
3

.x � �/� d�

� 2�ka
2
0.16nCR0s0.5C s0//

x

akC1.s0 � s/ � x
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for .x; t; s/ 2 FkC1. We derive similarly

kpkC1ks.x/ � �ka
2
0R0.16nCR0s0.5C s0//

xakC1

.akC1.s0 � s/ � x/
2

at the same values of .x; t; s/. Thus,

�kC1 � �k� <1; (10.4.27)

where
� WD a0.16nCR0s0.5C s0//max.2a0; R0/:

On the other hand, if .x; t; s/ 2 FkC2, then

kukC2 � u0ks.x; t/ D
��� kC1X
mD0

vm

���
s
.x; t/ �

kC1X
mD0

kvmks.x; t/

�

kC1X
mD0

�mx

am.s0 � s/ � x
�

kC1X
mD0

�makC2

am � akC2
<

kC1X
mD0

�mamC1

am � amC1

D

kC1X
mD0

�m.mC 1/
2 � �0

kC1X
mD0

�m.mC 1/2;

kqkC2 � q0ks.x/ �

kC1X
mD0

kpmks.x; t/ �

kC1X
mD0

�mamx

.am.s0 � s/ � x/2

�
1

s0 � s

kC1X
mD0

�mamakC2

.am � akC2/
2
�

2�0

s0 � s

kC1X
mD0

�m.mC 1/4:

We choose a0 2 .0; T=.2s0// so as to provide

� < 1; 2�0

1X
mD0

�m.mC 1/4 � 1: (10.4.28)

Then

kukC2 � u0ks.x; t/ � R0; kqkC2 � q0ks.x/ �
R0

s0 � s
; .x; t; s/ 2 FkC2:

Consequently, (10.4.23), (10.4.24) hold for all m D 0; 1; 2; : : : :
Since a0 is independent of the number of iteration m, approximations um and qm

belong to the space As as functions of y for all fixed .x; t; s/ 2 F D
T1
mD0 Fm.

Therefore, um 2 C.As ; Gs/, qm 2 C.As ; Gs/ and um, qm satisfy the relations

kum � u0ks.x; t/ � R0; kqm � q0ks.x/ �
R0

s0 � s
; .x; t; s/ 2 F:
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The series

1X
mD0

vm.x; y; t/;

1X
mD0

pm.x; y/

uniformly converge in the variable y in norm of the space As , s 2 .0; s0/, and in the
variables .x; t/ 2 Gs in norm of C.Gs/. Consequently um ! u, qm ! q and the
limiting functions u, q belong to C.As; Gs/ for all s 2 .0; s0/.

The proof of uniqueness of the solution is similar to that offered earlier for one-
dimensional inverse problems and we leave to the reader to make appropriate modifi-
cations.

Let ± consist of all pairs .g.y/; f .y; t// such that g.y/ 2 As0 , f .y; t/ 2 C.As0 ;
Œ0; T 
/ and conditions (10.4.10), (10.4.12) are fulfilled for a fixed R0. Consider the
system of equations (10.4.15), (10.4.16) with the functions u0.x; y; t/; q0.x; y/ de-
fined by (10.4.11). The following theorem establishes the stability of the problem in
question (Romanov, 2005).

Theorem 10.4.2. If, for .g; f / 2 ± and . Og; Of / 2 ± , there exist solutions .u; q/ and
. Ou; Oq/ of the corresponding system of equations (10.4.15), (10.4.16), then they obey
the following inequalities

ku � Ouks.x; t/ � C"; kq � Oqks.x; t/ �
C"

s0 � s
;

.x; t/ 2 Gs ; s 2 .0; s0/;

(10.4.29)

where

" D maxŒkg � Ogks0 ; k�.g � Og/ks0 ; max
0�t�T

kf � Of ks0.t/; max
0�t�T

kft � Oftks0.t/


and C is a constant depending upon s0 and R0 only.

Remark 10.4.1. The above technique may be employed in investigating more general
inverse problems and nonlinear integral equations (Romanov, 2005).

10.5 Method of the Neumann to Dirichlet maps in the
half-space

Consider the problem of recovering the coefficient q.x; y/ of the equation

ut t D uxx C�u � q.x; y/u; y 2 Rn; x 2 RC; t 2 Œ0; T 
; (10.5.1)
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provided the behavior of a solution to the associated initial boundary value problem
with the data

u.x; y; 0/ D 0; ut .x; y; 0/ D 0;

.x; y/ 2 RnC1C D ¹.x; y/W y 2 Rn; x > 0º;
(10.5.2)

ux.0; y; t/ D g.y; t/; y 2 Rn; t 2 Œ0; T 
; (10.5.3)

is observed on the plane x D 0:

u.0; y; t/ D fg.y; t/; y 2 Rn; t 2 Œ0; T 
: (10.5.4)

It was shown in Section 10.4 that if g.y; t/ D �g.y/ı0.t/, then q.x; y/ is uniquely
determined from (10.5.1)–(10.5.4) in the class of functions analytic in y and con-
tinuous in x. A success in demonstrating uniqueness of the solution in the class
L1.RnC1C / (see Definition A.5.6) has been achieved only for overdetermined formu-
lations. Rakesh (1993) adapted the method proposed by J. Sylvester and G. Uhlmann
(1987) for solving the inverse problem (10.5.1)–(10.5.4). We will give a brief sketch
of the technique (the Sylvester–Uhlmann method will be also used in Section 11.4 for
proving the uniqueness of the solution to an inverse problem for elliptic equation).

Define the Neumann–Dirichlet map

ƒq W L2.R
n � Œ0; T 
/! H1.Rn � Œ0; T 
/;

which to every function g.y; t/ 2 L2.Rn � Œ0; T 
/ associates the trace fg .y; t/ 2
H 1.Rn � Œ0; T 
/ of the solution of the direct problem (10.5.1)–(10.5.3) on the plane
x D 0. The function spaces L2.G/ and H 1.G/ D W 1

2 .G/, G � Rn, are defined in
Appendix A (see Definitions A.5.4 and A.5.9).

Denote by B.r/ � RnC1 an open ball of radius r centered at the origin:

B.r/ D

²
.x; y/ W

vuutx2 C

nX
iD1

y2i < r

³
:

Theorem 10.5.1. Suppose that functions q1; q2 belong to the space L1.RC � Rn/
and are constant (possibly different) outside the closed ball B.r/ with such a radius r
that .� C 1/r < T . Then the identity

ƒq1.g/ � ƒq2.g/; g 2 L2.R
n � Œ0; T 
/;

implies q1 � q2.

Proof. We start with claiming that q1 � q2 if .x; y/ … B.r/, i.e., q1 and q2 are the
same constant outside B.r/. In other words, we claim that constant coefficients q can
be uniquely determined from the Neumann to Dirichlet map. This assertion follows
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from Lemma 10.5.3 formulated below. So, from here on we assume that q1.x; y/ D
q2.x; y/ D k D const outside B.r/.

Let g.y; t/ be a sufficiently smooth function which has compact support for a fixed
t 2 Œ0; T 
. This implies that the solution to problem (10.5.1)–(10.5.3) will also have
compact support for a fixed t 2 Œ0; T 
.

Denote p D q2 � q1, w D u1 � u2, where uj is the solution to problem (10.5.1)–
(10.5.3) with q.x; y/ replaced by qj .x; y/, j D 1; 2.

From ƒq1.g/ D ƒq2.g/ it follows that

wt t D wxx C�yw � q1w C pu2; x > 0; y 2 Rn; t 2 Œ0; T 
; (10.5.5)

w.x; y; 0/ D 0; wt .x; y; 0/ D 0; x > 0; y 2 Rn; (10.5.6)

w.0; y; t/ D 0; wx.0; y; t/ D 0; y 2 Rn; t 2 Œ0; T 
: (10.5.7)

Note that p.x; y/ D 0 outside B.r/.
Let " D .T � .�C 1/r/=6, T� D T ��.rC "/ and v.x; y; t/ be a smooth function

satisfying

vt t D vxx C�yv � q1.x; y/v;

.x; y/ 2 H D ¹.x; y/ 2 B.r/ W x > 0º;
(10.5.8)

v.x; y; T�/ D 0; vt .x; y; T�/ D 0; .x; y/ 2 H: (10.5.9)

Then using (10.5.5) and the divergence theorem, we getZ T�

0

Z
H

pu2v dx dy dt D

Z T�

0

Z
H

.wt t � wxx ��yw C q1w/v dx dy dt

D

Z T�

0

Z
H

.vt t � vxx ��yv C q1v/w dx dy dt

C

Z T�

0

Z
@H

�
w
@v

@�
� v

@w

@�

�
dS dt

C

Z
H

.wtv � wvt /
ˇ̌tDT�
tD0

dx dy;

where @
@�

denotes the normal derivation to the surface of H .
It can be shown (see (Rakesh, 1993)) that

w.x; y; t/ D 0;
@w

@�
.x; y; t/ D 0; .x; y/ 2 @H; t 2 Œ0; T�
:

Hence, Z T�

0

Z
H

p.x; y/u2.x; y; t/v.x; y; t/ dx dy dt D 0 (10.5.10)



Section 10.5 Method of the Neumann to Dirichlet maps in the half-space 305

for all g 2 C1.Rn � Œ0; T 
/, for all corresponding solutions u2 of problem (10.5.1)–
(10.5.3) (with q D q2), and for all smooth v satisfying (10.5.8). (10.5.9).

Equality (10.5.10) implies p.x; y/ � 0. To prove this, we will construct special
solutions u2 and v which are concentrated near a line in the space of variables x; y.
The way of construction is described in the following lemma (Rakesh, 1993).

Lemma 10.5.1. Suppose that z 2 RnC1 is an arbitrary unit vector, � is a positive
real number, and ˛.x; y/ 2 C1.RnC1/ is a finite function with

supp ¹˛º � N" D ¹.x; y/ 2 B.2"/ W x < �"º: (10.5.11)

Then for any locally bounded function q.x; y/ one can construct functions v.x; y; t/
and u2.x; y; t/ of the form

v.x; y; t/ D ˛..x; y/C tz/e�i�.h.x;y/;ziCt/ C ˇ1.x; y; t/;

u2.x; y; t/ D ˛..x; y/C tz/e
Ci�.h.x;y/;ziCt/ C ˇ2.x; y; t/;

(10.5.12)

such that u2 solves (10.5.1)–(10.5.3) for a suitable chosen g.y; t/, v satisfies (10.5.8),
(10.5.9), and the following estimates for ˇ1, ˇ2 hold:

kˇ1kL2.H�Œ0;T��/ �
c

�
; kˇ2kL2.RnC1C �Œ0;T �/

�
c

�
;

where c is a constant depending only on T , ˛ and q.

As follows from Lemma 10.5.1, we can choose v and u2 in the form (10.5.12).
Using these special solutions in (10.5.10), we obtain

0 D

Z T�

0

Z
H

p.x; y/u2.x; y; t/v.x; y; t/ dx dy dt

D

Z T�

0

Z
H

p.x; y/˛2..x; y/C tz/ dx dy dt C �.z; �/:

The remainder �.z; �/ can be proven (Rakesh, 1993) to satisfy

j�.z; �/j �
c

�
;

where c is a constant independent of � . Therefore,

0 D lim
�!1

Z T�

0

Z
H

p.x; y/u2.x; y; t/v.x; y; t/ dx dy dt

D

Z T�

0

Z
H

p.x; y/˛2..x; y/C tz/ dx dy dt

D

Z
RnC1

h Z T�

0

p..x; y/ � tz/ dt
i
˛2.x; y/ dx dy:



306 Chapter 10 Inverse coefficient problems for hyperbolic equations

Here we have used the fact that p.x; y/ D 0 outside H .
The class of functions ˛2.x; y/ satisfying (10.5.11) is complete in L2.N"/. So we

conclude that Z T�

0

p.a � tz/ dt D 0

for all a 2 N", z 2 RnC1, kzk D 1.
To complete the proof of the theorem, it remains to apply the following two lemmas.

Lemma 10.5.2 (Hamaker et al., 1980). Suppose that p.x; y/ is a bounded function
on RnC1 with compact support, and A is an infinite subset of RnC1 bounded away
from the convex hull of the support of p. If, for all a 2 A and z 2 RnC1 such that
kzk D 1, the equality Z 1

0

p.aC sz/ ds D 0

holds, then p.x; y/ � 0.

Lemma 10.5.3 (Rakesh, 1993). Let kj , j D 1; 2, be real constants and functions
uj .x; y; t/, j D 1; 2, satisfy

u
j
t t D u

j
xx C�yu

j � kju
j ; y 2 Rn; x � 0; t 2 Œ0; T 
;

uj .x; y; 0/ D 0; u
j
t .x; y; 0/ D 0; y 2 Rn; x � 0;

@uj

@x
.0; y; t/ D g.y; t/; y 2 Rn; t 2 Œ0; T 
:

If u1.0; 0; t/ D u2.0; 0; t/ for t 2 Œ0; T 
, for all g 2 C 2.Rn � Œ0; T 
/ with suppg �
¹y W kyk < 2T º � Œ0; T 
, then k1 D k2.

10.6 An approach to inverse problems of acoustics using
geodesic lines

In this section we present an approach to multidimensional inverse problems based on
reduction to problems of integral geometry. This technique permits to prove unique-
ness and conditional stability theorems for the inverse problems of recovering param-
eters of a medium inside a domain D � Rn when wave sources and receivers are
located on the boundary S D @D of this domain. For simplicity sake, we shall restrict
our consideration to the three-dimensional acoustic equation

ut t D c
2.x/�u � c2.x/r ln �ruC ı.x � x0/ı.t/;

x 2 D � R3; t 2 R;
(10.6.1)
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with the initial data

u
ˇ̌
t<0
� 0: (10.6.2)

Here c.x/ > 0 simulates the wave velocity in the medium, �.x/ > 0 denotes medium’s
density, ı.x�x0/ D ı.x1�x01/ı.x2�x

0
2/ı.x3�x

0
3/, ı.�/ is the Dirac delta-function,

D � R3 is an open domain.
Inverse problems for more general equations are studied in (Romanov, 1984, 2005).
As before (Sections 5.4, 5.5), we suppose D � R3 to be an open connected

bounded domain with a C 1 smooth boundary S D @D. Let �.x; x0/ be a solution to
the problem

jrx�.x; x
0/j2 D c�2.x/; x 2 D; (10.6.3)

provided

�.x; x0/ D O.jx � x0j/ as x ! x0: (10.6.4)

It was shown in Section 5.4 that �.x; x0/ corresponds to the time a wave takes to run
from x0 to x. On the other hand, the function �.x; x0/ determines Riemannian metric
with the length element d� D 1

c.x/
.
P3
jD1.dxj /

2/1=2. The geodesic line �.x; x0/
in this metric coincides with the time-minimum path along which the wave travels
from x0 to x.

10.6.1 An asymptotic expansion of the fundamental solution to the
acoustic equation

The fundamental solution to a general second-order hyperbolic equation consists of a
singular component and a regular one. The former is concentrated on a characteristic
conoid. The support of the regular component lies inside the closed domain bounded
by the conoid (Romanov, 1983, 1984). We will study the fundamental solution to the
acoustic equation (10.6.1) using the technique proposed by V. G. Romanov (1984).

Definition 10.6.1. A function U.x; t; x0; t0/, x; x0 2 R3, t; t0 2 R, is said to be a
fundamental solution to the acoustic equation if

Ut t � c
2.x/�U C c2.x/r ln �.x/rU D ı.x � x0/ı.t � t0/; (10.6.5)

U
ˇ̌
t<0
� 0: (10.6.6)

The coefficients of equation (10.6.5) depend upon x only. Therefore,

U.x; t; x0; t0/ D U.x; t � t0; x0; 0/:

Without loss of generality we can put t0 D 0 and denote the fundamental solution
by U.x; t; x0/.
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Consider the Riemannian metric in R3

d� D
1

c.x/

� 3X
jD1

.dxj /
2
�1=2

: (10.6.7)

Assume that c.x/ 2 C lC4.R3/, �.x/ 2 C lC3.R3/, l � 7, and the functions c.x/,
�.x/ are constant outside D: c.x/ D c0 > 0, �.x/ D �0 > 0, x 2 R3 nD. Suppose
also that, for any x; x0 2 D, there exists a unique geodesic line �.x; x0/ � R3 in
metric (10.6.7) which connects the points x0 and x. The distance between x0 and x
in metric (10.6.7) is determined by the function �.x; x0/ satisfying (10.6.3), (10.6.4).
In (Romanov, 1984) it was shown that, for a fixed x0, the point x can be specified by
Riemannian coordinates 	 D .	1; 	2; 	3/, where 	 D �.x; x0/ Q	 , Q	 D . Q	1; Q	2; Q	3/ is a
vector tangent to �.x; x0/ at the point x0 and directed towards x. The length of Q	 is
governed by the formula

3X
jD1

c�2.x0/ Q	2j D 1:

Denote x D h.	; x0/. The function h.	; x0/ is invertible in 	: 	 D g.x; x0/ 2

C lC3.R3�R3/. The Jacobian for the change from Riemannian coordinates to Cartes-
ian ones is positive: j@g

@x
.x; x0/j > 0. Moreover, j@g

@x
.x0; x0/j D 1 and

�2.x; x0/ D c�2.x0/

3X
jD1

g2j .x; x
0/: (10.6.8)

Hence, �2 2 C lC3.R3 �R3/.

Theorem 10.6.1. If l � 2s C 7, s � �1, then the fundamental solution to prob-
lem (10.6.1), (10.6.2) has the form

U.x; t; x0/ D �.t/

sX
kD�1

ak.x; x
0/�k.t

2 � �2.x; x0//C Us.x; t; x
0/: (10.6.9)

Here �.t/ is the Heaviside function, ��1 D ı.t/,

�k.t/ D
tk

kŠ
�.t/; k � 0;

the functions ak.x; x
0/ are calculated using the operator

Lx D
@2

@t2
� c2.x/�x C c

2.x/rx ln �rx
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as follows:

a�1.x; x
0/ D

1

2�c3.x0/

ˇ̌̌ @
@x
g.x; x0/

ˇ̌̌1=2
(10.6.10)

� exp
h1
2

Z
�.x;x0/

.c2.	/r� ln �.	/r��.	; x
0/Cr�c

2.	/r��.	; x
0// d�

i
;

a0.x; x
0/ D �

a�1.x; x
0/

8��.x; x0/

Z
�.x;x0/

Œa�1.	; x
0/
�1L�a�1.	; x

0/ d�; (10.6.11)

ak.x; x
0/ D

a�1.x; x
0/

8�

Z 1

0

Œa�1.	; x
0/
�1
kL�ak�1.	; x

0/
ˇ̌
�Dh.�g.x;x0/;x0/

d
;

k � 1:

The functions ak belong to the spaces C l�2k.R3 � R3/, U�1.x; t; x0/ is piece-
wise continuous, Us.x; t; x0/ is continuous for s � 0 and has continuous partial
derivatives D˛xD

ˇ
t D




x0
Us.x; t; x

0/, ˛ D .˛1; ˛2; ˛3/, � D .�1; �2; �3/, for s � 1,
j˛jCj� j < l�2s�3, j˛jCˇCj� j � s�1, j˛j D ˛1C˛2C˛3, j� j D �1C�2C�3.
Moreover, the function Us.x; t; x0/ .s � �1/ is representable in the form

Us.x; t; x
0/ D �sC1.t

2 � �2.x; x0// QUs.x; t; x
0/;

where QUs is a function bounded in any closed domain.

The proof of this theorem can be found in (Romanov, 1984, p. 125–134).

10.6.2 A three-dimensional inverse problem for the acoustic equation

Consider the direct problem of acoustics

ut t D c
2.x/�u � c2.x/r ln �.x/ruC ı.x � x0/ı.t/;

x 2 D � R3; t 2 R;
(10.6.12)

u
ˇ̌
t<0
� 0 (10.6.13)

and assume that the coefficients c.x/, �.x/ are unknown and an information about the
solution of (10.6.12), (10.6.13) is given on the boundary S D @D:

u.x; t; x0/ D f .x; t; x0/; x; x0 2 S; �1 < t < �.x; x0/C "; " > 0:

(10.6.14)

We first study the problem of finding the wave velocity c.x/ from relations (10.6.12)–
(10.6.14) with the aim of formulating conditions which will provide the uniqueness
and conditional stability to its solution. It is remarkable that this problem is closely
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connected with the inverse kinematic problem of seismics (see Section 5.4). Indeed,
let x0 2 S be fixed. If t < �.x; x0/, then the wave has not reached the point x
yet and, hence, the solution of problem (10.6.12), (10.6.13) is equal to zero. Starting
with t D �.x; x0/, the solution becomes nonzero and depends, generally speaking,
upon the coefficients of equation (10.6.12). Thus, the function �.x; x0/ is correlated
with the solution of problem (10.6.12), (10.6.13). Consequently, observing behavior
of the solution on the boundary S for different x0 2 S , we get information about
the travel times �.x; x0/ of a signal from one point of the boundary S to another. We
come thereby to the inverse kinematic problem of seismics which consists in restoring
the wave velocity c.x/ and the associated family of time-minimum paths �.x; x0/,
x; x0 2 D, from the equationZ

�.x;x0/

jdyj

c.y/
D �.x; x0/; x; x0 2 S: (10.6.15)

So, let D be a simply connected bounded domain with a smooth boundary S de-
scribed by the equation F.x/ D 0, where the function F 2 C 3.D/ is such that
F.x/ < 0, x 2 D, and jrxF j

ˇ̌
x2S
D 1. Assume that the surface S is convex, i.e.,

�.x; x0/ � S for all x; x0 2 S , and that the family of paths �.x; x0/ is regular in D.
Denote by ƒ.C1; C2/ a set of functions c.x/ 2 C 2.D/ which, for fixed con-

stants C1, C2, satisfy the following conditions:

1) 0 < C1 � c�1.x/ for all x 2 D;

2) kc�1kC 2.D/ � C2 <1;

3) the family of paths �.x; x0/ associated with the function c.x/ is regular in D.

Using the eikonal equation with a given function �.x; x0/, .x; x0/ 2 S �S , we can
calculate partial derivatives �xi , �x0

i
, �xix0j

, i; j D 1; 3, on the set S � S . Indeed, the

derivatives along tangent vectors can be expresses in terms of the function �.x; x0/,
while for the normal derivatives we have

jrx�.x; x
0/j D

1

c.x/
; jrx�.x

0; x/j D
1

c.x0/
:

To estimate the conditional stability of the problem of finding the velocity c.x/
from (10.6.15), we introduce the norm

k�k2 D

Z
S

Z
S

h
jrx�.x; x

0/j2 C jrx0�.x; x
0/j2

C jx � x0j2
3X

i;jD1

�@2�.x; x0/
@xi @x

0
j

�2i dSx dSx0
jx � x0j

:
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Theorem 10.6.2 (on conditional stabilty). For any functions c.1/; c.2/ 2 ƒ.C1; C2/
and the corresponding functions �.1/.x; x

0/, �.2/.x; x
0/, the following estimate holds:

kc.1/ � c.2/k
2
L2.D/

� Ck�.1/ � �.2/k
2:

Here C is a constant depending on C1 and C2 only.

A proof of the theorem can be found in (Romanov, 1984).
We now turn to the discussion of the problem of recovering the density �.x/ from

relations (10.6.12)–(10.6.14). We suppose that the conditions guaranteeing the con-
ditional stability of the problem of finding c.x/ are fulfilled. The positive-valued
functions c.x/, �.x/ are assumed to be smooth enough in D � R3 and constant
outside D: c.x/ D c0 > 0, �.x/ D �0 > 0 for x 2 R3 nD.

In what follows we will use Theorem 10.6.1 on asymptotic expansion of the funda-
mental solution. We begin by simplifying formula (10.6.10) for a�1.x; x0/.

Lemma 10.6.1. Let c.x/, �.x/ be positive-valued functions such that c.x/ 2
C lC4.R3/, �.x/ 2 C lC3.R3/, l � 7. Then, for x; x0 2 R3, there holds

a�1.x; x
0/ D A.x; x0/ exp.R.x/=2/; (10.6.16)

where

R.x/ D ln �.x/;

A.x; x0/ D
1

2�c3.x0/

ˇ̌̌@g.x; x0/
@x

ˇ̌̌1=2
exp

�
�
R.x0/

2

� c.x/
c.x0/

:
(10.6.17)

Proof. Since c.x/ 2 C lC4.R3/, l � 7, the function j@g.x; x0/=@xj1=2 belongs to
C lC3.R3/. Taking into account that along the geodesic �.x; x0/ in metric (10.6.7)
there hold

1

2
c2.	/r� ln �.	/r��.	; x

0/ D
d

d�
Œln
p
�.	/ 
;

c2.	/r� ln c2.	/r��.	; x
0/ D

d

d�
Œln c2.	/
;

we come to the equality

1

2

Z
�.x;x0/

Œc2.	/r� ln �.	/r��.	; x
0/Cr�c

2.	/r��.	; x
0/
 d�

D ln
hs �.x/

�.x0/

c.x/

c.x0/

i
: (10.6.18)
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Combining (10.6.18) with (10.6.10) results in the formula

a�1.x; x
0/ D

1

2�c3.x0/

ˇ̌̌@g.x; x0/
@x

ˇ̌̌1=2s �.x/

�.x0/

c.x/

c.x0/
;

which, in view of (10.6.17), takes the form

a�1.x; x
0/ D A.x; x0/ exp.R.x/=2/:

So, the lemma is proven.

Using Theorem 10.6.1, we can reformulate the problem of recovering �.x/ as a

problem of integral geometry. For this purpose we express the integrand Lxa�1.x;x
0/

a�1.x;x0/

in (10.6.11) through the functions R.x/ and A.x; x0/. By definition of Lx ,

Lxa�1.x; x
0/ D �c2.x/�xa�1.x; x

0/C c2.x/rxR.x/rxa�1.x; x
0/: (10.6.19)

From (10.6.16) it follows that

�xa�1.x; x
0/ D Œ�xA.x; x

0/CrxA.x; x
0/rxR.x/

C .�xR.x/=2C jrxR.x/j
2=4/A.x; x0/
 exp.R.x/=2/;

rxa�1.x; x
0/ D rxA.x; x

0/ exp.R.x/=2/

C .1=2/A.x; x0/ exp.R.x/=2/rxR.x/:

These equalities combined with (10.6.16) imply

�xa�1.x; x
0/

a�1.x; x0/
D
�xA.x; x

0/

A.x; x0/
C
�xR.x/

2

Crx lnA.x; x0/rxR.x/C
1

4
jrxR.x/j

2; (10.6.20)

rxa�1.x; x
0/

a�1.x; x0/
D rx lnA.x; x0/C

rxR.x/

2
: (10.6.21)

From (10.6.19)–(10.6.21) follows the desired expression for Lxa�1.x;x
0/

a�1.x;x0/
:

Lxa�1.x; x
0/

a�1.x; x0/
D
c2.x/

2

h
��xR.x/C

jrxR.x/j
2

2
�
2�xA.x; x

0/

A.x; x0/

i
: (10.6.22)

Substituting (10.6.22) into (10.6.11) results inZ
�.x;x0/

c2.	/

2

h
��R.	/ �

1

2
jr�R.	/j

2
i
d� D W.x; x0/; x; x0 2 S; (10.6.23)
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where

W.x; x0/ D 8��.x; x0/
a0.x; x

0/

a�1.x; x0/
�

Z
�.x;x0/

c2.	/
��A.	; x

0/

A.	; x0/
d�: (10.6.24)

Let us show that the function W.x; x0/ is uniquely determined by a solution c.x/
of (10.6.15). Assume that the solution c.x/ 2 C lC4.R3/ is known. Then we can
uniquely determine �.x; x0/ in R3 � S . The functions A.x; x0/ and a�1.x; x0/ can
be found in the domains R3 � S and S � S , respectively, using Lemma 10.6.1.

From (10.6.9) it follows that

a0.x; x
0/ D lim

t!�.x;x0/C0
Œf .x; t; x0/ � a�1.x; x

0/ı.t2 � �2.x; x0//
;

x 2 S; x0 2 S:

This formula is correct because the term in square brackets is a function continuous
for t � �.x; x0/. From this formula it follows that, given f .x; t; x0/ for x; x0 2 S ,
�.x; x0/ > 0, we can specify the function a0.x; x0/ in S � S . Thus, the func-
tion W.x; x0/ defined by (10.6.24) is uniquely determined in S � S from c.x/ sat-
isfying (10.6.15). Moreover, the family of geodesics �.x; x0/, x; x0 2 S , in met-
ric (10.6.7) is also uniquely recovered from the function c.x/, x 2 D.

Turning to equality (10.6.23), we now face a problem of integral geometry which
consists in finding the function

H.x/ �
c2.x/

2

h
�xR.x/ �

1

2
jrxR.x/j

2
i

provided the values W.x; x0/ of integrals of H.x/ along curves from a given fam-
ily ¹�.x; x0/º are known,

The problem of integral geometryZ
�.x;x0/

H.	/ jd	j D W.x; x0/;

jd	j D
� 3X
jD1

.d	j /
2
�1=2

; x; x0 2 S;

where W.x; x0/ is a known function for x; x0 2 S , and H.x/ is to be found in D, is
discussed in (Romanov, 1984). The following theorem gives an estimate of stability
for this problem.

Theorem 10.6.3. Let D be a simply connected, bounded domain with a boundary S
described by the equation F.x/ D 0, where F.x/ 2 C 3.D/, F.x/ < 0 for x 2 D,
jrxF.x/j

ˇ̌
x2S
D 1. Assume that S is convex with respect to geodesics �.x; ˛/ and
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the family ¹�.x; ˛/º is regular inD. Then for the above problem of integral geometry,
under the assumption that

c.x/ 2 C 2.D /; 1=c.x/ � C1 > 0; H.x/ 2 C 1.D /;

the following estimate of stability holds:Z
D

H2.x/ dx �
1

8�C1

Z
S

Z
S

ˆ.W; �/.x; x0/ dSx dSx0 ;

where

ˆ.W; �/.x; x0/ D

ˇ̌̌
ˇ̌̌
ˇ̌̌
ˇ̌̌
ˇ̌

0 0 Wx1.x; x
0/ Wx2.x; x

0/ Wx3.x; x
0/

0 0 Fx1.x/ Fx2.x/ Fx3.x/

Wx01
.x; x0/ Fx01

.x0/ �x1x01
.x; x0/ �x2x01

.x; x0/ �x3x01
.x; x0/

Wx02
.x; x0/ Fx02

.x0/ �x1x02
.x; x0/ �x2x02

.x; x0/ �x3x02
.x; x0/

Wx03
.x; x0/ Fx03

.x0/ �x1x03
.x; x0/ �x2x03

.x; x0/ �x3x03
.x; x0/

ˇ̌̌
ˇ̌̌
ˇ̌̌
ˇ̌̌
ˇ̌
:

Note that the function ˆ.W; �/ involves the derivatives of W.x; x0/ with respect
to x, x0 only in directions tangent to the surface S . The proof of this theorem is
presented in (Romanov, 1984, p. 95–101).

So, the problem of recovering the coefficient �.x/ can be solved successively: first
we find H.x/, x 2 D, satisfying (10.6.23) with a given W.x; x0/, x; x0 2 S ; then
we solve the Dirichlet problem

�xR.x/ � jrxR.x/j
2=2 D 2H.x/=c2.x/; (10.6.25)

where the function R.x/ 2 C lC3.D/ such that R.x/ D ln �0 for x 2 S is to be
determined. The unique solvability of the Dirichlet problem can be demonstrated for
domains of small diameters using the technique presented in (Courant and Hilbert,
1953, 1962). The questions concerning uniqueness and stability of solutions to prob-
lems for the quasilinear equation (10.6.25) can be resolved in a similar way as those
for the linear elliptic equation.

Let us estimate stability of the solution to the Dirichlet problem (10.6.25).
Introduce a class of functions

R.M; �0/ D ¹R.x/ 2 C
11.D/ W kRkC 1.D/ �M; R.x/ D ln �0 for x 2 Sº;

where M is an arbitrary fixed number.
Let R1.x/; R2.x/ 2 R.M; �0/ solve (10.6.25) for H.x/ D H1.x/ and H.x/ D

H2.x/, respectively. Denote

QR.x/ D R1.x/ �R2.x/; QH.x/ D H1.x/ �H2.x/;

�j .x/ D exp¹Rj .x/º; j D 1; 2; a.x/ D 1=
p
�1.x/�2.x/ :
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These functions satisfy the relations

rx
�
a.x/rx QR.x/

�
D
2a.x/

c2.x/
QH.x/; QR

ˇ̌
x2S
D 0: (10.6.26)

For the Dirichlet problem (10.6.26) the following estimate is valid:

k QRk2L2.D/ � Ck
QHkL2.D/; (10.6.27)

where C is a constant depending on M , �0, diamD, and c0.
From Theorem 10.6.3, in view of (10.6.27), follows the stability of the inverse

problem solution.

Theorem 10.6.4. Let M , �0, c0 be fixed positive numbers such that �0 < exp¹M º.
Assume c.x/ 2 C 11.D / to be a known positive function equal to c0 for x 2 S .
Assume also that �1.x/; �2.x/ 2 M.M; �0/ D ¹�.x/ W �.x/ D exp¹R.x/º, R.x/ 2
R.M; �0/º solve the inverse problem (10.6.12)–(10.6.14) with f .x; t; x0/ replaced
by f1.x; t; x0/ and f2.x; t; x0/, respectively. Then there holds

k ln �1 � ln �2k
2
L2.D/

� C

Z
S

Z
S

jˆ. QW ; �/j dSx dSx0 ;

where C is a constant depending on M , �0, c0, diamD;

QW .x; x0/ D
4�.x; x0/c3.x0/

j@g.x; x0/=@xj1=2
lim

t!�.x;x0/C0
Œf1.x; t; x

0/ � f2.x; t; x
0/
I

ˆ.W; �/ is such as in Theorem 10.6.3; the functions g.x; x0/, �.x; x0/ were defined
just below formula (10.6.7).

10.7 Two-dimensional analog of the
Gelfand–Levitan–Krein equation

In this section we construct a multidimensional analog of the Gelfand–Levitan–Krein
equation for an inverse problem of acoustics. We consider the problem of recovering
medium’s density under the assumption that on the boundary of the domain under
study we can trace signals coming from an infinite number of sources. This assump-
tion means that, as in Section 10.5, we need much more information than is usually
required for demonstrating the solution uniqueness. The presented approach based
on reduction of the nonlinear problem to a system of linear equations enables one to
compute the desired coefficients without solving repeatedly the direct problem. The
derived formulae are justified only in the class of functions analytic in y. However, as
numerical experiments evidence, the sought-for function can be closely approximated
using formula (10.7.13).
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Consider a sequence of direct problems A	u
.k/, k 2 Z, such that

A	u
.k/ D

h @2
@t2
��x;y Crx;y ln �.x; y/rx;y

i
u.k/ D 0;

x > 0; y 2 Œ��; �
; t 2 R; k 2 ZI

(10.7.1)

u.k/
ˇ̌
t<0
� 0I (10.7.2)

@u.k/

@x
.C0; y; t/ D eiky � ı.t/I (10.7.3)

u.k/
ˇ̌
yD�
D u.k/

ˇ̌
yD��

: (10.7.4)

From now on we suppose that all the functions involved are smooth enough and 2�-
periodic in y. Also, we assume the trace of a solution to (10.7.1)–(10.7.4) on the plane
x D 0 exists and can be fixed:

u.k/.0; y; t/ D f .k/.y; t/: (10.7.5)

The inverse problem is to reconstruct the coefficient �.x; y/ from relations (10.7.1)–
(10.7.5). The values of �.0; y/ are assumed to be known.

The necessary condition for solvability of the inverse problem (10.7.1)–(10.7.5) is
formulated as

f .k/.y;C0/ D �eiky ; y 2 Œ��; �
; k 2 Z:

Define an auxiliary sequence of direct problems as follows:

A	w
.m/ D 0; x > 0; y 2 Œ��; �
; t 2 R; m 2 ZI (10.7.6)

w.m/.0; y; t/ D eimy � ı.t/;
@w.m/

@x
.0; y; t/ D 0;

w.m/
ˇ̌
yD�
D w.m/

ˇ̌
yD��

:

(10.7.7)

It is not difficult to verify that the solution to problem (10.7.6), (10.7.7) has the form

w.m/.x; y; t/ D S .m/.x; y/Œı.x C t /C ı.x � t /
C Qw.m/.x; y; t/; (10.7.8)

where Qw.m/.x; y; t/ is a piecewise smooth function and

S .m/.x; y/ D
1

2

s
�.x; y/

�.0; y/
eimy :

Having extended the functions u.k/.x; y; t/ and f .k/.y; t/ oddly in t , we come to
the evident equality

u.k/.x; y; t/ D

Z
R

1X
mD1

f .k/m .t � s/w.m/.x; y; s/ ds;

x > 0; y 2 R; t 2 R; k 2 Z: (10.7.9)

Here f .k/m .t/ are the Fourier coefficients of f .k/.y; t/.
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Denote

V m.x; y; t/ D

Z x

0

w.m/.	; y; t/

�.	; y/
d	: (10.7.10)

The manipulation

@

@t

Z x

0

. � /

�.	; y/
d	

converts equality (10.7.9) into

@

@t

Z x

0

u.k/.	; y; t/

�.	; y/
d	 D

@

@t

Z
R

1X
mD1

V m.x; y; s/f .k/m .t � s/ ds

D 2

1X
mD1

f .k/m .C0/V m.x; y; t/C

1X
mD1

Z x

�x

f .k/m

0
.t � s/V m.x; y; s/ ds

D �2V k.x; y; t/C

1X
mD1

Z x

�x

f .k/m

0
.t � s/V m.x; y; s/ ds:

Introduce a function Gk for x > jt j assuming

Gk.x; t/ D
@

@t

Z �

��

Z x

0

u.k/.	; y; t/

�.	; y/
d	 dy:

Evidently, if u.k/.x; y; t/, �.x; y/ satisfy (10.7.1)–(10.7.5), then

Gkx .x; t/ D 0; Gkt .x; t/ D 0; jt j < x:

Therefore, Gk.x; t/ is a constant for jt j < x. Let us find its value. Put u.k/.x; y; t/ D
u.k/.�x; y; t/, �.x; y/ D �.�x; y/ for x < 0. Then u.k/.x; y; t/ solves the following
problem:

A	u
.k/ D 0; x 2 R; y 2 Œ��; �
; t > 0I k 2 ZI

u.k/
ˇ̌
tD0
D 0I

@u.k/

@t

ˇ̌̌
tD0
D �2eikyı.x/; u.k/

ˇ̌
yD�
D u.k/

ˇ̌
yD��

:

Consequently,

lim
t!C0

Gk.x; t/ D lim
t!C0

Z �

��

Z x

0

u
.k/
t .	; y; t/

�.	; y/
d	 dy

D
1

2
lim
t!C0

Z �

��

Z x

�x

u
.k/
t .	; y; t/

�.	; y/
d	 dy D �

Z �

��

eiky

�.0; y/
dy; k 2 Z:
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Let

ˆm.x; t/ D

Z �

��

V m.x; y; t/ dy:

Then the functions ˆm.x; t/ satisfy the following system of integral equations

ˆk.x; t/ D
1

2

1X
mD1

Z x

�x

f .k/m

0
.t � s/ˆm.x; s/ ds �

1

2

Z �

��

eiky

�.0; y/
dy;

jt j < x; k 2 Z: (10.7.11)

System (10.7.11) is a multidimensional analog of the Gelfand–Levitan–Krein equa-
tion. Using (10.7.7) and (10.7.10), we evaluate V m.x; y; t/ for t D x:

V m.x; y; x � 0/ D
eimy

2
p
�.x; y/�.0; y/

: (10.7.12)

Hence,

ˆm.x; x � 0/ D �

Z �

��

eimy

2
p
�.x; y/�.0; y/

dy:

The solution to the inverse problem (10.7.1)–(10.7.5) can be found by the formula

1p
�.x; y/

D �

p
�.0; y/

�
�

1X
mD1

ˆm.x; x � 0/ � e�imy : (10.7.13)

So, for the solution �.x; y/ of the inverse problem (10.7.1)–(10.7.5) to be specified at
a point x0 > 0, it is required to solve system (10.7.11) with a fixed parameter x D x0
and then calculate �.x0; y/ using formula (10.7.13).

It is evident that this approach may be generalized to the case of space variables
y 2 Rn, n 2 N.

Remark 10.7.1. The problem of recovering the coefficient of the equation ut t D
�u � q.x/u (see (Kabanikhin et al., 2004)) can be similarly reduced to a system of
Gelfand–Levitan equations.



Chapter 11

Inverse coefficient problems for parabolic and
elliptic equations

Inverse coefficient problems for parabolic and elliptic equations are the most compli-
cated and practically important problems. As shown is Section 8.1, the problems are
less stable than the corresponding inverse problems for hyperbolic equations. There-
fore, optimization technique is mostly used for their numerical solutions, as well as its
various modifications tailored to the properties of the corresponding direct problems
(monotonicity or/and smoothness of their solutions, etc.).

An extensive literature deals with the problems of recovering coefficients of para-
bolic equations. We only mention three books that represent the general theory (La-
vrentiev et al., 1980), numerical methods and applications to problems of heat-and-
mass transfer (Alifanov et al., 1988), and applied problems (Beck et al., 1985).

We consider one-dimensional inverse coefficient problems for parabolic equations
in Sections 11.1–11.3. Note that many results presented in these sections can be ex-
tended to the multidimensional case, and even to quasi-linear equations. Sections 11.4
and 11.5 contain theorems on the uniqueness of the solution of multidimensional in-
verse problems for elliptic equations.

Methods developed to solve the coefficient problems for heat equation are used in
practice, for example, to reveal the dependence of thermophysical properties of ingot
during the steel hardening. Another practical problem, which leads to the considered
problems, consists in determining the characteristics of thermal protection materials
collapsing in contact with high-temperature gas. Similar problems arise in geophysics
in the determination of thermophysical properties of freezing (thawing) soils. The
presented approach is also applied to problems of geoelectrics, geothermics and many
others.

11.1 Formulation of inverse coefficient problems for
parabolic equations. Association with those
for hyperbolic equations

Consider an initial boundary value problem for the parabolic equation

ut � .k.x/ux/x C q.x/u D 0; t 2 .0; T /; x 2 .0; 1/; (11.1.1)

u.x; 0/ D u0.x/; x 2 .0; 1/; (11.1.2)
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k.0/ux.0; t/ D ˛1.t/; t 2 .0; T /; (11.1.3)

k.1/ux.1; t/ D ˛2.t/; t 2 .0; T /; (11.1.4)

and assume that one of the coefficient k.x/, q.x/ is unknown. Given information
about the solution to the direct problem (11.1.1)–(11.1.4) at x D 0 and x D 1, namely,

u.0; t/ D f1.t/; t 2 Œ0; T 
; (11.1.5)

u.1; t/ D f2.t/; t 2 Œ0; T 
; (11.1.6)

it is required to restore the unknown coefficient. In the case when both the coefficients
are unknown, only a combination of them can be found under certain conditions.

One of the approaches to studying inverse problems for parabolic equations is based
on relating them to inverse problems for hyperbolic ones. This method can be applied
to a wide range of inverse problems with data given on a part of the boundary, in-
cluding the inverse problem for Maxwell’s equations in quasi-steady approximation
(Romanov and Kabanikhin, 1994).

Consider the following inverse coefficient problem for the hyperbolic equation:

vt t � .k.x/vx/x C q.x/v D 0; x 2 Œ0; 1
; t > 0; (11.1.7)

v.x; 0/ D u0.x/; vt .x; 0/ D 0; (11.1.8)

v.0; t/ D g1.t/; k.0/vx.0; t/ D h1.t/; (11.1.9)

v.1; t/ D g2.t/; k.1/vx.1; t/ D h2.t/: (11.1.10)

Introduce

G.t; �/ D
1
p
�t

e��
2=.4t/

and suppose that the data of problems (11.1.7)–(11.1.10) and (11.1.1)–(11.1.6) are
connected by relations

fj .t/ D

Z 1
0

gj .�/G.t; �/d�; j D 1; 2; (11.1.11)

j̨ .t/ D

Z 1
0

hj .�/G.t; �/d�; j D 1; 2: (11.1.12)

In this case, if v.x; t/ satisfies (11.1.7)–(11.1.10), then the function

u.x; t/ D

Z 1
0

v.x; t/G.t; �/ d� (11.1.13)

obeys (11.1.1)–(11.1.6). A proof of the fact can be found in Section 8.1.
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Formula (11.1.13) establishes a one-to-one correspondence between the solutions
to problems (11.1.1)–(11.1.6) and (11.1.7)–(11.1.10). Hence, the uniqueness theo-
rems proven for the inverse coefficients problems for hyperbolic equations can be
extended to the corresponding inverse problems for parabolic ones.

In particular, the problem of finding the coefficient q.x/ in the Cauchy problem

ut D uxx � q.x/u; (11.1.14)

u
ˇ̌
tD0
D ı.x/ (11.1.15)

provided

u
ˇ̌
xD0
D f1.t/; ux

ˇ̌
xD0
D f2.t/ (11.1.16)

is reduced to the following inverse problem:

Qut t D Quxx � q.x/ Qu;

Qu
ˇ̌
tD0
D ı.x/; Qut

ˇ̌
tD0
D 0; Qu

ˇ̌
xD0
D Qf1.t/; Qux

ˇ̌
xD0
D Qf2.t/:

(11.1.17)

Here the functions Qfk are connected with fk by the formulae

fk.t/ D

Z 1
0

G.t; �/ Qfk.�/ d�; k D 1; 2:

Note that problem (11.1.17) is obtained from the point-source problem (10.1.28)–
(10.1.30) by differentiation with respect to t . We can therefore use the results of
Section 10.1 to verify the uniqueness of the solution to the inverse problem (11.1.14)–
(11.1.16).

11.2 Reducing to spectral inverse problems

Inverse coefficient problems for parabolic equations under certain conditions can be
reduced to Sturm–Liouville problems (Denisov, 1994).

Consider a direct initial boundary value problem

ut D uxx � q.x/u; x 2 .0; �/; t > 0; (11.2.1)

u.x; 0/ D 0; x 2 .0; �/; (11.2.2)

ux.0; t/ D 0; t > 0; (11.2.3)

ux.�; t/ D g.t/; t > 0; (11.2.4)

which consists in determining the function u.x; t/ from the given functions q.x/
and g.t/.
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Suppose that the function u.x; t/ is smooth enough, namely, u; ux 2 C.Œ0; �
 �
Œ0;1//, ut ; uxx 2 C..0; �/ � .0;1//, the function q.x/ is strictly positive and con-
tinuous on the interval Œ0; �
. We assume also the function g.t/ to satisfy the follow-
ing conditions: g 2 C 2Œ0;1/; g.C0/ D g0.C0/ D 0; g.t/ D 0 for t 2 Œt0;1/,
t0 > 0; g.t/ 6� 0.

Introduce a function  .x/ D u.x; t0/. Note that from the facts that g.t/ vanishes
for t � t0 and g.t/ 6� 0 it follows that  .x/ belongs to C 1Œ0; �
 and satisfies the
boundary conditions (11.2.3), (11.2.4). Therefore, if q.x/, u.x; t/ satisfy (11.2.1)–
(11.2.4), then, for t > t0, the function u.x; t/ is a solution of the direct problem

ut D uxx � q.x/u; x 2 .0; �/; t > t0; (11.2.5)

u.x; t0/ D  .x/; x 2 .0; �/; (11.2.6)

ux.0; t/ D ux.�; t/ D 0; t � t0: (11.2.7)

Let �n be eigenvalues (�i � �j , i � j ) and yn.x/ normalized eigenfunctions of
the Sturm–Liouville problem

y00 � q.x/y D ��y; x 2 .0; �/;

y0.0/ D y0.�/ D 0:
(11.2.8)

Applying the method of separation of variables, write the solution u.x; t/ of problem
(11.2.5)–(11.2.7) in the form

u.x; t/ D

1X
kD0

 k e��n.t�t0/yn.x/; (11.2.9)

where  k D
R �
0  .	/yn.	/ d	 .

Taking into account the properties of g.t/ and q.x/, one can verify that �0 > 0

(hence, �n > 0 for all n D 1; 2; : : : ). Therefore, in view of (11.2.7), the functions
u, ut and uxx converge to zero as t ! 1 uniformly in x 2 Œ0; �
. Applying the
Laplace transformation to u.x; t/, we get

v.x; p/ D

Z 1
0

e�ptu.x; t/ dt:

Since (11.2.1)–(11.2.4) hold for u.x; t/, the function v.x; p/, with such p 2 C that
Rep > 0, solves the boundary problem

vxx � q.x/v D pv; (11.2.10)

vx.0; p/ D 0; (11.2.11)

vx.�; p/ D �.p/; (11.2.12)
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where

�.p/ D

Z 1
0

g.t/e�pt dt:

Let w.x; p/ be a solution to the Cauchy problem

wxx � q.x/w D pw; (11.2.13)

w.0; p/ D 1; wx.0; p/ D 0: (11.2.14)

From vx.0; p/ D wx.0; p/ D 0 it follows that v.x; p/ and w.x; p/ are linearly
dependent, which means that v.x; p/ D c.p/w.x; p/. The function c.p/ can be
found from (11.2.12): c.p/ D �.p/=wx.�; p/. Hence,

v.x; p/ D �.p/w.x; p/=wx.�; p/: (11.2.15)

Solving problem (11.2.13), (11.2.14), we can find eigenvalues of the corresponding
Sturm–Liouville problems as seen from the following lemmata.

Lemma 11.2.1. If p0 is a zero of the functionw.�; p/, then � D �p0 is an eigenvalue
of the Sturm–Liouville problem

�y00 C q.x/y D �y;

y0.0/ D 0; y.�/ D 0:
(11.2.16)

Lemma 11.2.2. If p0 is a zero of the function wx.�; p/, then � D �p0 is an eigen-
value of the problem

�y00 C q.x/y D �y;

y0.0/ D 0; y0.�/ D 0:
(11.2.17)

One can prove the lemmata observing that ifw.x;p/ satisfies (11.2.13), then y.x/D
w.x; p0/ obeys the equation �y00 C q.x/y D �p0y.

Thus, there exists a one-to-one correspondence between zeroes of the function
w.�; p/ and eigenvalues of problem (11.2.16). Similarly, zeroes of wx.�; p/ are
connected with eigenvalues of problem (11.2.17).

11.3 Uniqueness theorems

The relation between problem (11.2.1)–(11.2.4) and Sturm–Liouville problems can
be used in proving the uniqueness of the solution of inverse problems for parabolic
equations.
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Inverse problem 1. Let u.x; t/ be a solution of the direct problem (11.2.1)–(11.2.4)
and

u.�; t/ D f .t/; t > 0: (11.3.1)

Given g.t/, f .t/, find a pair of functions ¹q.x/; u.x; t/º satisfying (11.2.1)–(11.2.4),
(11.3.1).

It should be noted that the problem of determining both the functions q.x/ and
u.x; t/ is easier for investigation than if we would seek only q.x/. Indeed, in proving
uniqueness theorems the function u.x; t/ is required to be smooth enough. In the
former case the smoothness of u.x; t/ can be provided by choosing an appropriate
class of solutions, while otherwise we have to verify the properties of u.x; t/ based
on those of q.x/.

Definition 11.3.1. A pair of functions ¹q.x/; u.x; t/º is said to belong to a class K1

if

1) q 2 C Œ0; �
, q.x/ > 0, x 2 Œ0; �
;

2) u; ux 2 C.Œ0; �
 � Œ0;1//, ut ; uxx 2 C..0; �/ � .0;1//.

Theorem 11.3.1. Let g.t/ satisfy the following conditions:

1) g 2 C 2Œ0;1/,

2) g.C0/ D g0.C0/ D 0,

3) g.t/ D 0 for 0 < t0 � t ,

4) g.t/ 6� 0.

Then Inverse problem 1 has at most one solution in the class K1.

Proof. Assume the contrary, that is, there exist two solutions ¹qj .x/; uj .x; t/º,
j D 1; 2, of Inverse problem 1 in the class K1. Consider the functions vj .x; p/
and wj .x; p/ corresponding to the solutions. Note that the Laplace transform �.p/

of the function g.t/ is an analytic function over the space C because g.t/ may differ
from zero only on the interval t 2 .0; t0/. From (11.2.15) it follows that for p such
that Rep > 0 there holds

w1.�; p/

w01.�; p/
D
w2.�; p/

w02.�; p/
: (11.3.2)

From here on, the prime atw.x; p/ denotes differentiation with respect to x. Note that
the functionswj .�; p/=w0j .�; p/ are analytic and their singular points are nothing but
zeroes of the functions w0j .�; p/, respectively. Due to (11.3.2), zeroes and singular
points of the function w1.�; p/=w01.�; p/ coincide with those of w2.�; p/=w02.�; p/.
Let us show that zeroes of the function wj .�; p/ differ from zeroes of w0j .�; p/,
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j D 1; 2. If it were not the case, that is, wj .�; p/ D w0j .�; p/ D 0 for some p D p0,
then the solution to the Cauchy problem

w00j � .qj .x/C p0/wj D 0;

wj .�; p0/ D 0; w0j .�; p0/ D 0

would vanish for x 2 Œ0; �
, which contradicts the condition wj .0; p0/ D 1. There-
fore, in view of (11.3.2), all the zeroes of the functions w1.�; p/ and w2.�; p/ co-
incide. The same is true for w01.�; p/ and w02.�; p/. From Lemmata 11.2.1, 11.2.2

it follows that �1n D �2n, �1n D �2n, where �jn, �jn, j D 1; 2, are eigenvalues of
problems (11.2.16), (11.2.17), respectively, with qj .x/ instead of q.x/. Applying
Theorem 6.2.2, we conclude that q1.x/ D q2.x/, x 2 Œ0; �
.

Let us now verify that u1.x; t/ D u2.x; t/, x 2 .0; �/, t > 0. Because both the
functions uj .x; t/ solve the direct problem (11.2.1)–(11.2.4) with q.x/ D q1.x/ D

q2.x/, their difference Qu.x; t/ D u1.x; t/ � u2.x; t/ satisfies

Qut D Quxx � q.x/ Qu; x 2 .0; �/; t > 0; (11.3.3)

Qu.x; 0/ D 0; x 2 .0; �/; (11.3.4)

Qux.0; t/ D Qux.�; t/ D 0; t > 0: (11.3.5)

Multiplying (11.3.3) by Qu and integrating the result over the domain .0; �/ � .0; t/,
we get, in view of (11.3.4), (11.3.5), the equality

1

2

Z �

0

Qu2.	; t/ d	 C

Z t

0

Z �

0

�
Qu2x.	; �/C q.	/ Qu

2.	; �/
�
d	 d� D 0:

Since ¹q.x/; uj .x; t/º 2K1, the function q.x/ is positive and, therefore, Qu.x; t/ � 0,
which is the required result.

Inverse problem 2. Let an additional information on the solution of the direct prob-
lem (11.2.1)–(11.2.4) be given at the left end of the interval .0; �/:

u.0; t/ D f0.t/; t > 0: (11.3.6)

Given g.t/, f0.t/, find a pair of functions ¹q.x/; u.x; t/º satisfying (11.2.1)–(11.2.4),
(11.3.6).

Definition 11.3.2. A pair ¹q.x/; u.x; t/º is said to belong to a class K2 if it belongs
to K1 and, moreover, q.x/ D q.� � x/, x 2 Œ0; �
.

Theorem 11.3.2. If g.t/ satisfies the conditions of Theorem 11.3.1, then Inverse prob-
lem 2 admits no more than one solution in the class K2.
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Proof. This theorem is proven similarly as the previous one. Let ¹q.x/; u.x; t/º be a
solution of Inverse problem 2 from the class K2. We remind that the Laplace trans-
form v.x; p/ of the function u.x; t/ can be represented as

v.x; p/ D
�.p/w.x; p/

w0.�; p/
;

where w.x; p/ is a solution of problem (11.2.13), (11.2.14).
Assume now that in K2 there exist two solutions ¹q1.x/;u1.x; t/º; ¹q2.x/;u2.x; t/º

of Inverse problem 2. Then, in view of (11.3.6), for the corresponding functions
vj .x; p/ wj .x; p/, j D 1; 2, there holds v1.0; p/ D v2.0; p/ and, hence,

1

w01.�; p/
D

1

w02.�; p/
: (11.3.7)

Using (11.3.7), one can show that the eigenvalues of problems (11.2.17) with the
coefficients q1.x/ and q2.x/ coincide. Taking into account that the coefficients qj .x/
are symmetric about the midpoint of the interval .0; �/, we can apply Theorem 6.2.3
to complete the proof.

Assume now that the function g.t/ is also unknown.

Inverse problem 3. Given f .t/, find a triple of functions ¹q.x/; g.t/; u.x; t/º sat-
isfying conditions (11.2.1)–(11.2.4), (11.3.1).

It turns out that if g.t/ meets the conditions of Theorem 11.3.1 and, in addition,
g.t/ � 0, t � 0, then the solution of Inverse problem 3 is unique.

Definition 11.3.3. A triple ¹q.x/; g.t/; u.x; t/º is said to belong to a class K3 if the
following conditions hold:

1) q 2 C Œ0; �
, q.x/ > 0, x 2 Œ0; �
;

2) u; ux 2 C.Œ0; �
 � Œ0;1//; ut ; uxx 2 C..0; �/ � .0;1//;

3) g 2 C 2Œ0;1/, g.C0/ D g0.C0/ D 0, g.t/ � 0, t > 0; g.t/ D 0 for t 2
Œt0;1/, t0 > 0;

4) g.t/ 6� 0.

Theorem 11.3.3. Inverse problem 3 has at most one solution in the class K3.

Proof. Suppose that two solutions ¹qj .x/; gj .t/; uj .x; t/º, j D 1; 2, of Inverse prob-
lem 3 belong to the class K3. Using the same line of reasoning as before, we come
to

�1.p/w1.�; p/

w01.�; p/
D
�2.p/w2.�; p/

w02.�; p/
: (11.3.8)
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The functions g1.t/ and g2.t/ vanish outside the interval .0; t0/. Hence, their
Laplace transforms �j .p/, j D 1; 2, are analytic over the whole space C and have
no singular points. Since gj .t/ � 0 and gj .t/ 6� 0, we conclude that �j .p/ > 0

for all p 2 R and �j .p/ have neither singular points nor zeros in R. Again, as in
Theorem 11.3.1, we use (11.3.8) to deduce that the zeroes of the functions w1.�; p/
and w2.�; p/ coincide as well as the zeroes of w01.�; p/ and w02.�; p/. Thereby,
q1.x/ D q2.x/, x 2 Œ0; �
. Then w1.x; p/ D w2.x; p/ and, in view of (11.3.8),
�1.p/ D �2.p/. This implies g1.t/ D g2.t/ and, finally, u1.x; t/ D u2.x; t/,
x 2 .0; �/, t > 0.

11.4 An overdetermined inverse coefficient problem for the
elliptic equation. Uniqueness theorem

The inverse coefficient problems for elliptic equations are more difficult than the cor-
responding problems for parabolic ones. Indeed, if the problem is, for example, to
recover only one of the coefficients of elliptic equation, we need to consider infinitely
many corresponding direct problems to provide the uniqueness to its solution. An-
other approach to studying the problems consists in their simplification. For example,
the sought-for coefficients may be independent of some variables (Section 11.5), or
they are assumed to belong to a much more narrow class of solutions.

The uniqueness in the large was first shown by Sylvester and Uhlmann (1987) as to
the problem of recovering the coefficient q.x/ of the equation

Lqu WD div .qru/ D
nX

jD1

.q.x/uxj /xj D 0; x 2 D ; (11.4.1)

where D � Rn (n � 3) is a bounded domain with smooth boundary S .
Consider the direct Dirichlet problems

Lqu D 0; u
ˇ̌
S
D g.x/ (11.4.2)

for all possible g 2 H 1=2.S/ and assume that we know the functions fg .x/ such that

q.x/
@u

@�

ˇ̌̌
S
D fg.x/; (11.4.3)

where � denotes the unit outer normal to S . In other words, the Dirichlet to Neumann
map is given by

ƒq W g 2 H
1=2.S/! fg :

The inverse problem is to find q.x/, x 2 D , knowing ƒq.g/, g 2 H1=2.S/.
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Assume that q 2 C1.D / and q > " > 0. Denote

Qq.g/ D

Z
D

qjruj2 dx;

where u is the solution of (11.4.2). Using the divergence theorem, we have

Qq.g/ D

Z
S

ƒq.g/q ds;

i.e., Qq.g/ is the quadratic form associated to the linear map ƒq.g/. Consequently,
to know ƒq.g/ or Qq.g/ for all g 2 H 1=2.S/ is equivalent.

Theorem 11.4.1. Let D � Rn .n � 3/ be a bounded domain with smooth bound-
ary S . Assume that q1; q2 2 C1.D / are strictly positive for x 2 D and

Qq1.g/ D Qq2.g/ (11.4.4)

for all g 2 H 1=2.S/. Then q1.x/ D q2.x/ for all x 2 D .

The proof of the theorem, which can be found in (Sylvester and Uhlmann, 1987),
is based on using rapidly oscillatory functions g and corresponding special solutions
of the Dirichlet problems (11.4.2).

11.5 An inverse problem in a semi-infinite cylinder

Let D0 be a semi-infinite cylinder in the space of variables x, y (x 2 Rn) whose
elements are parallel to the y-axis (Romanov, 1984):

D0 D D �RC; x 2 D ; RC D ¹y W y � 0º:

Consider in D0 the equation

uyy C LuC g.x; y/ D 0; (11.5.1)

where L is a uniformly elliptic operator in the variables x1; : : : ; xn with coefficients
independent of y. Denote the boundary of D by S and formulate a direct problem as
follows: find a solution of (11.5.1) which satisfies the conditions

u
ˇ̌
yD0
D '.x/;

@u

@�

ˇ̌̌
�
D  .x; y/; � D S �RC; (11.5.2)

and tends to zero as y !1.
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Associated with (11.5.1), (11.5.2) is the following problem:

Qut t D L QuC Qg.x; t/;

Qu
ˇ̌
tD0
D '.x/; Qut

ˇ̌
tD0
D 0;

@ Qu

@�

ˇ̌̌
S
D Q .x; t/;

x 2 D ; t � 0:

(11.5.3)

Suppose that the functions Qg, Q are connected with g,  by the formulae

g.x; y/ D

Z 1
0

Qg.x; t/H.y; t/ dt;  .x; t/ D

Z 1
0

Q .x; y/H.y; t/ dt: (11.5.4)

Here H.y; t/ D 2
�

y

y2Ct2
is a solution to the Laplace equation Ht t CHyy D 0.

For the integrals in (11.5.4) to exist, we suppose Qg, Q to be bounded. The same
assumption is made for the solution Qu of the problem (11.5.3). Then the unique solu-
tion u.x; t/ of (11.5.1), (11.5.2) can be expressed through Qu.x; t/ as follows:

u.x; y/ D

Z 1
0

Qu.x; t/H.y; t/ dt: (11.5.5)

We shall prove formula (11.5.5) assuming all the below integrals to exist.
Let a function u.x; t/ satisfy (11.5.5). Then

uyy D

Z 1
0

Qu.x; t/Hyy.y; t/ dt D �

Z 1
0

Qu.x; t/Ht t .y; t/ dt

D .�QuHt C QutH/
ˇ̌tD1
tD0
�

Z 1
0

Qut t .x; t/H.y; t/ dt

D �

Z 1
0

Qut t .x; t/H.y; t/ dt;

Lu D

Z 1
0

H.y; t/L Qu.x; t/ dt:

Consequently,

uyy C LuC g D

Z 1
0

.�Qut t C L QuC Qg/H.y; t/ dt D 0:

At the same time,

@u

@�

ˇ̌̌
�
D

Z 1
0

@ Qu

@�

ˇ̌̌
S
H.y; t/ dt D

Z 1
0

Q .x; t/H.y; t/ dt D  .x; y/;

u
ˇ̌
yD0
D lim
y!0

Z 1
0

Qu.x; t/H.y; t/ dt

D lim
y!0

2

�

Z 1
0

Qu.x; y�/
d�

1C �2
D Qu.x; 0/ D '.x/:
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Thus, the function u.x; y/ defined as (11.5.5) solves problem (11.5.1), (11.5.2).
Note that, for each fixed x, the function u.x; y/ can be regarded as an integral

transform of Qu.x; t/ with the Cauchy kernel. Therefore, equality (11.5.5) is uniquely
solvable for Qu.x; t/.

Consider now the problem of recovering a coefficient involved in the operator L
provided the solution of problem (11.5.1), (11.5.2) satisfies

u
ˇ̌
�
D f .x; y/: (11.5.6)

From the above it follows that problem (11.5.1), (11.5.2), (11.5.6) can be reduced to
an equivalent inverse problem (11.5.3) with the data Qu

ˇ̌
S
D Qf .x; t/, t � 0. The

functions f and Qf are connected by the invertible relation

f .x; y/ D

Z 1
0

Qf .x; t/H.y; t/ dt; x 2 S; y 2 RC:

Thus, we have just shown how to proceed from an elliptic equation to a hyperbolic
one. It should be noted, however, that in the above reduction we use essentially the
following two conditions. First, the domain D has the form of cylinder with ele-
ments parallel to the y-axis. Second, the coefficients appearing in the operator L are
independent of y. These are rigid requirements because in applied problems all the
variables are usually of equal worth.



Appendix A

We all of us of education
A something somehow have obtained,

Thus, praised be God! a reputation
With us is easily attained

A. S. Pushkin.
Translated by Henry Spalding.

Appendix A contains some definitions and formulations of theorems from algebra,
theory of differential and integral equations, functional analysis, and mathematical
physics to study inverse and ill-posed problems.

A.1 Spaces

In modern mathematics a space is a set with some structure. For instance, some
operations (such as summation or multiplication by a number) or functions (such as
a norm or metric) may be defined on a set. Depending on the space structure, its
elements are called points, vectors, events, etc. A space subset is called a subspace if
the space structure generates on this subset a structure of the same type.

Most results of this book are presented for Hilbert and Banach spaces based on
linear spaces (or, what is the same, vector ones). Therefore, first we define a linear
space.

Definition A.1.1. A set L is called a real linear (vector) space if operations of sum-
mation of elements and multiplication by a scalar (that is, an element x C y 2 L is
assigned to each pair of elements x and y of the space L, and an element ˛x 2 L

is assigned to a real number ˛ and every element x 2 L) are introduced with the
following axioms:

1) x C y D y C x, ˛.ˇx/ D ˇ.˛x/ — commutativity;

2) .x C y/C z D x C .y C z/, .˛ˇ/x D ˛.ˇx/ — associativity;

3) ˛.x C y/ D ˛x C ˛y, .˛ C ˇ/x D ˛x C ˇx — distributivity;

4) there exists an element 0 2 L, called zero element, such that 0 � x D 0 for all x;

5) 1 � x D x.

Remark A.1.1. If the scalars ˛ and ˇ is taken from the field of complex numbers C,
the space L is called a complex linear space.
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A linear combination of elements x1; x2; : : : ; xm 2 L is
Pm
iD1 ˛ixi 2 L, ˛i 2 R,

1 � i � m. The numbers ˛1; ˛2; : : : ; ˛m are called the coefficients of the linear
combination.

A system of elements x1; x2; : : : ; xm 2 L is called linearly dependent if there exist
numbers ˛1; ˛2; : : : ; ˛m 2 R such that

Pm
iD1 ˛

2
i ¤ 0 and

Pm
iD1 ˛ixi D 0. Other-

wise, the system is called linearly independent.
The number of elements of a maximal linearly independent system is called the

dimension of the space L and denoted by dim L. If dim L < 1, L is called a
finite-dimensional linear space; otherwise it is called an infinite-dimensional space.

A.1.1 Euclidian spaces

A simple example of a finite-dimensional real linear space is the space Rn of ordered
sets of n real numbers:

Rn D ¹.x1; x2; : : : ; xn/; xi 2 R; 1 � i � nº:

An element x D .x1; x2; : : : ; xn/ 2 Rn is called a vector, and the numbers xi , its
components. The operations of summation and multiplication by a scalar in the space
Rn are performed componentwise:

.x1; x2; : : : ; xn/C .y1; y2; : : : ; yn/ D .x1 C y1; x2 C y2; : : : ; xn C yn/;

˛.x1; x2; : : : ; xn/ D .˛x1; ˛x2; : : : ; ˛xn/: (A.1.1)

The dimension of Rn is n. To prove this, consider a system of vectors ¹e1; e2;
: : : ; enº from Rn such that the i th component of vector ei is unity and all other com-
ponents are zero. It is evident that this system is linearly independent and maximal,
since any vector x D .x1; x2; : : : ; xn/ 2 Rn can be uniquely represented as the sum
x D

Pn
iD1 xiei . The system ¹e1; e2; : : : ; enº is a basis in the space Rn.

Definition A.1.2. A system of vectors ¹'1; '2; : : : ; 'nº in the space Rn is called a
basis if each vector x 2 Rn is uniquely represented as a linear combination x DPn
iD1 ˛i'i .

Any linearly independent system of n vectors is a basis in Rn. In addition to oper-
ations (A.1.1), which determine the structure of the linear space Rn, one can define,
on the set of vector pairs of this space, a function

hx; yi D

nX
iD1

xiyi ; (A.1.2)

where xi and yi are the components of vectors x 2 Rn and y 2 Rn, respectively.
It is easy to verify that the function defined by formula (A.1.2) has the following
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properties:

1/ hx; yi D hy; xiI (A.1.3)

2/ hx C y; zi D hx; zi C hy; ziI (A.1.4)

3/ h˛x; yi D ˛hx; yi; 8˛ 2 RI (A.1.5)

4/ hx; xi � 0; and hx; xi D 0 , x D 0: (A.1.6)

Definition A.1.3. A real function hx; yi in a linear space L is called an inner product
if it satisfies axioms (A.1.3)–(A.1.6).

Function (A.1.2) in the space Rn is an inner product.

Remark A.1.2. An inner product in the space of complex vectors Cn is defined by
the formula

hx; yi D

nX
iD1

xiyi ;

and axiom (A.1.3) is changed for hx; yi D hy; xi.

With an inner product in a linear space L, one can define a length kxk of a vector x
and an angle ' between vectors x and y by the formulas

kxk D
p
hx; xi; (A.1.7)

cos' D
hx; yi

kxk kyk
: (A.1.8)

The function kxk defined by equality (A.1.7) is a norm in a linear space L with an
inner product hx; yi.

Definition A.1.4. A real function kxk is called a norm in a linear space L if it satisfies
the following axioms:

1/ kxk > 0; and kxk D 0 , x D 0I (A.1.9)

2/ k˛xk D j˛j kxk; 8˛ 2 R .or ˛ 2 C/I (A.1.10)

3/ kx C yk � kxk C kyk: (A.1.11)

For the inner product hx; yi and the norm kxk defined by formula (A.1.7), the
Cauchy–Schwarz–Bunyakovskii inequality jhx; yij � kxk kyk is valid. Notice that it
follows from this inequality that formula (A.1.8) makes sense for all nonzero vectors
x 2 Rn, y 2 Rn. In particular, ' D �=2 at hx; yi D 0.
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Definition A.1.5. Vectors x 2 L and y 2 L are called orthogonal if hx; yi D 0.

Definition A.1.6. A basis ¹'1; '2; : : : ; 'nº in the space Rn is called orthogonal if its
vectors are pairwise orthogonal: h'i ; 'j i D 0 for i ¤ j . An orthogonal basis is called
orthonormal if h'i ; 'i i D 1 for all 1 � i � n.

The basis ¹e1; : : : ; enº of vectors ei with all zero components except for the i th
component that is equal to unity is an orthonormal basis in the space Rn.

It should be noted that a vector norm in the space Rn may be defined in different
ways. The norm

kxksph D
� nX
iD1

jxi j
2
�1=2

;

related to the inner product by formula (A.1.7) is called Euclidean (or spherical). The
cubic norm of vector x 2 Rn is defined by

kxkcub D max
1�i�n

jxi j;

and the octahedral norm is calculated by the formula

kxkoct D

nX
iD1

jxi j:

Remark A.1.3. In the space Cn, the corresponding norms are defined by the same
formulas.

For any x 2 Rn, the following relations are valid:

kxkcub � kxkoct � nkxkcub; (A.1.12)

kxkcub � kxksph �
p
n kxkcub: (A.1.13)

Definition A.1.7. Two norms k � k1, k � k2 in a linear space L are called equivalent if
there exist numbers p; q 2 R such that for any x 2 L the inequalities kxk1 � pkxk2,
kxk2 � qkxk1 are valid.

It follows from relations (A.1.12) and (A.1.13) that the cubic, octahedral, and Eu-
clidean norms are equivalent. A more general theorem is also true: all norms in a
finite-dimensional space are equivalent.

Definition A.1.8. A linear space with a norm defined on it is called a normed space.
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It should be noted that the normed spaces .Rn; k � ksph/ and .Rn; k � kcub/, which
consist of the same elements (n-dimensional real vectors), differ considerably in their
properties. For example, in the space .Rn; k � kcub/ it is impossible to define a scalar
function hx; yi related to k � kcub by (A.1.7).

In a normed space, one can define a distance between elements x and y with the
function

�.x; y/ D kx � yk: (A.1.14)

Definition A.1.9. A real nonnegative function �.x; y/ defined on a set M is called a
metric if it satisfies the following axioms for any x; y; z 2M:

1/ �.x; y/ D 0 , x D y .identity axiom/I (A.1.15)

2/ �.x; y/ D �.y; x/ .symmetry axiom/I (A.1.16)

3/ �.x; z/ � �.x; y/C �.y; z/ .triangle axiom/: (A.1.17)

Remark A.1.4. In the above axioms (A.1.15)–(A.1.17), in contrast to the norm ax-
ioms (A.1.9)–(A.1.11) and the inner product axioms (A.1.3)–(A.1.6), no operations
of summation and multiplication by a scalar are used. This means that a metric may
be defined not only on a linear space.

Definition A.1.10. A set M is called a metric space if for any of its elements x; y 2
M a metric �.x; y/ is defined.

It is evident that the function �.x; y/ D kx�yk satisfies the metric axioms. Hence,
any normed space is a metric space.

Definition A.1.11. A finite-dimensional vector space En with an inner product struc-
ture hx; yi, consistent norm kxk D

p
hx; xi and a metric �.x; y/ D kx � yk Dp

hx � y; x � yi is called a Euclidean space.

A simple example of a Euclidean space is the space Rn with the inner product
function (A.1.2) and the Euclidean norm kxk D .

Pn
iD1 x

2
i /
1=2.

Now, we introduce a fundamental concept of functional analysis, convergence.
Strictly speaking, a structure (inner product, norm, metric) that makes it possible to
define a distance between elements of a space is introduced mainly to define and
study convergence of its elements and other important properties and concepts based
on convergence. It is evident that the more complicated is the structure of a space, the
more diverse are the properties of this space. On the other hand, some results may
have more condensed formulations and proofs in more general spaces. For instance,
it is more convenient to consider spectral problems in the field of complex numbers,
since, generally speaking, the spectrum of a linear continuous operator is in a complex
Banach space.
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Definition A.1.12. An element x of a metric space M is called the limit of a se-
quence ¹xnº, xn 2 M and is denoted by limn!1 xn D x if for every " > 0 there
exists a number n."/ such that for every n > n."/ the inequality �.xn; x/ < " holds.
A sequence is called convergent (in the metric of a space M) if it has a limit.

Definition A.1.13. A sequence ¹xnº is called a fundamental (or Cauchy) sequence if
for every " > 0 there exists a number n."/ such that for every n > n."/ and m > 0

the inequality �.xn; xnCm/ < " is valid.

It is evident that any convergent sequence is fundamental. The converse is not true.
A simple example is this: Consider the space of rational numbers Q with the metric
�.x; y/ D jx � yj, and let x0 be an irrational number, that is, x0 2 R nQ. Construct
a sequence of rational numbers ¹xnº that converges to x0 in the space R. It is evident
that the sequence ¹xnº is fundamental in the space Q but does not converge to any
rational number (let xn ! y in Q, then xn ! y in R, whence y D x0).

Definition A.1.14. A metric space M is called complete if every fundamental se-
quence of points in the space M is convergent.

It follows from the above example that the space R of real numbers is complete and
the space Q of rational numbers is not complete with respect to the metric �.x; y/ D
jx � yj.

A.1.2 Hilbert spaces

A special feature of Euclidean space is the presence of a finite-dimensional orthonor-
mal basis. Removing the condition of finite-dimensionality while retaining the gen-
eral structure and, in particular, the presence of an orthonormal (countable) basis in
the space, we introduce the important class of separable Hilbert spaces.

Definition A.1.15. A linear space H is called a Hilbert space if a function of inner
product hx; yi is defined on it (see Definition A.1.3) and if it is complete with respect
to the metric �.x; y/ D kx � yk D

p
hx � y; x � yi generated by the inner product.

A simple example of an infinite-dimensional Hilbert space is the space l2 (or R1)
of infinite sequences of real numbers x D .x1; x2; : : : ; xi ; : : : / with a convergent sum
of squares X

i

x2i <1:

In what follows, the symbol
P
i means summation over all natural i , that is,

P
i ai D

a1 C a2 C a3 C � � � .
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The inner product, as well as the corresponding norm and metric, in the space l2
are calculated by the formulas

hx; yi D
X
i

xiyi ; (A.1.18)

kxk D
�X

i

x2i

�1=2
; (A.1.19)

�.x; y/ D
�X

i

.xi � yi /
2
�1=2

: (A.1.20)

The above-considered Hilbert space l2 has the important property of separability.
In the separable Hilbert spaces one can construct a countable orthonormal basis, that
is, a set of vectors e1; e2; : : : ; ei ; : : : such that hei ; ei i D 1, hei ; ej i D 0, i ¤ j

and every vector x 2 l2 can be uniquely represented as a convergent (with respect to
metric (A.1.20)) series x D

P1
iD1 xiei .

To give an exact definition of separable spaces, we introduce notions of open and
close sets.

Definition A.1.16. The set B.x; r/ D ¹y 2M W �.x; y/ < rº in a metric space M is
called the open sphere of radius r with center at point x. The set B.x; r/ D ¹y 2M W

�.x; y/ � rº is called the closed sphere.

Definition A.1.17. The open sphere of radius " with center at point x is called the
"-neighborhood of point x: O".x/ D B.x; "/.

Definition A.1.18. A point x 2 X � M is called an inner point of a set X if there
exists " > 0 such that O".x/ � X .

Definition A.1.19. A set X �M is called open if every point in X is inner.

It is evident that every open sphere is an open set.

Definition A.1.20. A point x 2 M is called a limit point of a set X � M if in every
neighborhood of it there are infinitely many points of the set X . A point x 2 X is
called an isolated point of a set X if there exists a neighborhood of X that does not
contain other points of the set X . A point x is called an adherent point of a set X if
in every neighborhood of X there are points of the set X .

Every adherent point is either a limit point or an isolated point.

Definition A.1.21. The set X of all adherent points of a set X is called the closure of
the set X .
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Definition A.1.22. A set X is called closed if X D X .

A closed sphere is a closed set.

Definition A.1.23. A set X is called everywhere dense (in a space M) if X DM.

Definition A.1.24. A space that contains a countable everywhere dense subset is
called separable.

Every separable Hilbert space has a countable orthonormal basis. The converse is
also true: a Hilbert space having a countable orthonormal basis is separable.

Let ¹'iº be a countable orthonormal basis of a Hilbert space H . The expansion of
an element x 2 H in terms of the basis functions ¹'iº

x D
X
i

xi'i

is called the Fourier series, and the numbers xi are called Fourier coefficients of the
element x in terms of the orthonormal basis functions ¹'iº and calculated by the
formula

xi D hx; 'i i:

Let ¹'iº be an orthonormal basis of a Hilbert space H , then for every x 2 H the
Parseval equality holds:

kxk2 D
X
i

jhx; 'i ij
2:

An orthonormal basis ¹'iº of a Hilbert space H can be constructed by the following
orthogonalization process: if ¹ i º is an arbitrary basis of the space H , the elements 'i
are calculated by the recurrence formulas

'1 D
 1

k 1k
; '0i D  i �

i�1X
jD1

h i ; 'j i'j ; 'i D
'0i
k'0ik

; i D 2; 3; : : : :

The presence of a countable orthonormal basis in a space considerably improves
its structure and makes it easier to investigate it. Nevertheless, even when a Hilbert
space is not separable it has some pleasant geometrical properties (see (A.1.21) be-
low) that are not present in more general spaces (for instance, Banach spaces; see
Subsection A.1.3)) without an inner product. The notion of an inner product is im-
portant, since it introduces a notion of angle between vectors and a notion of vector
orthogonality.

An example of a nonseparable Hilbert space is the space L2.�1;1/ (see Subsec-
tion A.1.5). It should be noted that it is due to the absence of separability in unbounded
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domains that the solutions to problems of mathematical physics are obtained not in the
form of Fourier series related to a countable basis but in the form of Fourier integrals,
which are of an uncountable nature.

Let H0 be a closed subspace of a Hilbert space H . Then H0 is a Hilbert space
with the inner product from H . Let H?0 denote the set of vectors that are orthogonal
to all vectors from the set H0. The set H?0 is called the orthogonal complement of
the set H0. Since the inner product function is linear and continuous, H?0 is a closed
linear subspace of the space H and, hence, a Hilbert space. The intersection of the
subspaces H0 and H?0 has a single element, which is zero: H0 \H?0 D ¹0º.

Lemma A.1.1. Let H be a Hilbert space, H0 a closed subspace in H , and x 2 H .
Then there exists a unique element, x0 2 H0, that is closest to x and called the (ortho-
gonal) projection of the element x onto the subspace H0: x0 D arg miny2H0 kx�yk.

Example A.1.1. Let H D R2 be a plane with the Euclidean norm, H0 a straight
line passing through the origin of coordinates, and a point x 2 H not on this straight
line. Then, the projection x0 of the point x onto H0 is the foot of the perpendicular
dropped from x onto H0.

Theorem A.1.1. Let H be a Hilbert space, and H0 a closed subspace in H . Then
every element x 2 H has a unique representation of the form

x D x0 C h; x0 2 H0; h 2 H?0 :

If H1 and H2 are Hilbert spaces that intersect only at zero point, the set H D

¹x C y: x 2 H1, y 2 H2º is also a Hilbert space. This set is called the direct sum of
the spaces H1 and H2 and is denoted by H D H1 ˚H2.

It follows from Theorem A.1.1 that the Hilbert space H can be represented as the
direct sum

H D H0 ˚H?0 ; (A.1.21)

where H0 is every closed subspace of the space H .
In Hilbert spaces, in addition to the notion of convergence of elements with respect

to the metric �.x; y/ D kx�yk (see Definition A.1.12), a notion of weak convergence
is also introduced.

According to the definition of convergence in a metric space, a sequence ¹xnº of
elements of a Hilbert space H converges (with respect to the norm in H ), or, what
is the same, strongly converges to an element x 2 H if limn!1 kxn � xk D 0. A
sequence ¹xnº is called weakly convergent to x, and x is called the weak limit of the
sequence ¹xnº if for every y 2 H we have limn!1hxn � x; yi D 0.

In finite-dimensional spaces, the notions of strong and weak convergence are equiv-
alent. In an infinite-dimensional Hilbert space, weak convergence follows from strong
convergence, but the converse, generally speaking, is not true.



340 Appendix A

Theorem A.1.2. Let a sequence of elements ¹xnº of a Hilbert space H weakly con-
verge to x 2 H and limn!1 kxnk D kxk. Then limn!1 xn D x.

In Theorem A.1.2, the condition limn!1 kxnk D kxk can be replaced by the
condition limn!1 kxnk D kxk.

Theorem A.1.3. If a sequence ¹xnº � H weakly converges to x, there exists a sub-
sequence ¹xni º whose arithmetical means

1

k

kX
iD1

xni

strongly converge to x.

Definition A.1.25. A set X in a metric space M is called (weakly) precompact if
every sequence of elements from this set contains a (weakly) convergent (in the
space M) subsequence.

A closed set X (see Definition A.1.22) contains the limits of all its convergent
subsequences.

Definition A.1.26. A set X in a metric space M is called (weakly) compact if every
sequence in X contains a subsequence that is (weakly) convergent to a point from X .

Definition A.1.27. A set X in a Hilbert space is called weakly closed if it contains
every point that is the weak limit of a subsequence ¹xnº � X .

A (weakly) closed (weakly) precompact set is (weakly) compact.
A set is weakly precompact if and only if it is bounded, that is, contained in a sphere

of a finite radius.
Every closed ball is weakly compact.

Theorem A.1.4. A closed unit ball in a finite-dimensional Hilbert space is not a com-
pact set.

In Euclidean space every closed bounded set is compact. Weak compactness in a
finite-dimensional space is equivalent to strong compactness.

A.1.3 Banach spaces

As noted above, a linear space L with an inner product function hx; yi is normed
(kxk D

p
hx; xi) and, hence, metric (�.x; y/ D kx � yk). Imagine that in a lin-

ear space L only a norm kxk, that is, a real function satisfying relations (A.1.9)–
(A.1.11), is defined. A natural question is: Can an inner product function hx; yi be
reconstructed from this function so that the relation kxk D

p
hx; xi hold? In the gen-
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eral case, the answer is no. Even in a finite-dimensional space (see Subsection A.1.1)
not every norm is generated by an inner product. To introduce in a normed space an
inner product consistent with the norm, it is necessary and sufficient that, for every
elements x; y of this space, the following parallelogram identity hold:

kx C yk2 C kx � yk2 D 2.kxk2 C kyk2/:

A normed space is called unitary if an inner product related to the norm by hx; xi D
kxk2 can be introduced in this space.

Definition A.1.28. A normed space that is complete with respect to the metric
�.x; y/ D kx � yk is called a Banach space.

The space Rn with the Euclidean norm kxk D .
Pn
iD1 x

2
i /
1=2 is a Euclidean space,

whereas the space Rn with the cubic or octahedral norm is only a Banach space.
To illustrate the differences in the geometrical properties of Hilbert and Banach

spaces, consider a simple example. Let B D .R2; k � koct/ be the space of vectors
x D .x1; x2/ 2 R2 with the norm kxkoct D jx1j C jx2j. In this space, the unit ball
is the square with vertices at points .1; 0/, .0;�1/, .�1; 0/, and .0; 1/. As a subspace
B0 � B, consider the straight line passing through the origin of coordinates at an
angle of 45ı to the abscissa axis. Every vector y 2 B0 has coordinates .y1; y1/, that
is, y D .y1; y1/. Let x0 D .0; 1/ 2 B. Find the projection of x0 onto the subspace B0,
that is, a vector y 0 D .y01; y

0
1/ such that

min
y2B0

kx0 � yk D kx0 � y0k: (A.1.22)

Since kx0 � yk D j1 � y1j C jy1j, equality (A.1.22) holds for every vector y0 2 B0

such that 0 � y01 � 1.
Thus, the minimal distance from the vector x0 2 B to the subspace B0 is achieved

on an infinite set of vectors y 0 2 B0. It is clear that on the plane R2 with the Euclidean
metric this minimum is reached on a single vector. In some normed spaces, if B0 is
an infinite-dimensional subspace this minimum cannot be reached at all.

Definition A.1.29. Let B1 be a closed subspace of a space B. If there exists a sub-
space B2 � B such that B1 \B2 D ¹0º and B D B1 ˚B2, B1 is said to be com-
plemented to the space B, and B2 is called the direct complement to the subspace B1.

The direct complement is not unique.
The direct sum is a linear subspace. The next theorem formulates conditions that

are necessary and sufficient for the direct sum to be closed.

Theorem A.1.5. Let B be a Banach space, and B1 and B2, subspaces of B inter-
secting only at zero. The direct sum B1 ˚ B2 D ¹x C y: x 2 B1, y 2 B2º is a
closed subspace if and only if there exists a constant k � 0 such that

kx C yk � k.kxk C kyk/; x 2 B1; y 2 B2:
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It follows from Theorem A.1.5 that every finite-dimensional subspace of a Banach
space can be complemented to the complete space.

Recall that in a Hilbert space H every closed subspace H1 � H has a direct
complement: H D H1 ˚ H?1 . It turns out that this property characterizes Hilbert
spaces in the class of Banach spaces.

Theorem A.1.6 (Lindenstrauss–Tzafriri). If in a Banach space B every closed sub-
space has a direct complement, B is isomorphic to some Hilbert space H .

Definition A.1.30. A Banach space B is called strictly convex if kxk � 1, kyk � 1,
and x ¤ y imply that kxCyk < 2. A space B is called uniformly convex if for every
" > 0 there exists ı."/ > 0 such that kxk � 1, kyk � 1, and kx � yk � " imply that
kx C yk � 2.1 � ı."//.

A.1.4 Metric and topological spaces

The presence of a norm function in a space means that the space is linear and metric
with respect to the metric �.x; y/ D kx � yk, which is called an invariant metric.
Attempts to go beyond the limits of linear spaces inevitably results in the loss of the
norm function, but the metric structure may be preserved (see Remark A.1.4). Recall
that a space with metric structure is called a metric space. A definition of a convergent
sequence of elements in a metric space was given earlier (see Definition A.1.12).
Fundamental concepts of open and closed sets, "-neighborhood, and compact sets
were defined in the general case of metric spaces (see Definitions A.1.16–A.1.22,
A.1.25, and A.1.27). A metric space may possess the properties of separability (see
Definitions A.1.23 and A.1.24) and completeness (see Definition A.1.14).

Definition A.1.31. A complete metric space M0 is called the completion of a metric
space M if M is a subspace of M0 and M DM0.

Every metric space has the completion.

Theorem A.1.7 (the principle of nested balls). For a metric space to be complete it
is necessary and sufficient that every sequence of closed nested balls in it with radii
tending to zero have a nonempty intersection.

The open and closed sets of a metric space M have the following properties:

1) the set M nX , that is the complement to a closed set X , is open and the set that
is the complement to an open set is closed;

2) the union of any collection and the intersection of a finite collection of open sets
is open;

3) the intersection of any collection and the union of a finite collection of closed
sets is closed.
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Definition A.1.32. A family of open sets � of a metric space M is called a metric (or
open) topology on the space M.

Remark A.1.5. A metric topology generated by an invariant metric is called a normed
topology.

Now, define a more general class of spaces, topological spaces.

Definition A.1.33. To introduce a topology on a set T means to find � , a collection
of subsets of the set T such that the following axioms are satisfied:

1) the entire set T and the empty set ¿ are in � ;

2) the union of any collection of elements of � is an element of � ;

3) the intersection of a finite collection of elements of � is an element of � .

The set T with the above-introduced topology � is called a topological space
.T ; �/, the elements of T are called points of the space .T ; �/, the elements of �
are open sets of the space .T ; �/, and the complements to the sets of � are called
closed sets of the space .T ; �/.

It is evident that a metric space M is a topological space with the metric topology.

Definition A.1.34. A topological space whose topology is induced by some metric is
called metrizable.

Not every topological space is metrizable. It should be noted that the same topology
may be induced by different metrics.

A neighborhood of a point x 2 T of a topological space .T ; �/ is any open set
O.x/ 2 � containing the point x. A point x of a set A is called an inner point of this
set if there exists a neighborhood of the point x that is contained in A. The closure
of a set in a topological space is defined in the same way as in a metric space (see
Definitions A.1.20 and A.1.21).

Theorem A.1.8. A set X of a topological space .T ; �/ is closed (that is, it is the
complement to an open set) if and only if X D X .

The operation of closure in a topological space possesses the following properties:

1) X [ Y D X [ Y ;

2) X � X ;

3) X D X ;

4) ¿ D ¿.

These properties are called closure axioms or Kuratowski axioms.
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Remark A.1.6. A topological space .T ; �/ can be defined alternatively as a set T

with a closure operator on its subsets satisfying axioms 1)–4). Then a closed set can
be defined as a set coinciding with its closure and an open set can be defined as the
complement to a closed set. As a result, we obtain the same class of topological
spaces.

Definition A.1.35. A family Ex of neighborhoods of a point x is called a neighbor-
hood basis at the point x if any neighborhood of the point x contains some neighbor-
hood from the family Ex . The set E of bases Ex at all possible points of a space is
called the basis of the space.

The basis possesses the following properties:

1) any neighborhood from Ex contains the point x;

2) if O1.x/;O2.x/ 2 Ex , there exists O.x/ 2 Ex such that O.x/ � O1.x/ \

O2.x/;

3) for any neighborhood O.x/ 2 Ex there exists O 0.x/ 2 Ex such that O 0.x/ �
O.x/, and for any y 2 O 0.x/ there exists O.y/ 2 Ey such that O.y/ � O.x/.

It is often convenient to describe the topology of a space in terms of convergence
of directions (Moore–Smith convergence). Introduce a notion of direction, which is a
generalization of the notion of a sequence of points.

A set A is called ordered if for any pairs of its elements ˛1 and ˛2 a relation
˛1 � ˛2 is defined, and the following axioms are satisfied:

1) ˛ � ˛ for any ˛ 2 A;

2) if ˛1 � ˛2 and ˛2 � ˛3, ˛1 � ˛3;

3) if ˛1 � ˛2 and ˛2 � ˛1, ˛1 D ˛2.

A map ˛ ! x˛ from a set A to T is called a direction (and also a net or a gen-
eralized sequence) and denoted ¹x˛º if A is an ordered set directed in an increasing
order, that is, it is a set such that for every ˛1; ˛2 2 A there exists ˛ 2 A such that
˛ � ˛1 and ˛ � ˛2. An example of a direction is the set of all finite subsets in the
set of natural numbers N ordered by inclusion. Let A D N, then ¹xnº (n 2 N) is an
ordinary sequence.

A direction ¹x˛º (˛ 2 A) of elements of a topological space .T ; �/ is called con-
vergent to x 2 T in topology � if for every neighborhood O.x/ of the point x there
exists ˛.O.x// 2 A such that x˛ 2 O.x/ for all ˛ � ˛.O.x//. The point x is called
the limit (or the limiting point) of the direction ¹x˛º. The convergence of a direction
is denoted as x˛ !

A
x or x D lim

˛
x˛.

A set X � T in a topological space .T ; �/ is closed if and only if the limit of any
convergent direction from X belongs to X .
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Remark A.1.7. If a topological space is such that its every point has a countable
neighborhood basis, one can use ordinary sequences instead of directions. In partic-
ular, in a metric space the notion of convergence of a sequence with respect to the
metric is equivalent to the notion of convergence of a direction in the metric topology.

Topological spaces that satisfy only the three axioms of a topological space (see
Definition A.1.33) may have a very complicated structure or, vice versa, their structure
may be so primitive that they cannot be studied by topological means. For instance,
this is the case if we set � D ¹T ;¿º. In this space, called antidiscrete, any point has
only one neighborhood, that is, the set T . Hence, any sequence in the antidiscrete
space converges to any point. To avoid this, some additional axioms are usually intro-
duced to specify narrower classes of topological spaces. An example is the Hausdorff
separability axiom, which guarantees the important property of uniqueness for the
limit of a direction.

Definition A.1.36. A topological space is called a Hausdorff (or separable) space if
its any two different points have disjoint neighborhoods.

Theorem A.1.9. In a Hausdorff space, no convergent direction may have two differ-
ent limits.

Definition A.1.37. Let L be a linear and at the same time topological space with such
a topology that the operations of summation (x C y) and multiplication by a number
(�x) are continuous with respect to both arguments for any x; y 2 L, and � 2 R.
Then L is called a linear topological space and is denoted by .L; �/.

The continuity of summation and multiplication by a scalar with respect to a topol-
ogy � means that

1) for each pair of elements, x; y 2 L and a neighborhood O.x C y/ of the ele-
ment x C y, there exist a neighborhood O.x/ of the element x and a neighbor-
hood O.y/ of the element y such that

O.x/CO.y/ � O.x C y/I

2) for every element x 2 L, � 2 R, and neighborhood O.�x/ of the element �x,
there exist a neighborhood O.x/ of the element x and a number ı > 0 such that
for any �0 such that j�0 � �j < ı we have the inclusion

�0O.x/ � O.�x/:

A specific feature of a linear topological space .L; �/ is the fact that each neighbor-
hood of its any point x 2 L has the form xCO.0/, where O.0/ is a neighborhood of
the zero element 0.

Thus, the topology in a linear topological space is determined by a neighborhood
basis of the zero element.
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Definition A.1.38. A set X in a linear space L is called convex if it contains, for
each two of its elements, x; y 2 X , also the entire interval between them: Œx; y
 D
¹�x C .1 � �/y; � 2 Œ0; 1
º � X . A set X � L is called balanced if for any x 2 X
and � 2 R such that j�j � 1 we have �x 2 X . A convex balanced set is called
absolutely convex. A set X � L is called absorbing if for any x 2 L there exists
such a number �.x/ > 0 that x 2 �X for all �, j�j � �.x/.

In a linear topological space .L; �/ there exists a neighborhood basis of zero con-
sisting of balanced absorbing sets.

Definition A.1.39. A set X of a linear topological space .L; �/ is called bounded if
for any neighborhood of zero O.0/ in the space .L; �/ there exists a number � such
that X � �O.0/.

If X1 and X2 are bounded sets of a linear topological space .L; �/, the following
sets are also bounded in .L; �/: X1 [X2, X1 CX2, �X1 (� 2 R), X1.

A finite set is bounded.

Theorem A.1.10. For a set X of a linear topological space .L; �/ to be bounded, it
is necessary and sufficient that, for any sequence ¹xnº � X and any sequence ¹�nº
of real numbers, �n ! 0, the convergence �nxn ! 0 take place.

Theorem A.1.11. For a linear topological space .L; �/ to be normed (that is, a
norm could be introduced in .L; �/ so that the normed topology coincide with the
topology � ), it is necessary and sufficient that there exist in .L; �/ a convex bounded
neighborhood of zero.

Definition A.1.40. A Hausdorff linear topological space is called locally convex if it
has a neighborhood basis of zero consisting of convex sets.

A normed space is locally convex, since every ball in a normed space is a convex
set.

In a normed space N the set of open balls B.0; "/ D ¹x 2 N : kxk < "º, where
" is an arbitrary real number, forms a neighborhood basis of zero of the space N .
A neighborhood basis of zero of a locally convex space is defined by a family of
seminorms.

Definition A.1.41. A real function p.x/ defined on a linear space L is called subad-
ditive if for any pair of elements x1; x2 2 L

p.x1 C x2/ � p.x1/C p.x2/;

positive homogeneous if for � � 0

p.�x/ D �p.x/;
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and homogeneous if for any � 2 R

p.�x/ D j�jp.x/:

A subadditive positive homogeneous function is called a gauge function. A homoge-
neous gauge function is called a seminorm.

For a nonnegative gauge function p and any � > 0 the sets ¹x 2 L: p.x/ < �º

and ¹x 2 L: p.x/ � �º are convex and absorbing. If p is a seminorm, these sets are
absolutely convex.

To each convex absorbing set V � L there corresponds a nonnegative gauge func-
tion pV , called the Minkowski functional (for the set V ) defined by the formula

pV .x/ D inf¹� 2 RC; x 2 �V º;

and

¹x 2 L W pV .x/ < 1º � V � ¹x 2 L W pV .x/ � 1º:

If, in addition, V is absolutely convex, pV is a seminorm.
Let L be a linear space and let ¹p�º, 	 2 ‚, be an arbitrary family of seminorms

on it. Then the sets®
x 2 L W max

1�i�n
p�i .x/ < "

¯
." > 0; 	1; : : : ; 	n 2 ‚/

form a neighborhood basis of zero of some topology in L, that is, the family of semi-
norms generates a topology on L. If a family of seminorms ¹p�º, (	 2 ‚) is such
that for every nonzero x 2 L there exists a number 	 2 ‚ such that p�.x/ ¤ 0,
the topology generated by the family is the topology of a locally convex space. All
seminiorms from the generating set are continuous.

The topology of any locally convex set is generated by a set of seminorms. It
follows from the fact that a locally convex set has an absolutely convex neighborhood
basis of zero E0. Hence, its topology is generated by a family of seminorms ¹pV º,
(V 2 E0), where pV is the Minkowski functional for the neighborhood V .

The generating set of seminorms is not unique. If a locally convex set has a count-
able generating set of seminorms ¹piº, it is metrizable:

�.x; y/ D

1X
kD1

1

2k

pk.x � y/

1C pk.x � y/
:

An important notion of general topology is a notion of compact space introduced
by P. S. Alexandrov and P. S. Urysohn in 1929.
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Definition A.1.42. A topological space .T ; �/ is called compact (or bicompact) if,
for every family ¹Xkº (k 2 K) of open sets forming a cover of the space .T ; �/, that
is, such that [

k2K

Xk D T ;

there exists a finite number of sets Xk1 ; Xk2 ; : : : ; Xkn also covering the space .T ; �/.
A space .T ; �/ is called locally compact if its every point has a neighborhood whose
closure is compact.

A topological space .T ; �/ is compact if and only if every direction in T has a limit
point. Recall that a point x 2 T is the limit point of a direction ¹x˛º (˛ 2 A) if for
any neighborhood O.x/ of the point x and any ˛ 2 A there exists a subscript ˛0 such
that ˛0 � ˛ and x˛0 2 O.x/.

A subset X � T of a topological space .T ; �/ is called compact if it is compact
when it is considered as a topological space (with the topology induced by the topol-
ogy � ). A set X � T is called precompact if its closure is compact. It is clear that
any set in a compact space is precompact.

A compact subset in a Hausdorff space (in particular, in a metric space) is closed.
It should be noted that the above-presented definitions of compact and precompact

sets do not coincide with Definitions A.1.25 and A.1.26 for metric spaces. In topo-
logical spaces the property of a set to contain, in each sequence of its elements (that
is, in the case A D N), a convergent subsequence is called sequential compactness
or sequential precompactness depending on whether the limit points belong to this
set or not. In the general case, compactness does not imply sequential compactness
and vice versa. However, in metric spaces the notions of compactness and sequential
compactness coincide (see Remark A.1.7).

A.1.5 Examples of Hilbert and Banach spaces

The space lp consists of all infinite sequences of real numbers x D .x1; x2; : : : ;

xn; : : : / for which

kxklp D
°X
n

jxnj
p
±1=p

;

is finite, where p � 1 is a fixed number. The linear operations are defined coordinate-
wise. At p > 1 the space lp is a Banach space. At p D 2 the space l2 having the
inner product

hx; yi D
X
n

xnyn; x; y 2 l2;

is a Hilbert space.
The space C Œa; b
 consists of real functions x.t/ that are continuous on the interval

Œa; b
 and have the norm

kxkC D max¹jx.t/j W t 2 Œa; b
º:
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The summation of functions and multiplication by a number are defined in the usual
way. The space C Œa; b
 is a Banach space.

The space CmŒa; b
 (m � 1 is a fixed number) consists of m times uniformly
differentiable functions x.t/ with the norm

kxkCm D kxkC C

mX
kD1

kx.k/kC :

Here x.k/ is the derivative of order k of a function x.t/. The spaces CmŒa; b
 are
Banach spaces.

The space LpŒa; b
 (1 < p < C1) consists of vector-functions x W Œa; b
 ! Rn

that are pth power Lebesgue integrable on the interval Œa; b
:

kxkLp D
� Z b

a

jx.t/jp dt
�1=p

<1:

The space LpŒa; b
 is a Banach space. At p D 2 the space L2Œa; b
 is a Hilbert space
with the inner product

hx; yiL2 D

Z b

a

x.t/y.t/ dt

and the norm

kxkL2 D

q
hx; xiL2 D

� Z b

a

jx.t/j2 dt
�1=2

:

The Sobolev space H k.G/ is the closure with respect to the norm k � kHk.G/ of the
set of functions x: Rn ! R, which have in the domain G partial derivatives up to the
order k inclusive and for which the following quantity is finite:

kxk2
Hk.G/

D
X

0�j˛j�k

Z
G

.D˛x/2 dG:

Here ˛ D .k1; : : : ; kn/ is a multiindex,

D˛x �
@j˛jx

@x
k1
1 @x

k2
2 : : : @x

kn
n

; ki � 0; j˛j � k1 C k2 C � � � C kn:

The space Hk.G/ is a Hilbert space with the inner product

hx; yiHk.G/ D
X

0�j˛j�k

hD˛x;D˛yiL2.G/ D
X

0�j˛j�k

Z
G

D˛xD˛y dG:

Remark A.1.8. The spaces Cm, Lp, and Hk are considered in more detail in Sub-
section A.5.1.
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A.2 Operators

In Section A.1, a notion of space was introduced, and some important types of spaces
were described. To clearly demonstrate the material, it was presented historically ac-
cording to the development of mathematics: from a particular case (vector spaces Rn)
to a general one (topological spaces .T ; �/). This section is organized in a reverse
order: definitions of an operator and its properties are given in the most general space
that admits these definitions. As we go from general to specific spaces, the notions
thus introduced are considered in more detail and acquire new properties.

An important notion in calculus is the following notion of mapping of one set into
another:

Let X and Y be two arbitrary sets, and let A be a rule that makes each element
x 2 X correspond to exactly one element y 2 Y . In this case we say that we have a
mapping A of the set X into the set Y .

The element y D Ax 2 Y related to the element x 2 X by the mapping A is called
the image of the element x, and x is called the inverse image or one of the inverse
images of the element y.

Let M � X . Then A.M/ denotes the set of elements from Y that are the images
of elements x 2 M . The set A.M/ is called the image of set M under mapping A. If
A.X/ D Y , A is said to map the set X onto the set Y .

A mapping A of a set X into a set Y is called one-to-one if Ax1 D Ax2 implies
x1 D x2. A one-to-one mapping of a set X onto a set Y is called a bijection.

A mapping A: X ! Y is called invertible if for any y 2 A.X/ the equation
Ax D y has a unique solution. If A is invertible, the mapping A�1: Y ! X that
relates each element y 2 A.X/ to the unique solution of the equation Ax D y is
called inverse with respect to A. It is evident that a mapping A is invertible if and
only if A bijectively maps X onto A.X/.

A.2.1 Operators in topological spaces

Let X and Y be two sets that belong to topological spaces .T1; �1/ and .T2; �2/: X �
T1, Y � T2. In this case a mapping A of the set X to the set Y is often called an
operator acting from T1 to T2 with a domain of definition X and a range of values Y .
This is symbolically written in the form A: T1 ! T2. Generally accepted symbols
for the domain of definition and the domain of values of operator A are DA D X and
RA D A.X/ D Y , respectively.

Definition A.2.1. A mapping A: T1 ! T2 is called sequentially continuous at a
point x 2 DA if for every sequence ¹xnº � DA convergent to x in the topology �1
the corresponding sequence ¹Axnº � RA converges in the topology �2 to the point
Ax 2 RA.
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Definition A.2.2. A mapping A: T1 ! T2 is called continuous if the inverse image
of every open set is open. A mapping A is called continuous at a point x 2 T1 if the
inverse image of any neighborhood of the point Ax is a neighborhood of the point x.

If A: T1 ! T2 is a mapping from a topological space .T1; �1/ to a topological
space .T2; �2/, the following statements are equivalent:

1. The mapping A is continuous.

2. The inverse image of every closed set is closed.

3. The mapping A is continuous at every point x 2 T1.

4. For any point x 2 T1 and any neighborhood O.Ax/ of the point Ax there exists
a neighborhood O.x/ of the point x such that A.O.x// � O.Ax/.

A mapping A is called (sequentially) continuous on a set M � DA if it is (sequen-
tially) continuous at every point of this set.

A mapping A: T1 ! T2 is continuous if and only if for any x 2 T1 and any
direction ¹x˛º (˛ 2 A) such that x˛!A x the convergence Ax˛!A Ax takes place.

A.2.2 Operators in metric spaces

Let M1 and M2 be metric spaces. An operator A: M1 !M2 is called continuous at
a point x 2 DA if for any " > 0 there exists such ı D ı."/ > 0 that if y 2 DA and
�.x; y/ < ı, �.Ax;Ay/ < ".

In metric spaces, the notions of continuity and sequential continuity coincide. A
continuous operator maps every convergent sequence in the space M1 to a convergent
sequence in the space M2.

Definition A.2.3. A mapping A: M ! M of a metric space M to itself is called
contracting if there exists a number 0 < ˛ < 1 such that

�.Ax;Ay/ � ˛�.x; y/ (A.2.1)

for any x; y 2M.

S. Banach proved a theorem called the principle of contracting mapping. Since this
theorem was often mentioned in the book, here we present a proof.

Theorem A.2.1 (the principle of contracting mapping). Every contracting mapping
of a complete metric space M to itself has a unique fixed point, that is, a point x 2M

such that Ax D x.

Proof. Take an arbitrary point x0 2 M and construct a sequence of points ¹xnº ac-
cording to the rule

x1 D Ax0; x2 D Ax1; : : : ; xn D Axn�1; : : : :
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The sequence ¹xnº is fundamental in M. It follows from the fact that if m > n, we
have

�.xn; xm/ D �.Axn�1; Axm�1/ � ˛�.xn�1; xm�1/ � � � � � ˛
n�.x0; xm�n/

� ˛n¹�.x0; x1/C �.x1; x2/C � � � C �.xm�n�1; xm�n/º

� ˛n�.x0; x1/¹1C ˛ C ˛
2 C � � � C ˛m�n�1º �

˛n

1 � ˛
�.x0; x1/;

where ˛ < 1. Hence, �.xn; xm/ ! 0 as n ! 1, m > n. Since the space M is
complete, there exists a limit x D limn!1 xn. Since the contracting mapping A is
continuous, we have Ax D limn!1Axn D limn!1 xnC1 D x. Thus, a fixed point
exists.

Now we prove that the fixed point is unique. Let Ax D x and Ay D y. Then
�.x; y/ � ˛�.x; y/, that is, �.x; y/ D 0, whence x D y.

Exercise A.2.1. Following the proof of Theorem A.2.1, estimate the rate of conver-
gence of the sequence ¹xnº to the fixed point.

Remark A.2.1. A frequently used operator A is such that inequality (A.2.1) holds
not in the entire space M but only in some closed neighborhood of a point x0. Let this
neighborhood be the closed ball B.x0; r/ of radius r with center at the point x0. The
principle of contracting mapping is valid if the operator A maps the ball B.x0; r/ to
itself. In this case, the above successive approximations xn 2 B.x0; r/ and reasoning
are valid.

In particular, if �.x0; Ax0/ � r.1 � ˛/, the operator, since it satisfies condition
(A.2.1), maps the ball B.x0; r/ to itself. It follows from the fact that for any x 2
B.x0; r/

�.x0; Ax/ � �.Ax;Ax0/C �.Ax0; x0/

� ˛�.x; x0/C r.1 � ˛/ � ˛r C r � r˛ D r:

This means that the operator A performs a contracting mapping of the ball B.x0; r/
to itself. Therefore, by virtue of the Banach principle, the operator A has in the ball
B.x0; r/ a unique fixed point.

Two maps, A and A1, of a metric space M to itself are said to be commutating if
for any x 2M the equality A.A1x/ D A1.Ax/ holds.

Theorem A.2.2 (generalization of the principle of contracting mapping). Let A and
A1 be mappings of a complete metric space M to itself. IfA1 is a contracting mapping
and the mappings A and A1 are commutating, the equation Ax D x has a solution.
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A.2.3 Operators in linear spaces

Let A: L1 ! L2 be an operator that acts in linear topological spaces .L1; �1/ and
.L2; �2/. Consider some peculiarities of the operations of summation and multiplica-
tion of the argument by a scalar.

Definition A.2.4. An operator A: L1 ! L2 that maps a linear space L1 to a linear
space L2 is called a linear operator if the following axioms are satisfied:

1) A is additive, that is, A.x C y/ D Ax C Ay, 8x; y 2 L1;

2) A is homogeneous, that is, A.˛x/ D ˛Ax, 8x 2 L1, 8˛ 2 R (or ˛ 2 C).

If L1 D L2 D L, A is called a linear operator in the space L.

Example of a linear operator. Let

y.t/ D

Z 1

0

K.s; t/x.s/ ds;

where K.s; t/ is a function continuous in the square 0 � s; t � 1. Then, for
x.s/ 2 C Œ0; 1
 it is evident that y.t/ 2 C Œ0; 1
. It is clear that conditions 1 and 2
of Definition A.2.4 are met. Hence, the operator

Ax D

Z 1

0

K.s; t/x.s/ ds

maps the space C Œ0; 1
 to the space C Œ0; 1
, and it is linear.
Introduce a notion of the sum of linear operators A: L1 ! L2 and B: L1 ! L2

as follows: .A C B/x D Ax C Bx, x 2 L1. It is evident that .A C B/ is a linear
operator that maps L1 to L2. The product of a linear operator A and a scalar ˛ 2 R
(or ˛ 2 C) is defined in a similar way, namely, .˛A/x D ˛.Ax/ for any x 2 L1. The
product of linear operators B W L2 ! L3 and A: L1 ! L2 is defined by the rule
.BA/x D B.Ax/, x 2 L1. The product BA is a linear operator and maps L1 to L3.

Definition A.2.5. The set of all linear operators A: L1 ! L2 that map a linear
space L1 to a linear space L2 forms a linear space with the above-introduced oper-
ations of summation of operators and multiplication of an operator by a scalar. This
space is called the space of linear operators.

Definition A.2.6. A linear operator A: L1 ! L2 that maps a linear topological
space .L1; �1/ to another topological space .L2; �2/ is called bounded if it transforms
bounded sets to bounded sets (see Definition A.1.39).

Theorem A.2.3. Let .L1; �1/ and .L2; �2/ be linear topological spaces, and let A be
a linear operator that maps L1 to L2. Then boundedness of operator A follows from
its continuity.
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In the general case of linear topological spaces, continuity does not follow from
boundedness of an operator. However, if a linear topological space is metrizable, the
following statements are equivalent:

1) operator A is continuous;

2) operator A is bounded;

3) if xn ! 0 as n!1, the set ¹Axnº is bounded;

4) Axn ! 0 as xn ! 0.

A.2.4 Operators in Banach spaces

Let N1 and N2 be normed spaces with norms k � kN1 and k � kN2 , respectively. A linear
operatorA: N1 ! N2 is bounded if there exists a constantC such that for any x 2 N1

kAxkN2 � CkxkN1 : (A.2.2)

A linear operator A: N1 ! N2 is continuous if and only if it is bounded.

Definition A.2.7. Let A be a linear bounded operator that maps a normed space
N1 to another normed space N2. The smallest of the constants C satisfying con-
dition (A.2.2) is called the norm kAk of the operator A.

The operator norm is calculated by the formula

kAk D sup
kxkN1D1

kAxkN2 D sup
x¤0

kAxkN2
kxkN1

: (A.2.3)

The space of linear bounded operatorsA: N1 ! N2 that map N1 to N2 is a normed
space with norm (A.2.3) and is denoted by L.N1;N2/.

Theorem A.2.4. The space of linear bounded operators L.N ;B/ that map a normed
space N to a Banach space B is a Banach space.

In the space of operators one may define various types of convergence and various
topologies.

Definition A.2.8. Convergence in the norm in the space of linear bounded operators
L.N1;N2/ is called uniform convergence. In other words, if a sequence ¹Anº, An 2
L.N1;N2/ converges in the norm to an operator A, that is, kAn � Ak ! 0, n!1,
¹Anº is said to converge to A uniformly as n!1.

Definition A.2.9. A sequence of operators ¹Anº is said to converge pointwise as
n ! 1 to an operator A in the space L.N1;N2/ if for any x 2 N1 the relation
limn!1Anx D Ax holds.



Section A.2 Operators 355

Pointwise convergence of a sequence ¹Anº � L.N1;N2/ follows from its uniform
convergence. The converse is not true.

The next theorem is one of the major principles of functional analysis, the so-called
principle of uniform boundedness.

Theorem A.2.5 (Banach). Let a sequence ¹Anº of linear bounded operators that map
a Banach space B to a normed space N converge pointwise as n ! 1 to an oper-
ator A. Then the numerical sequence ¹kAnkº is bounded. Hence, limx!0Anx D 0
uniformly with respect to n 2 N and the operator Ax D limn!1Anx is bounded.

Theorem A.2.6. Let B1 and B2 be Banach spaces. Then the space L.B1;B2/ is a
complete space in terms of pointwise convergence.

Theorem A.2.7 (Banach’s inverse operator theorem). Let A be a bijective linear con-
tinuous operator that maps a Banach space B1 to a Banach space B2. Then the
inverse operator A�1 is also continuous.

If the inverse operator A�1: B2 ! B1 is bounded, its norm can be found by the
formula

1

kA�1k
D inf
x¤0

kAxkB2
kxkB1

:

Let A0 W L0 ! B be a linear bounded operator defined on a linear subspace L0

that is everywhere dense in a normed space N (that is, L0 D N ) with values in a
Banach space B. Then the operator A0 can be continued to the entire space N with
no increase in its norm. In other words, an operator A: N ! B such thatAx D A0x,
x 2 L0, kAkN D kA0kL0 can be defined.

This process of continuation is called continuation by continuity. If an operator
is not bounded its continuation is usually called extension. The theory of operator
extensions is a separate division of functional analysis.

Definition A.2.10. A linear continuous operator P : N ! N0 that maps a normed
space N onto a closed subspace N0 � N is called a projection (from N to N0) if P
leaves the elements of N0 unchanged, that is, P.x/ D x for any x 2 N0.

A closed subspace B0 � B of a Banach space B can be complemented to the
space B (see Definition A.1.29) if there exists a projection P from B to B0.

Compact and completely continuous operators. An important class of opera-
tors approximated by finite-dimensional operators, namely, the class of completely
continuous operators, was first considered by Hilbert in the space L2.

Definition A.2.11. An operator A: N1 ! N2 that maps a normed space N1 to a
normed space N2 is called compact if it transforms any bounded set to a precompact
set. If in this case A is continuous, it is called completely continuous.



356 Appendix A

Since a compact operator is bounded, every compact linear operator is completely
continuous.

The finite-dimensional operators, that is, linear continuous operators with a finite-
dimensional range of values, are compact.

The compact operators have the following properties:

1) the range of values, RA, of a compact operator A is separable;

2) the linear combination A D ˛1A1C˛2A2 of compact operatorsA1 W N1 ! N2

and A2: N1 ! N2 is a compact operator;

3) let A 2 L.N1;N2/ and A1 2 L.N2;N3/, where N3 is a normed space, and let
one of these operators be compact. Then the product A1A is also compact;

4) let ¹Anº be a sequence of compact linear operators from a Banach space N1 to
a Banach space N2 that converges to an operator A in the norm of the space
L.N1;N2/, that is,

lim
n!1

kAn � Ak D 0:

Then A is a compact operator.
It follows from property 4 that only a completely continuous operator can be ap-

proximated by finite-dimensional operators with any accuracy.

Spectrum of an operator. One of the major problems in studying linear operators
in Hilbert and Banach spaces is to find vectors that leave their directions unchanged
under the action of an operator, that is, such vectors that satisfy the equationAx D �x,
where � is a number. It is more convenient to consider this equation in a complex
space, in particular, when � has complex values. Here we introduce some additional
notions related to complex spaces in order to consider real spaces as particular cases
of complex ones.

Let Z be a complex normed space. Z is said to have a real kernel if an opera-
tor C that maps Z to itself and is called involution is defined on Z with the following
properties:

1) C.�1z1 C �2z2/ D N�1C.z1/C N�2C.z2/, 8z1; z2 2 Z, 8�1; �2 2 C;

2) C 2.z/ D z, 8z 2 Z;

3) kC.z/k D kzk, 8z 2 Z.

The set of elements for which C.z/ D z is called the real kernel of Z and denoted
by ReZ; the elements of this set are called real.

Every element z 2 Z is represented in the form

z D x C y i; x; y 2 R;
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where x D Re z D Œz C C.z/
=2 is called the real part of the element z and y D
Im z D Œz � C.z/
=.2i/ is called the imaginary part of the element z. It is evident
that C.z/ D Nz D x � y i.

The real kernel X D ReZ is a real normed space, which is complete if the initial
space Z is complete.

Any real space X may be considered as the real kernel of some complex space,
namely, the space Z consisting of the ordered pairs of elements from X : z D .x; y/

(x; y 2 X ). The following operations are introduced in the space Z:

.x1; y1/C .x2; y2/ D .x1 C x2; y1 C y2/I

�.x; y/ D .˛x � ˇy; ˇx C ˛y/; where � D ˛ C ˇ i; ˛; ˇ 2 RI

k.x; y/k D max
'
kx cos' C y sin'k:

To make sure that X D ReZ, it is sufficient to introduce

C..x; y// D .x;�y/:

In this case, an element is real in the space Z if and only if it is of the form .x; 0/. By
identifying an element x with the element .x; 0/, one can use, instead of .x; y/, the
conventional notation x C y i. The space Z is called complexification of X .

LetZ1 andZ2 be complex spaces with real kernels X1 D ReZ1 andX2 D ReZ2.
A linear continuous operator QA W Z1 ! Z2 is called real if QA.ReZ1/ � ReZ2.
Thus, a real operator induces a linear continuous operator from the real space X1 to
the real space X2.

Conversely, let A be a linear continuous operator that maps the space X1 to the
space X2, X1 D ReZ1, X2 D ReZ2. Defining

QA.z/ D QA.x C y i/ D Ax C iAy; z D x C y i;

we obtain a linear continuous operator QA from the complex space Z1 to the complex
space Z2. It is evident that on X1 the operator QA coincides with A. The operator QA is
called complex extension of the operator A.

Thus, let A W B ! B be a linear continuous operator that maps a complex Banach
space B to itself. If initially the space B is real, we take, instead of A, its complex
extension QA.

Consider the equation

T�.x/ D �x � Ax D y (A.2.4)

and investigate its behavior as a function of the complex parameter �.
To solve equation (A.2.4), the complex plane is divided into two sets: the set �.A/

of values � 2 C at which equation (A.2.4) has a unique solution for any right-hand
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side y 2 B (hence, the operator T� has a continuous inverse operator), and the
set �.A/ of all other values of �. The points of set �.A/ are called regular values of the
operator A, the set �.A/ is called the resolvent set, and the operatorR� D .�I �A/�1

is called the resolvent of the operator A. The set �.A/ is called the spectrum of the
operator A.

If at some � the homogeneous equation

T�.x/ D �x � Ax D 0 (A.2.5)

has nonzero solutions, � is called an eigenvalue of the operator A. It is evident that
the set �0.A/ of all eigenvalues of the operator A is contained in the set �.A/. Ev-
ery solution of equation (A.2.5) is called an eigenvector that corresponds to a given
eigenvalue. The solutions to equation (A.2.5) at a fixed � form a subspace B� called
the eigensubspace (or the root subspace) that corresponds to the eigenvalue �. The
dimension of B� is called the multiplicity of the eigenvalue �. If dim B� D 1 the
eigenvalue is called simple.

The above definitions of an eigenvalue and an eigenvector are extensions of the
well-known notions of linear algebra to the case of an infinite-dimensional space. In
the Euclidean space En the spectrum of a linear operator (that is, the spectrum of a
matrix) consists of all its eigenvalues. In an infinite-dimensional space, the spectrum
of a linear bounded operator has a more complicated structure.

In a finite-dimensional space there are the following two possibilities:

1) equation (A.2.5) has a nonzero solution, that is, � is an eigenvalue for the oper-
ator (matrix) A; the operator T �1

�
D .�I � A/�1, where I is the unit matrix,

does not exist in this case;

2) there exists a bounded (defined on the entire space) operator T �1
�

such that
T �1
�
D .�I � A/�1, that is, � is a regular point.

In an infinite-dimensional space there is one more possibility: the operator T �1
�

exists, that is, the equation T�x D 0 has only the zero solution, but this operator is
defined not on the entire space. Thus, the operator’s spectrum consists of those �-
values at which the operator T� does not have a bounded inverse operator defined on
the entire space.

The spectrum of a linear bounded operator may be divided into three non-intersect-
ing sets:

1) the point spectrum, that is, the set of all eigenvalues �0.A/ of the operator A;

2) the continuous spectrum, that is, those values of � for which the operator T� has
an inverse operator T �1

�
D R� with a dense domain of definition that does not

coincide with the entire space: DR� D B;

3) the residual spectrum, that is, those values of � at which the resolvent operator
R� D .�I � A/�1 exists but its domain of definition is not dense in the entire
space: DR� ¤ B.
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The resolvent R� of a linear continuous operator A in a complex Banach space B

is expanded into a power series in ��1:

R� D
1

�
I C

1

�2
AC � � � C

1

�n
An�1 C � � �

�
j�j >

1

r
D lim
n!1

n
p
kAnk

�
: (A.2.6)

Expansion (A.2.6) holds also at j�j > 1=r , where 1=r is the radius of the least cir-
cle with a center at the origin of coordinates that contains the entire spectrum. The
number 1=r is called the spectral radius of the operator A.

It should be noted that we pass from the real case to the complex one when consider-
ing the equation Ax D �x to guarantee that the spectrum �.A/ of a linear continuous
operator A is not empty.

A.2.5 Operators in Hilbert spaces

Consider an operator A W H1 ! H2 acting from a Hilbert space H1 to a Hilbert
space H2.

Definition A.2.12. An operator A W H1 ! H2 is said to be weakly continuous at
a point x 2 DA if for every sequence ¹xnº, xn 2 DA, weakly convergent to x the
sequence ¹Axnºweakly converges toAx. An operatorA is said to be demi-continuous
at a point x 2 DA if for every sequence ¹xnº � DA convergent to the point x
the sequence ¹Axnº weakly converges to Ax. An operator A is said to be weakly
continuous (demi-continuous) if it is weakly continuous (demi-continuous) at every
point x 2 DA.

For linear operators in Hilbert spaces, weak continuity follows from continuity.
This is not true for nonlinear operators. For instance, the functional J.x/ D kxk,
x 2 H1, is continuous but not weakly continuous.

An important class of operators in a Hilbert space is the class of orthogonal projec-
tion operators. Let H0 be a subspace of a Hilbert space H . According to Lemma A.1.1
every x 2 H is uniquely related to its projection P.x/ D x0 2 H0 onto the sub-
space H0. Thereby the operator P D PH0 is defined on H , which is called the
orthogonal projection operator (onto the subspace H0).

Orthogonal projection operators in Hilbert spaces are often called projection op-
erators, since orthogonality of projection onto a subspace is often implied. In what
follows “projection operator” will also mean “orthogonal projection operator”.

Projection operators are linear and bounded: kP k D 1. Hence, the operator PH0

is a projection (see Definition A.2.10). Projection operators have the following prop-
erties:

1) for every x 2 H the elements Px and x � Px are orthogonal;

2) x 2 H0 , Px D x;

3) x ? H0 , Px D 0.
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The class of projection operators is characterized by the following theorem.

Theorem A.2.8. For a linear operator P defined on a Hilbert space H to be a pro-
jection operator, it is necessary and sufficient that it be idempotent, that is,

hP 2x1; x2i D hPx1; x2i 8x1; x2 2 H ; (A.2.7)

and symmetric,

hPx1; x2i D hx1; P x2i 8x1; x2 2 H : (A.2.8)

Two projection operators, P1 and P2, in a Hilbert space H are called orthogonal
if P1P2 D 0. Projection operators PH1 and PH2 are orthogonal if and only if the
subspaces H1 and H2 are orthogonal.

Theorem A.2.9. Let PH1 ; PH2; : : : ; PHn be projection operators in a Hilbert space
H . For the operator P D PH1 C PH2 C � � � C PHn to be a projection operator,
it is necessary and sufficient that the projection operators PH1 ; PH2 ; : : : ; PHn be
pairwise orthogonal. In this case P D PH0 , where H0 D H1 ˚H2 ˚ � � � ˚Hn.

Theorem A.2.10. The product P D PH1PH2 of two projection operators PH1 and
PH2 is a projection operator if and only if they are commutative:

PH1PH2 D PH2PH1 ;

and P D PH0 , where H0 D H1 \H2.
The following four conditions are equivalent:

a) kPH1xk � kPH2xk for every x 2 H ;

b) H1 � H2;

c) PH1PH2 D PH2;

d) PH2PH1 D PH2 .

Theorem A.2.11. The difference P D PH1 � PH2 of two projection operators is a
projection operator if and only if H2 � H1. In this case P is a projection operator
on H1 �H2.

Theorem A.2.12. Let ¹PHnº be a monotone sequence of projection operators. Then,
for any x 2 H there exists

Px D lim
n!1

PHnx;
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and the operator P is a projection operator onto a subspace H0, where

H0 D

1[
nD1

Hn;

if the sequence ¹PHnº is increasing, and

H0 D

1\
nD1

Hn

if the sequence ¹PHnº is decreasing.

It follows from this theorem that if ¹PHnº is a set of pairwise orthogonal projection
operators, at any x 2 H the series

Px D

1X
nD1

PHnx

converges, and the operator P is a projection operator.
It should also be noted that a projection operator PH0 is completely continuous if

and only if H0 is finite-dimensional.
A completely continuous operator in an infinite–dimensional Hilbert space does not

have a bounded inverse operator.
An example of a linear operator in a Hilbert space that is not continuous is the

differentiation operator that acts from the space L2Œa; b
 to the space L2Œa; b
:

Ux D
dx

dt
; x.t/ 2 DL;

where DL is the set of differentiable functions from L2Œa; b
. It should be noted
that DL is everywhere dense in L2Œa; b
: DL D L2Œa; b
. To demonstrate that the
operator U is not bounded, consider the functions

xn.t/ D sin
�
n�

t � a

b � a

�
and calculate kxnkL2 and kUxkL2 as follows:

kxnk
2
L2Œa;b�

D

Z b

a

sin2
�
n�

t � a

b � a

�
dt D

b � a

2
;

kUxnk
2
L2Œa;b�

D
n2�2

.b � a/2

Z b

a

cos2
�
n�

t � a

b � a

�
dt D

n2�2

b � a
!1; n!1:



362 Appendix A

One can see that the operator U is unbounded. Hence, it is not continuous. Thus, the
problem of calculating the values of the operator U is unstable, that is, small devia-
tions from the function x.t/ in the metric of L2 can cause arbitrarily large deviations
in the derivative Ux D dx=dt .

But if we consider the differentiation operator as an operator U1 W H 1Œa; b
 !

L2Œa; b
, it is bounded, since

kU1xk
2
L2Œa;b�

D
���dx
dt

���
L2Œa;b�

� kxkL2Œa;b� C
���dx
dt

���
L2Œa;b�

D kxk2
H1Œa;b�

:

Hence, kU1k � 1 and the operator U1 is continuous.
If H is a separable Hilbert space, a linear bounded operator A defined on the entire

space H admits a matrix representation.
To prove this, let ¹'iº be an orthonormal basis in H and hA'k ; 'i i D aik , i; k D

1; 2; : : : . The numbers aik are Fourier coefficients in the decomposition of the vec-
tor A'k in terms of the basis ¹'iº:

A'k D

1X
iD1

aik'i ; k D 1; 2; : : : I

1X
iD1

jaikj
2 D

1X
iD1

jhA'k ; 'i ij
2 <1; k D 1; 2; : : : :

Let us show that the operator A can be uniquely reconstructed from the matrix
¹aikº

1
i;kD1

and the orthonormal basis ¹'kº. The problem consists in finding Ax for
any vector x 2 H . Let

x D

1X
kD1

	k'k and xn D

nX
kD1

	k'k :

Then Axn D
P1
kD1.

Pn
iD1 aki	i /'k . Since the operator A is continuous, we obtain

ck D hAx; 'ki D lim
n!1

hAxn; 'ki D lim
n!1

nX
iD1

aki	i D

1X
iD1

aki	i :

Hence, the following equality holds for every vector x 2 H :

Ax D

1X
kD1

ck'k ; where ck D
1X
iD1

aki	i :

Thus, we have obtained a matrix representation of the operator A in terms of the basis
¹'kº.
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Now we introduce a notion of absolute operator norm for linear bounded operators
defined on separable Hilbert spaces.

Let H be a separable Hilbert space, and let A be a linear bounded operator de-
fined everywhere on H . Let ¹fkº and ¹'iº be two arbitrary orthonormal bases in H .
Assume that

1X
iD1

1X
kD1

jhAfk ; 'i ij
2 <1:

The class of operators for which this inequality holds is called the Schmidt class. The
quantity

kAk2 D
� 1X
iD1

1X
kD1

jhAfk ; 'i ij
2
�1=2

(A.2.9)

does not depend on the choice of the bases ¹fkº and ¹'iº and is called the absolute
norm of the operator A.

Some properties of the absolute norm are:

1) the norm of an operator is not larger than its absolute norm: kAk � kAk2;

2) if B is an arbitrary bounded operator, we have

kBAk2 � kBk kAk2; kABk2 � kBk kAk2I

3) if A and B are linear operators,

kAC Bk2 � kAk2 C kBk2:

Setting fk D 'k , k D 1; 2; : : : , in formula (A.2.9), we obtain

kAk2 D
� 1X
iD1

1X
kD1

jhA'k ; 'i ij
2
�1=2

D
� 1X
iD1

1X
kD1

jaikj
2
�1=2

;

where aik D hA'k; 'i i. Thus, if kAk2 < 1, that is, the operator A belongs to the
Schmidt class, the operator A admits a matrix representation, and

1X
iD1

1X
kD1

jaikj
2 <1:

In addition, the Schmidt class operators are completely continuous. An example of a
Schmidt class operator is a Hilbert–Schmidt integral operator.

Let x.t/ 2 L2Œa; b
 and K.s; t/ 2 L2.Œa; b
 � Œa; b
/, that is,Z b

a

Z b

a

jK2.s; t/j ds dt <1: (A.2.10)
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Define an integral operator A W L2Œa; b
! L2Œa; b
 as follows:

Ax D

Z b

a

K.s; t/x.t/ dt: (A.2.11)

An operator A W L2Œa; b
 ! L2Œa; b
 of form (A.2.11) with a kernel K.s; t/ satis-
fying condition (A.2.10) is called a Hilbert–Schmidt integral operator. The Hilbert–
Schmidt integral operator belongs to the Schmidt class, and its absolute norm is cal-
culated by the formula

kAk22 D

Z b

a

Z b

a

jK2.s; t/j ds dt:

Hence, the operator A is completely continuous, and the following upper estimate
holds for its norm:

kAk �
� Z b

a

Z b

a

jK2.s; t/j ds dt
�1=2

:

Such operators have no bounded inverse, that is, solving the equation Ax D y is an
ill-posed problem.

Finally, it should be pointed out that a linear completely continuous operator A W
H1 ! H2 that maps a separable Hilbert space H1 to a separable Hilbert space H2

has a singular value decomposition (see Theorem 2.9.2).

A.2.6 Linear operators in finite-dimensional spaces (matrices)

A linear operator A W N1 ! N2 that maps a finite-dimensional normed space N1

(dim N1 D n) to a finite-dimensional normed space N2 (dim N2 D m) has a matrix
structure: A D Œaij 
m�n.

To prove this, let ¹e1; e2; : : : ; enº be a basis in N1, and let ¹'1; '2; : : : ; 'mº be a ba-
sis in N2. Then every vector x 2 N1 can be represented in the form x D

Pn
jD1 xj ej

and

Ax D

nX
jD1

xjAej D y �

mX
iD1

yi'i :

Each of the vectors Aej 2 N2 can be decomposed in terms of the basis ¹'iºmiD1:
Aej D

Pm
iD1 aij'i . Then the coordinates of the vectors x and y D Ax are related

by the matrix Ae;' D Œaij 
m�n as follows: y' D Ae;'xe , where xe is the coordinate
column of the vector x in terms of the basis ¹ej ºnjD1, and y' is the coordinate column
of the vector y in terms of the basis ¹'iºmiD1.

Thus, the linear operators in finite-dimensional spaces reduce to matrices.
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The norm of a matrix A W N1 ! N2 is interrelated with the norms of N1 and N2

as follows:

kAk D sup
x¤0

kAxkN2
kxkN1

: (A.2.12)

If N1 and N2 are spaces Rn with the cubic norm kxkcub D max1�i�n jxi j, kAkcub D

max1�i�n
Pn
jD1 jaij j. If N1 D N2 D Rn with the octahedral norm kxkoct DPn

iD1 jxi j, the corresponding norm of the matrix A is calculated by the formula
kAkoct D max1�j�n

Pn
iD1 jaij j.

Consider a linear operatorA W En ! Em acting from the Euclidean space En to the
Euclidean space Em, that is, a rectangular matrix A having m rows and n columns.
Such matrices are called m�n matrices.

Definition A.2.13. The operation that moves the elements aij of a matrix A from the
intersection of the i th row and j th column to the intersection of the j th row and i th
column is called transposition. The matrix obtained as the result of this transposition
is called the transpose and denoted by AT . Let A D Œaij 
m�n, then AT D ŒaTij 
n�m,

where aTij D aj i .

It should be noted that if � is an eigenvalue of an n�n square matrix A and x is the
corresponding eigenvector, we have

j�j D
kAxk

kxk
� kAk:

Thus, for any eigenvalue �.A/ of a square matrix A, the following inequality holds:

j�.A/j � kAk:

There is another property of the matrix norm (A.2.12) interrelated with the vector
norms: the norm of any rectangular submatrix� of the matrix A is not larger than the
norm of the matrix A: k�k � kAk.

A square matrix A is similar to a matrix B if there exists a nonsingular matrix C
(detC ¤ 0) such that A D CBC�1.

If a matrixA is similar to a matrix B , their characteristic polynomials coincide, that
is,

det .A � I�/ D det .B � I�/;

where I D diag.1; 1; : : : ; 1/ is the unit matrix. Hence, similar matrices have the same
set of eigenvalues.

Definition A.2.14. A square matrix A is called symmetric if A D AT .
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Definition A.2.15. A square matrix A is called orthogonal if its transpose is the in-
verse matrix, that is, AAT D ATA D I .

Some properties of orthogonal matrices are:

1) the vector-columns (as well as the vector-rows) of an orthogonal n � n matrix
form an orthonormal basis in the space Rn;

2) the determinant of an orthogonal matrix is ˙1;

3) matrices are orthogonal if and only if they transform one orthogonal basis to
another;

4) orthogonal transformations leave the vector norm unchanged, that is, if A is an
orthogonal matrix, kAxk D kxk for any x 2 Rn;

5) the product of orthogonal matrices is an orthogonal matrix.

Definition A.2.16. Representation of a square matrixA as the product of a symmetric
matrix K and an orthogonal matrix W is called polar decomposition: A D KW .

Any square matrix has a polar decomposition.
A symmetric matrix K can be reduced, by using orthogonal transformations, to

diagonal form, that is, there exists an orthogonal matrix U such that K D U Q†U T ,
where Q† D diag. Q�1; : : : ; Q�n/ is a diagonal matrix.

Introduce a diagonal orthogonal matrix � D diag.�1; : : : ; �n/ as follows:

�i D

´
1; if Q�i � 0;

�1; if Q�i < 0;
1 < i � n:

The equality Q† D †� , where † D diag.�1; : : : ; �n/, �i D jQ�i j � 0, 1 � i � n, is
evident.

Thus, any square matrix A can be represented in the following form:

A D KW D U†�U TW D U†V T ;

where V D W TU� . It should be noted that V is an orthogonal matrix, because it is
the product of three orthogonal matrices.

Definition A.2.17. Representation of a square matrix A in the form A D U†V T is
called singular value decomposition if U and V are orthogonal n�nmatrices and† is
a diagonal matrix with nonnegative diagonal elements,† D diag.�1; : : : ; �n/, �i � 0,
1 � i � n.

It should be noted that, since the operation of permutation of rows and columns of a
matrix is an orthogonal transformation, the orthogonal matrices U and V can always
be chosen so that the diagonal elements �1; : : : ; �n of the matrix † are arranged in
any required order, for instance, �1 � �2 � � � � � �n � 0.
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Consider the symmetric matrix ATA D AAT and express it in terms of the matri-
ces U , †, and V :

ATA D V †U TU†V T D V †2V T ;

AAT D U†V T V †U T D U†2U T :

Since U T D U�1 and detU ¤ 0, the matrices AAT and †2 are similar, and the
diagonal elements �i of the matrix † arranged in decreasing order are related to the
eigenvalues �i of the matrix AAT (it is assumed that �1 � �2 � � � � � �n � 0) by
means of �i D

p
�i , 1 � i � n.

Thus, the elements �i with their multiplicities are determined uniquely from the
matrixA. They are called singular values of the matrixA. The orthogonal matrices U
and V in the singular decomposition A D U†V T are not unique.

It should be noted that, since jdetU j D jdetV T j D 1, we have

jdetAj D �1�2 � � � �n:

Hence, the rank of a matrix A is equal to the number of its positive singular values. In
particular, detA ¤ 0 if and only if min1�i�n � > 0. In this case, the singular value
decomposition of the inverse matrix A�1 has the form

A�1 D V †�1U T ;

where †�1 D diag.1=�1; 1=�2; : : : ; 1=�n/.
It should be noted that if A is a symmetric matrix (A D AT /, its singular values

�1 � �2 � � � � � �n � 0 are the moduli of the eigenvalues that may be arranged in a
different order.

Now, consider an m�n rectangular matrix A.

Definition A.2.18. Representation of an m�n rectangular matrix A in the form A D

U†V T , where U and V are m�m and n�n orthogonal matrices, respectively, and †
is a diagonal m�n matrix with nonnegative elements �i i D �i � 0, is called singular
value decomposition of the matrix A. The numbers �i � 0, 1 � i � min.m; n/ are
called singular values of the matrix A.

The set of singular values of a rectangular matrix A is uniquely determined by the
matrix A and does not depend on the choice of the orthogonal matrices U and V .
Hence, the singular values of a matrix are its orthogonal invariants. In other words,
multiplication of a matrix by any orthogonal matrices on the left and right does not
change the set of its singular values.

Let anm�n rectangular matrixA have a set of singular values �i , 1 � i � p, where
p D min.m; n/. In what follows, the singular values are assumed to be arranged in
decreasing order: �1 � �2 � � � � � �p � 0.
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Now we show that for a matrix A the norm interrelated with the Euclidean norm
of a vector coincides with the maximal singular value of the matrix A: kAk D �1.
Recall that if A is an m�n rectangular matrix and y D Ax, y 2 Rm, x 2 Rn, the
Euclidean norm of the vectors x and y is calculated by the formulas

kxk D

q
x21 C x

2
2 C � � � C x

2
n;

kyk D

q
y21 C y

2
2 C � � � C y

2
m;

and the matrix A norm interrelated with this vector norm is defined as

kAk D max
kxkD1

kAxk D sup
x¤0

kAxk

kxk
:

Since orthogonal mappings leave unchanged the vector norm, they also leave un-
changed the matrix norm induced by this vector norm:

kUAV k D sup
x¤0

kUAVxk

kxk
D sup
x¤0

kAVxk

kxk
D sup
x¤0

kAVxk

kVxk
D kAk:

Here A is a rectangular m�n-matrix, and U and V are orthogonal m�m and n�n
matrices, respectively.

Hence, if A D U†V T is the singular value decomposition of the matrix A, we
have k†k D kU TAV k D kAk. Taking into account the diagonal structure of the
matrix †, we obtain

kAk D k†k D max
kxkD1

k†xk D max
kxkD1

�q
�21x

2
1 C �

2
2x

2
2 C � � � C �

2
px

2
p

�
D �1;

which was to be proved.
The relation

min
x¤0

kAxk

kxk
D

´
�p; if m � n;

0; if m < n

is established in a similar way.
Let �j .A/ be the j th singular value of a matrix A in the ordered set �1 � �2 �

� � � � �j � � � � � �p . Then the following statements hold (a proof may be found
in [4]):

1) for any m�n matrices A and B , the following relation holds:

j�j .AC B/ � �j .A/j � kBk; 1 � j � pI

2) if T , A, and R are nonsingular square n�n matrices with T and R close to the
unit matrix I , that is, kT � Ik � 
, kR � Ik � 
, 
 � 0, the following inequality is
valid:

j�j .A/ � �j .TAR/j � �j .A/.2
C 

2/; 1 � j � n:
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Definition A.2.19. Let � be a singular value of an m�n matrix A. A vector v 2 Rn

is called a right singular vector and a vector u 2 Rm is called a left singular vector of
the matrix A corresponding to the singular value � , if u and v are a nontrivial solution
to the homogeneous system of equations

Av D �u;

AT u D �v:

It should be noted that if v and u are singular vectors of a matrix A corresponding
to a singular number � , we have

ATAv D AT �u D �2v;

AAT u D A�v D �2u:

This means that the right singular vectors of the matrix A are eigenvectors of the
symmetric matrix ATA (at � D �2) and the left singular vectors are eigenvectors of
the matrix AAT .

Let u.j / denote a left singular vector, and let v.j / be a right singular vector of the
matrix A corresponding to a singular value �j (1 � j � p/. Then hu.j /; u.i/i D 0

and hv.j /; v.i/i D 0 if �i ¤ �j . In other words, the right (left) singular vectors
v.j / and v.i/ (u.j / and u.i/) corresponding to different singular values �j and �i are
orthogonal.

If A is a square nonsingular matrix of order n, there exists an orthonormal system
of n right singular vectors and an orthonormal system of n left singular vectors.

For a rectangular m�n matrix A of rank r , r � p D min.m; n/, we introduce
a notion of matrix kernel as the linear space of solutions of the equation Ax D 0.
The kernel dimension of the matrix A is n � r , and the kernel dimension of AT is
m � r . We construct an orthonormal basis in the kernel of the matrix A and call the
.n � r/ basis vectors “null” right singular vectors. Similarly, the .m � r/ vectors of
an orthonormal basis of the kernel of AT are called“null” left singular vectors of the
matrix A. Then for every rectangular m�n matrix there exists an orthonormal system
of n right singular vectors (including“null” ones) and an orthonormal system ofm left
singular vectors (including“null” ones).

It should be noted that if A D U†V T is the singular value decomposition of a
rectangular matrix A, it follows from the equality AT D V †TU T that

AV D U†; ATU D V †T :

Taking into account the diagonal structure of the matrix † D diag¹�1; �2; : : : ; �pº,
one can see that the columns of the matrix U are left singular vectors of the matrix A,
whereas the columns of the matrix V are right singular vectors.

Now, define some numerical characteristics of a matrix.
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Definition A.2.20. The number

F D
� mX
iD1

nX
jD1

a2ij

�1=2

is called the Frobenius norm of an m�n matrix A.

The Frobenius norm of a matrix has the following properties:

1) F .A/ D F .AT / D .
Pp
jD1 �

2
j .A//

1=2, where p D min.m; n/;

2) The Frobenius norm is an orthogonal invariant of the matrix A, that is,

F .UAV / D F .A/;

where U 2 Rm �Rm and V 2 Rn �Rn are orthogonal matrices;

3) the inequality

kAk � F .A/ D
p
p kAk;

where kAk coincides with the maximal singular value of the matrix A, holds.

The norm of the matrix A can also be estimated with the numerical characteristic

M.A/ D max
°

max
i

nX
jD1

jaij j; max
j

mX
iD1

jai;j j
±
;

for which the following relation is valid:

kAk �M.A/ � max.
p
m;
p
n /kAk:

Definition A.2.21. The condition number of a square n�n matrix A is the quantity

�.A/ D sup
x¤0;�¤0

°kAxkk	k
kA	kkxk

±
;

where k � k is the Euclidean norm.

If the matrix A is singular, we have �.A/ D 1. For a nonsingular matrix A, its
condition number can be expressed in terms of singular values �1.A/ � �2.A/ �

� � � � �n.A/ > 0 as follows:

�.A/ D
�1.A/

�n.A/
:

The following properties of condition numbers of nonsingular matrices can be di-
rectly obtained from the above relation:
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1) �.A/ � 1, �.I / D 1, where I is the unit matrix;

2) �.diag.a1; a2; : : : ; an// D
max1�i�n jai j
min1�i�n jai j

;

3) �.cA/ D �.A/, c D const;

4) �.A�1/ D �.A/;

5) �.A/ D kAkkA�1k.

Now, consider a system of linear algebraic equations Aq D f and a system with a
perturbed right-hand sideA.qC�q/ D f C�f . Here�q is the solution perturbation
that corresponds to a perturbation �f of the right-hand side. Then

k�qk

kqk
� �.A/

k�f k

kf k
:

This inequality estimates the relative error in the solution in terms of the relative
error in the right-hand side. Therefore, �.A/ is also called the condition number of
the system Aq D f .

And now consider the system .AC�A/.q C�q/ D f C�f , which is obtained
from the system Aq D f with a perturbation �f of the right-hand side and a pertur-
bation �A of the matrix A. It will be assumed that detA ¤ 0, and

k�Ak

kAk
� ˛;

k�f k

kf k
� �:

Then, if ˛�.A/ < 1, we have

k�Ak

kAk
� .˛ C ˇ/

k�Ak

k1 � ˛�.A/k
:

One can see from this inequality that the smaller is the condition number of a system
Aq D f , the more stable is its solution.

The corresponding perturbation of the determinant jdet.AC�A/ � detAj can also
be estimated in terms of the condition number �.A/:

ˇ̌̌det .AC�A/ � detA

detA

ˇ̌̌
�

n�.A/k�Ak=kAk

1 � n�.A/k�Ak=kAk
:

A proof of the above two inequalities can be found in [4].

A.3 Dual space and adjoint operator

The notions of dual space and adjoint operator are based on the notion of a functional
in a topological space.
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A.3.1 Functionals

Definition A.3.1. A mapping J W D ! C that assigns some complex number to
every x 2 D is called a functional J.x/ on the set D.

Since functionals are a particular case of mappings, all results of Section A.2 are
valid for them.

Below we consider real-valued functionals J W D ! R.

Definition A.3.2. A functional J.x/ defined on a setD is called lower (upper) bounded
if there exists a constant C such that for every x 2 D the inequality J.x/ � C

(J.x/ � C/ holds, that is, infx2D J.x/ > �1 .supx2D J.x/ < 1/. A func-
tional J.x/ is called bounded on a set D if it is bounded on D both lower and upper.

Definition A.3.3. A functional J.x/ defined on a set D of a topological space .T ; �/
is called � -sequentially lower (upper) semi-continuous at a point x 2 D if for any
sequence ¹xnº � D convergent to the point x in the topology � the inequality
limn!1 J.xn/ � J.x/ .limn!1 J.xn/ � J.x// holds.

A functional J.x/ is called � -sequentially lower (upper) semi-continuous on a
set X � D if it is � -sequentially lower (upper) semi-continuous at each point of
this set.

A functional J.x/: T ! R is sequentially continuous in the topology � (or � -
sequentially continuous) at a point x 2 D (on a set X � D) if it is � -sequentially
lower and upper semi-continuous at the point x (on the set X ).

Definition A.3.4. A sequence of elements ¹xnº � D is called minimizing for a func-
tional J.x/ on the set D if limn!1 J.xn/ D J � D infx2D J.x/.

The next theorem is an analog of the well-known Weierstrass theorem.

Theorem A.3.1. Let a functional J.x/ be defined on a subset D of a topological
space .T ; �/, with D being sequentially compact in the topology � and J.x/ being
� -sequentially lower semi-continuous on D. Then J � D infx2D J.x/ > �1 and
X� D ¹x 2 D: J.x/ D J �º ¤ ¿. The set X� is also sequentially compact in
the topology � . Any minimizing sequence ¹xnº � D for the functional J.x/ on D is
sequentially compact and converges to X� in the topology � .

The convergence of a sequence ¹xnº to a set X � T of a topological space .T ; �/
means that for any neighborhoodO.X/ of the setX (that is, for any set of the family �
containing X ) there exists such a number n.O.X// that xn 2 O.X/ for all n �
n.O.X//.
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Remark A.3.1. In topological spaces one can define lower and upper semi-continuity
by passing from a sequence to a direction. If a topological space is metrizable, Def-
inition A.3.3 and Theorem A.3.1 can be reformulated in terms of compact sets and
lower semi-continuous functionals (see Remark A.1.7).

It follows from Theorem A.3.1 that a continuous functional that maps a compact
metric space to R is bounded and reaches its upper and lower bounds.

Now, consider a functional J : L! R in a linear space L.

Definition A.3.5. A functional J.x/ defined on a convex setD (see Definition A.1.38)
of a linear space L is called convex if for any x; y 2 D and any number � 2 Œ0; 1
 the
following inequality holds:

J Œ�x C .1 � �/y
 � �J.x/C .1 � �/J.y/:

If the sign of equality in this relation is possible for x ¤ y only at � D 0 and � D 1

or at x D y, the functional J.x/ is called strictly convex.

Theorem A.3.2. Let J.x/ be a strictly convex functional defined on a convex set D
of a linear space L. Then, if J.x1/ D J.x2/ D J � � infx2D J.x/ for x1; x2 2 D,
we have x1 D x2.

The property of convexity of a functional can be strengthened in Banach and Hilbert
spaces.

Definition A.3.6. A functional J W B ! R defined on a convex set D � B of a
Banach space B is called strictly uniformly convex on D if there exists a numerical
function ı.t/ defined at 0 � t � diamD � supx;y2D kx�yk and such that ı.C0/ D
0, ı.t/monotonically increases on the domain of definition and the following relation
holds:

J Œ�x C .1 � �/y
 � �J.x/C .1 � �/J.y/ � �.1 � �/ı.kx � yk/

for all x; y 2 D and � 2 Œ0; 1
.
The function ı.t/ is called the modulus of convexity for J on D.

Strictly uniformly convex functionals are strictly convex. A strictly uniformly con-
vex functional preserves the property of strict uniform convexity when it is added to
a convex functional.

Definition A.3.7. A functional J W H ! R defined on a convex set D of a Hilbert
space H is called strongly convex if there exists a constant ~ > 0 such that

J Œ�x C .1 � �/y
 � �J.x/C .1 � �/J.y/ � �.1 � �/~kx � yk2

for any x; y 2 D and any � 2 Œ0; 1
.
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It is evident that a strongly convex functional is a strictly uniformly convex func-
tional with a modulus of convexity ı.t/ D ~t2 (~ > 0). The functional J.x/ D kxk2

in a Hilbert space is strongly convex with ~ D 1.
Let J be a linear continuous functional defined on a linear subspace L0 � L which

is not necessarily everywhere dense in a linear space L. The functional J can be ex-
tended to the entire space with the same norm. A corresponding theorem known as the
Hahn–Banach extension principle plays an important role in mathematical analysis.

Theorem A.3.3 (Hahn–Banach extension principle). Let a gauge function p.x/ be
defined on a real linear space L (see Definition A.1.41), and let a linear real func-
tional J0.x/ defined on a linear subspace L0 � L satisfy the condition

J0.x/ � p.x/; x 2 L0:

Then there exists a linear real functional J.x/ defined on the entire L and such that
J.x/ D J0.x/ at x 2 L0 and J.x/ � p.x/ for all x 2 L.

If L is a linear real normed space and J0 is a bounded functional on L0 � L,
p.x/ D kxkLkJ0kL0 , x 2 L can be taken as the gauge function. Then the equal-
ity kJ kL D kJ0kL0 holds, that is, the functional J0 is extended to the continuous
functional J on L with the same norm.

The Hahn–Banach theorem is also true for complex spaces, although in a less gen-
eral form.

Theorem A.3.4. Let a seminorm p.x/ be defined in an arbitrary linear space L (see
Definition A.1.41). Let J0.x/ be a linear functional defined on a linear subspace
L0 � L such that

jJ0.x/j � p.x/; x 2 L0:

Then there exists a linear functional J.x/ defined on the entire L coinciding with J0.x/
on L0 and satisfying on L the following condition:

jJ.x/j � p.x/; x 2 L:

Some corollaries follow from the Hahn–Banach theorem for the case when L is a
locally convex space (see Definition A.1.40).

Corollary A.3.1. Let J0.x/ be a linear continuous functional defined on a linear
subspace L0 � L of a locally convex space L. There exists a linear continuous
functional J.x/ on L which is an extension of the functional J0.x/.

Corollary A.3.2. For any point x0 of a linear space L and a seminorm p.x/ there
exists a linear functional J.x/ on L for which jJ.x/j � p.x/ and J.x0/ D p.x0/.
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Corollary A.3.3. Let L be a a locally convex space. If J.x/ D 0 for any linear
continuous functional J on L, x D 0.

Remark A.3.2. Corollary A.3.3 establishes an important property of locally convex
spaces: the presence of a sufficient set of linear continuous functionals. Owing to
this property, the theory of locally convex sets provides more results than the theory
of linear topological spaces. In addition, almost all spaces covered by functional
analysis are locally convex.

A.3.2 Dual space

As mentioned above (see Definition A.2.5), the set of linear operators mapping a linear
space to another one forms a linear space. In particular, the set of all linear functionals
on a general linear space forms a linear space called dual (algebraic dual space). We
consider dual spaces of linear topological spaces, where the requirement of linearity
of functionals is complemented by the requirement of continuity (topological dual
space).

Definition A.3.8. The linear space .L; �/� of all linear continuous functionals de-
fined on a linear topological space .L; �/ is called the dual space of .L; �/.

By virtue of Remark A.3.2, the dual space is often considered under the assumption
that L is a locally convex space (in particular, a normed space: in this case, according
to Theorem A.1.4, L� is a Banach space). If L is a locally convex space, L� separates
points on L. For an arbitrary linear topological space L, in some cases L� D ¹0º

(although L� may separate points on L also when L is not a locally convex space).
The dual space is a space of linear operators, and, therefore, uniform and pointwise

convergences can be introduced (see Definitions A.2.8 and A.2.9).
First, consider the case when the initial space is a normed one.

Definition A.3.9. Let N be a normed space, and let N � be its dual space. The
topology arising from the norm introduced in N � is called strong topology in the
space N �:

klkN � D sup
kxkN�1

jl.x/j:

Otherwise, as a neighborhood of zero in a space N � we take the set of functionals
¹lº � N � for which jl.x/j < " when x belongs to the closed unit ball ¹x 2 N :
kxk � 1º. Choosing all possible ", we obtain a basis of neighborhoods of zero.

Convergence in the dual space determined by the strong topology coincides with
uniform convergence (see Definition A.2.8). This convergence is also called strong
convergence.
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Definition A.3.10. Let N be a normed space, and let N � be its dual space. Weak
topology in a space N � is the topology induced by a basis of neighborhoods of zero
of the space N � consisting of sets of the following form:

¹l 2 N � W jl.xi /j < "; xi 2 Bnº;

where " is an arbitrary positive number, and Bn is an arbitrary finite set in N : Bn D
¹xiº

n
iD1 � N , n <1.

The weak topology determines weak convergence in the space N �: a sequence of
functionals lm 2 N � is called weakly convergent to a functional l 2 N � as m!1
if for any element x 2 N lm.x/! l.x/ as m!1.

As in the space N �, in the initial normed space N , in addition to the basic topology
(strong topology) induced by the norm in N , there can be another locally convex
topology.

Definition A.3.11. Weak topology in a normed space N is determined by a neighbor-
hood basis of zero of the space N consisting of sets of the form

¹x 2 N W jli .x/j < "; li 2 B
�
n º;

where " is an arbitrary positive number, and B�n is an arbitrary finite set in N �: B�n D
¹liº

n
iD1 � N �, n <1.

The weak topology determines weak convergence in the space N . A sequence of
elements xm 2 N is called weakly convergent to an element x 2 N as m!1 if for
any element l 2 N � l.xm/! l.x/ as m!1.

It should be noted that strong convergence of a sequence ¹xnº � N implies weak
convergence to the same limit. Strong convergence of a sequence ¹xnº to an element
x 2 N is denoted by xn ! x, and weak convergence is denoted by xn * x.

If N is a uniformly convex Banach space (see Definition A.1.30), it follows from
xn * x in N and kxnk ! kxk that xn ! x.

In a finite-dimensional space strong and weak convergence coincide.

Remark A.3.3. Definitions A.3.9–A.3.11 remain valid also when the initial space is a
linear topological space .L; �/. In this case, the unit ball in Definitions A.3.9–A.3.11
should be replaced by a bounded set in .L; �/.

Compactness, boundedness, completeness, and other properties in a space .L; �/
with weak topology are called weak compactness, weak boundedness, weak com-
pleteness, etc.

As mentioned above, the dual space N � of a normed space N is a Banach space.
Therefore, one can construct the dual space N �� of N �, and so on. The space N ��

is called the double dual space.
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Every element x0 2 N defines a linear continuous functional on N �: Lx0.l/ D
l.x0/, where x0 is a fixed element from N , and l is every element from the entire
space N �. Thus, we have a mapping of the entire space N on some subset of the
space N ��. This mapping from N to N �� is called natural. This mapping is one-to-
one, isomorphic (that is, it follows from x $ Lx and y $ Ly that xCy $ LxCLy
and �x $ L�x , where � is a number), and isometric (that is, kxk D kLxk).

Definition A.3.12. If the natural mapping of a normed space N maps this space onto
the entire space N ��, the space N is called reflexive. In this case, there is no distinc-
tion between the spaces N and N ��: N D N ��.

Each uniformly convex Banach space is reflexive.
The dual space B� of a Banach space B is complete in terms of weak convergence.

In other words, if a sequence of functionals ¹lmº � B� is fundamental at each point
x 2 B, there exists a linear functional l.x/ such that lm.x/! l.x/ for any x 2 B.

Some properties of weak convergence are:
A sequence of linear bounded functionals lm mapping a Banach space B to R

weakly converges to a functional l if and only if the sequence ¹klmkº is bounded and
lm.x/ ! l.x/ for any x from a set X of elements whose linear combinations lie
everywhere dense in B.

A sequence ¹xmº 2 B weakly converges to x 2 B if and only if the sequence
¹kxmkº is bounded and l.xm/ ! l.x/ for any l from a set L of linear functionals
whose linear combinations lie everywhere dense in B�.

If a linear bounded operator A maps a normed space N1 to a normed space N2 and
a sequence ¹xmº � N1 weakly converges to x 2 N1, the sequence ¹Axmº � N2

weakly converges to Ax 2 N2.
A weakly convergent sequence ¹xmº of elements of a normed space N is bounded,

that is, the norms of elements of this sequence as a whole are bounded.
For a Banach space B, the following analog of Theorem A.3.1 holds:

Theorem A.3.5. Let D be a (weakly) compact set of a Banach space B, and let
a functional J.x/ be defined on D and lower semi-continuous on D (see Defini-
tion A.3.3 and Remark A.3.1). Then J � D infx2D J.x/ > �1 and the set X� D
¹x 2 D: J.x/ D J �º is not empty and (weakly) compact. Every minimizing sequence
for the functional J on D (weakly) converges to X�.

The following statements are useful for testing sets for weak compactness:

� every bounded weakly closed set of a reflexive Banach space is weakly compact;

� a convex closed set of a Banach space is weakly closed;

� for convex functionals there also exists a criterion of weak semi-continuity.
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Theorem A.3.6. Let D be a convex set of a Banach space. A functional J.x/ that
is convex on D is weakly lower semi-continuous on D if and only if J.x/ is lower
semi-continuous on D.

It should be noted that the functional J.x/ D kxk
 (� � 1) is weakly lower semi-
continuous on the Banach space B.

Every ball in the dual space N � of a separable normed space N is weakly compact.

Theorem A.3.7. Let D be a a convex closed set of a reflexive Banach space, and let
J.x/ be a functional defined and strictly uniformly convex onD (see Definition A.3.6).
Then the set X� D ¹x 2 D: J.x/ D J � D infx2D J.x/º is not empty and consists of
only one point x� 2 D, and every sequence that is minimizing for J on D converges
to this point.

Now consider linear continuous functionals defined on a Hilbert space H .

Theorem A.3.8 (F. Riesz). Every linear continuous functional l.x/ defined on a
Hilbert space H can be represented as l.x/ D hl; xi, where the element l 2 H

is uniquely defined by the functional l.x/. In this case kl.x/k D klkH .

It follows from the Riesz theorem that weak convergence of a sequence ¹xmº � H

(xm * x 2 H ) is equivalent to convergence of the inner products hxm; yi ! hx; yi
as m!1 for every y 2 H . Weak convergence in Hilbert spaces was considered in
Subsection A.1.2. It also follows from Theorem A.3.8 that the dual space H� can be
identified with H : H D H�. A Hilbert space is obviously reflexive.

Examples of dual spaces

1. The dual space of a Euclidean space E is the space E itself: E� D E.

2. Consider the space l1 of numerical sequences x D .x1; x2; : : : / such thatP1
iD1 jxi j < 1. The space l�1 D l1 of bounded numerical sequences .	1; 	2; : : : /,

that is, such that sup1�i<1 j	i j < 1, is the dual space of this space. The space l1
(as well as l1) is not reflexive.

3. The space lq , where 1=p C 1=q D 1, 1 > p; q > 1, is the dual space of the
space lp (1 > p > 1) (see Subsection A.1.5). Hence, the space lp is reflexive:
l��p D lp. The space l2 is self-dual: l�2 D l2. A similar result is true for the functional
space Lp: L�p D Lq , 1=p C 1=q D 1,1 > p; q > 1, L�2 D L2 (see Remark A.5.1).

A.3.3 Adjoint operator

Definition A.3.13. Let A be a linear bounded operator that maps a Hilbert space H1

to a Hilbert space H2. An operator A� W H2 ! H1 is called the adjoint of the
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operator A, if for all x 2 H1, y 2 H2 the following equality holds:

hy;AxiH2 D hA
�y; xiH1 : (A.3.1)

Remark A.3.4. If a linear continuous operatorA is defined not on the entire space H1,
it may have many adjoint operators. To be more exact, a bounded operator A has a
unique adjoint operator if and only if its domain of definitionDA is everywhere dense
in the space H1. Since the continuous operator A can be continuously extended to
the entire space H1, the linear operator A is usually considered to be defined and
continuous on the entire space H1.

If a linear operator A is continuous, A� is also continuous, and kA�k D kAk.
Some properties of adjoint operators are as follows:

1) kA�Ak D kAA�k D kAk2;

2) .A�/� D A;

3) .˛AC ˇB/� D ˛A� C ˇB�;

4) .AB/� D B�A�.

Theorem A.3.9. If A is a bounded operator defined everywhere in H and if A�A is
completely continuous, the operator A is completely continuous.

It follows from Theorem A.3.9 that if A is a completely continuous operator, the
operator A� has the same property.

A sequence of operators ¹Amº in a Hilbert space H .Am W H ! H ) is said to be
weakly convergent to an operator A W H ! H if for any x; y 2 H

hAmx; yi ! hAx; yi:

It is evident that if ¹Amº weakly converges to A, ¹A�mº weakly converges to A� as
m!1.

Generally speaking, pointwise convergence A�m ! A� does not follow from point-
wise convergence Am ! A as m!1.

Below is an example of an adjoint operator.
Let an operator A W L2Œa; b
! L2Œa; b
 be defined by the formula

Ax D

Z b

a

K.t; �/x.�/ d�:
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The adjoint operator A� is defined from the condition hAx; yiL2 D hx;A
�yiL2 for

any x; y 2 L2Œa; b
. Hence,

hAx; yiL2 D

Z b

a

y.t/

Z b

a

K.t; �/x.�/ d� dt

D

Z b

a

x.�/

Z b

a

K.t; �/y.t/ dt d�

D

Z b

a

x.t/

Z b

a

K�.t; �/y.�/ d� dt D hx; y�iL2 ;

where y� D A�y D
R b
a K

�.t; �/y.t/ dt , K�.t; �/ D K.�; t/.
In Euclidean spaces, where linear bounded operators have matrix form A D

Œaij 
m�n, adjoint operators in an orthonormal basis correspond to adjoint matrices
A� D Œa�ij 
n�m, (a�j i D Naij ). If A is a real matrix, A� D AT .

Definition A.3.14. An operator A W H ! H that coincides with its adjoint is called
self-adjoint.

The operator of projection P on a subspace H0 of a Hilbert space H is self-adjoint:
P D P �.

In a real Euclidean space, a symmetric matrix corresponds to a self-adjoint operator.
Some properties of self-adjoint operators in a Hilbert space are as follows. Let

A W H ! H be a self-adjoint operator. Then

1) at any x 2 H the expression hAx; xi is real;

2) the relation

kAk D sup
kxkD1

jhAx; xij

holds;

3) the eigenvalues of the operator A are real;

4) the proper subspaces H�1 and H�2 corresponding to different eigenvalues �1
and �2 of the operator A are orthogonal;

5) a compact self-adjoint operator has at least one eigenvalue.

Theorem A.3.10. The set of eigenvalues of a compact self-adjoint operator A is not
more than countable. Specifically,

A D
X
i

�iP�i ;

where �1; �2; : : : are different eigenvalues of the operator A, and P�i is the oper-
ator of projection on the proper subspace H�i (here convergence of a series means
convergence in the norm of the space of operators).



Section A.3 Dual space and adjoint operator 381

The notion of an adjoint operator is used to analyze the solvability of the equation
Ax D y, where A W H1 ! H2 is a linear continuous operator from H1 to H2.

Definition A.3.15. The set Ker.A/ D ¹x 2 H1: Ax D 0º is called the kernel of a
linear operator A W H1 ! H2.

If A is bounded, Ker.A/ is a subspace of the space H1.

Theorem A.3.11. If A W H1 ! H2 is a linear continuous operator, H1 D Ker.A/˚
RA� and H2 D Ker.A�/˚RA.

It follows from Theorem A.3.11 that a necessary condition of solvability of the
equation Ax D y with a linear continuous operator A is that the element y is or-
thogonal to the kernel Ker.A�/ of the operator A�. If RA D RA, this condition is
also sufficient. If Ker.A/ D ¹0º and RA D RA, the linear continuous operator A
is a one-to-one mapping of the space H1 to a subspace RA � H2 and, according
to the Banach inverse operator theorem, there exists a continuous inverse operator
A�1 W RA ! H1. Thus, for a linear continuous operator not having a bounded in-
verse operator, in particular, for a completely continuous operator, the range of values
is not closed: RA ¤ RA.

Theorem A.3.12. Let A W H1 ! H2 be a linear continuous operator. There exists
a continuous inverse operator A�1 if and only if there exists a continuous inverse
operator .A�/�1. Specifically,

.A�/�1 D .A�1/�:

Now consider, as an example, the integral equation

'.t/ D

Z b

a

K.t; �/'.�/ d� C f .t/;

where f and K are given and ' is the sought-for function. This equation can be
written in the following form:

' D K' C f; (A.3.2)

whereK is an integral operator. To study the solvability of such equations with an ar-
bitrary completely continuous operator K defined in a Hilbert space H , an important
theorem known as the Fredholm alternative is used.

Denote A D I � K, where I is the unit operator, and rewrite equation (A.3.2) in
the following form:

Ax D y; x; y 2 H :
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Theorem A.3.13 (the Fredholm alternative). The following statements are valid:

a) the nonhomogeneous equation Ax D y is solvable only for those vectors y 2
H that are orthogonal to all solutions of the homogeneous adjoint equation
A�y D 0, A� D I �K�;

b) the nonhomogeneous equation Ax D y is uniquely solvable at any y 2 H if
and only if the homogeneous equation Ax D 0 has only a zero solution;

c) the homogeneous equations Ax D 0 and A�y D 0 have the same finite number
of linearly independent solutions.

And, finally, it should be noted that in Definition A.3.13 the adjoint operator A�

was given for the case when the operator A maps a Hilbert space H1 to a Hilbert
space H2. However, an adjoint operator can be defined for more general spaces. Let,
for instance, two normed spaces, N1 and N2, and an operator A W N1 ! N2 be
given. Let l2.y/ be a linear functional on N2. If y D Ax, x 2 N1, y 2 N2, we have
l2.y/ D l2.Ax/ D l1.x/, where l1 is a functional (evidently a linear one) on N1.
Thus, to every l2 2 N �2 there corresponds a functional l1 2 N �1 , that is, an operator
A� W N �2 ! N �1 has been constructed. This operator is called the adjoint of the
operator A, and the equality l2.y/ D l1.x/ is written as l1 D A�l2. Functionals in
normed (or linear) spaces are often written in a form that is similar to that in a Hilbert
space: l1.x/ D hl1; xi D hx; l1i, x 2 N1, l1 2 N �1 . The function h � ; � i defined
in this way on N � � N is called the inner product of N � and N . In particular,
elements x and l1 are called orthogonal (in a normed space!) if l1.x/ D hl1; xi D
hx; l1i D 0. In this form, the equality l2.y/ D l1.x/ takes a form similar to (A.3.1):

l2.y/ D hy; l2i D hAx; l2i D l1.x/ D hx; l1i D hx;A
�l2i:

For Banach spaces, all properties of adjoint operators for Hilbert spaces are valid.

A.4 Elements of differential calculus in Banach spaces

LetA W B1 ! B2 be an operator that acts from a Banach space B1 to another Banach
space B2 having an open domain of definition DA. Take a fixed element x0 2 DA
and assume that there exists a linear continuous operator U 2 L.B1;B2/ such that at
any x 2 B1

lim
t!0

A.x0 C tx/ � A.x0/

t
D U.x/: (A.4.1)

In this case the linear operator U is said to be the derivative of the operator A at the
point x0 and is denoted by

U D A0.x0/:
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The derivative thus defined is called the Gâteaux (or weak) derivative, and the ele-
ment U.x/ is called the Gâteaux differential.

Let S.0; 1/ denote the set of all x 2 B1 with kxk D 1. If the limiting rela-
tion (A.4.1) is uniform with respect to x 2 S.0; 1/, the operator A is said to be dif-
ferentiable at the point x0 and the derivative A0.x0/ is called the Fréchet (or strong)
derivative. The strong derivative is often denoted by A0x0 .

In other words, the operator A is differentiable at the point x0 if there exists a linear
operator A0x0 2 L.B1;B2/ such that at any " > 0 one can find such ı > 0 that
k�xk < ı (�x 2 B1) implies

kA.x0 C�x/ � A.x0/ � A
0
x0
.�x/k � "k�xk:

Some properties of the derivative are:

1) If an operator A is differentiable at a point x0, its derivative A0x0 is defined
uniquely.

2) If an operator A is differentiable at a point x0, it is continuous at this point (the
presence of a weak derivative is not sufficient for continuity).

3) Let C D ˛A C ˇB . Then, if there exist derivatives A0.x0/ and B 0.x0/, there
also exists

C 0.x0/ D ˛A
0.x0/C ˇB

0.x0/:

In this case, if A and B are differentiable (Fréchet differentiable) at a point x0,
the operator C is also differentiable at that point.

4) If A 2 L.B1;B2/, that is, A is a linear continuous operator, A is differentiable
at every point x0 2 B1 and A0x0 D A.

5) Let A be an operator that maps an open set DA � B1 to an open set RA � B2,
and let B be an operator that maps a setDB D RA � B2 to a Banach space B3.
Denote C D BA; let B be differentiable at the point y0 D Ax0, x0 2 DA, and
let A have a derivative at the point x0. Then the operator C has a derivative at
the point x0, and

C 0.x0/ D B
0.A.x0//A

0.x0/ D B
0.y0/A

0.x0/:

If A is differentiable at the point x0, C is also differentiable: C 0x0 D B 0y0A
0
x0

,
y0 D Ax0.

6) If under the assumptions of 5) the operator B is continuous and linear, we have

C 0.x0/ D BA
0.x0/:
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The operator A is said to be differentiable on a set X � DA if it is differentiable at
every point of this set.

Let DA � B1 be an open set of a Banach space B1, and let there exist the deriva-
tive A0 of an operator A mappingDA to a Banach space B2. The derivative A0 can be
considered as an operator mapping DA to the space L.B1;B2/. Therefore, it makes
sense to consider the derivative of this operator at a point x0 2 DA. This derivative
(if it exists) is called the second derivative of the operator A and denoted by A00.x0/.
If the operator A0 is differentiable, A is said to be twice differentiable. Similarly, we
can define the third derivative, etc.

Now consider the case when an operator A acts from a Banach space B to the set
of real numbers R, that is, this operator is a functional.

Let J W B ! R be a functional defined on an open setD � B. Differentiability of
the functional J.x/ at a point x0 2 D means that there exists an element J 0x0 2 B�

such that for any �x (�x 2 B, x C�x 2 D) the following equality holds:

J.x0 C�x/ � J.x0/ D J
0
x0
.�x/C o.�x/; (A.4.2)

where o.�x/=k�xk ! 0 as k�xk ! 0.
A functional J.x/ is called continuously differentiable on a set D if it is differen-

tiable onD and kJ 0.xC�x/�J 0.x/kB� ! 0 as k�xkB ! 0 for all x; xC�x 2 D.
An example of a continuously differentiable functional is the functional J.x/ D
kxk2

H
defined on a Hilbert space H : J 0x D 2x.

The above-introduced notion of differentiability makes it possible to formulate a
criterion of convexity of functionals.

Theorem A.4.1. Let D be a convex set of a Banach space B, and let J.x/ be a
functional that is continuously differentiable on D. The functional is convex on D if
and only if for any x; y 2 D one of the following inequalities holds:

J.x/ � J.y/C J 0y.x � y/; .J 0x � J
0
y/.x � y/ � 0:

Some necessary and sufficient conditions of existence of a minimum of a differen-
tiable functional on a convex set are formulated in the theorem below.

Theorem A.4.2. Let D be a convex set of a Banach space B, and let J.x/ be a con-
tinuously differentiable functional on D. For the functional J.x/ to reach a minimum
at a point x� 2 D, that is, J.x�/ D infx2D J.x/ � J �, it is necessary that the
inequality

J 0x�.x � x
�/ � 0 (A.4.3)
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hold for all x 2 D. If x� is an inner point of D, condition (A.4.3) is equivalent to
the equality J 0x� D 0. If the functional J.x/ is also convex on D, condition (A.4.3) is
also sufficient.

Let J.x/ W H ! R be a functional in a Hilbert space H . If J.x/ is differentiable
at a point x 2 H , its derivative J 0x is a linear continuous functional. According to the
Riesz theorem, there exists only one element y 2 H such that J 0x.�x/ D hy;�xi for
any�x 2 H . This element is called the gradient of the functional J.x/ at the point x
and is denoted by J 0x.

The gradient determines the direction of steepest ascent of the functional.
Consider, as an example, the functional

J.x/ D
1

2
kAx � yk2;

where A W H1 ! H2 is an operator differentiable at a point x 2 DA, H1 and H2 are
Hilbert spaces, and y 2 H2 is some fixed point. Let us find a formula for the gradi-
ent J 0x at the point x. Transform the difference

J.x C�x/ � J.x/ D
1

2
kA.x C�x/ � yk2 �

1

2
kAx � yk2

D
1

2
kAx � y C A0x.�x/C o.�x/k

2 �
1

2
kAx � yk2

D hAx � y;A0x.�x/i C
1

2
kA0x.�x/

C o.�x/k2 C hAx � y; o.�x/i

D hA0�x .Ax � y/;�xi C o.�x/:

Hence, J 0x D A0�x .Ax � y/. If A W H1 ! H2 is a linear continuous operator,
J 0x D A�.Ax � y/.

A.5 Functional spaces

Section A.1.5 gives examples of functional spaces: the space of continuously differen-
tiable functions CmŒa; b
, the space of integrable functions LpŒa; b
, and the Sobolev
space H k.G/ D W k

2 .G/. In this section, the spaces Cm and Lp will be considered
for vector-functions u W Rn ! R (the spaces Cm.G/ and Lp.G/), and for functions
mapping an interval S � R to an arbitrary Banach space X (the spaces Cm.S IX/
and Lp.S IX/). Subsection A.5.1 provides a definition of the Sobolev space W k

p .G/

and a formulation of the Sobolev embedding theorem in the case where the domain
G � Rn has a regular boundary.
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A.5.1 Functional spaces for steady boundary value problems

Let Rn be the n-dimensional Euclidean space, and let G � Rn be an open set.

Spaces of continuously differentiable functions

Definition A.5.1. Let Cm.G/ denote the set of functions u.x/ defined on the clo-
sure G of an open set G and having the following properties:

1) the functions u.x/ are m times continuously differentiable on G;

2) each partial derivative D˛ D @j˛ju

@x
˛1
1 :::@x

˛n
n

of order j˛j D ˛1 C ˛2 C � � � C ˛n �

m, where ˛ D .˛1; : : : ; ˛n/ is a multi-index of nonnegative integers, can be
extended to a continuous function on G.

If G is compact, Cm.G/ is a Banach space with respect to the norm

kukCm.G/ D
X
j˛j�m

sup
x2G

jD˛u.x/j: (A.5.1)

Convergence of a sequence ¹ukº � Cm.G/with respect to the norm (A.5.1) means
uniform convergence of all derivatives of order � m on the compact G.

The set C 0.G/ of continuous functions on G is usually denoted by C.G/.

Definition A.5.2. Let Cm0 .G/ denote the set of all functions that are m times contin-
uously differentiable and defined on an open set G � Rn of functions with compact
(in G) supports.

The set

suppu D ¹x W u.x/ ¤ 0º \G

is called the support of a function u.x/ that is continuous on G.
According to Definition A.5.2, C10 .G/ is the set of infinitely differentiable on an

open set G � Rn functions with compact (in G) supports.
On the set C10 .G/, a locally convex topology can be introduced with a system of

semi-norms (see Definition A.1.41):

�˛.u/ D
X
˛

sup j�˛.x/D˛u.x/j; u 2 C10 .G/: (A.5.2)

Here � D ¹�˛º is an element of all families of continuous functions on G with locally
finite families of supports. A family of supports ¹supp �˛º of functions �˛ that are
continuous on G is called locally finite in G if every compact set in G has nonempty
intersections only with a finite number of sets from the family.

It should be noted that the summation in (A.5.2) at every fixed u 2 C10 .G/ holds
only for a finite number of multi-indices ˛, since the family ¹supp �˛º is locally finite.
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Definition A.5.3. Let D.G/ denote the locally convex space C10 .G/ with the gener-
ating system of seminorms (A.5.2).

Lemma A.5.1. A sequence ¹ukº � D.G/ converges to zero if and only if there exists
a compact set K in G such that

1) suppuk � K for k D 1; 2; : : : ;

2) The sequence ¹D˛ukº uniformly converges to zero in K for every multiindex
˛ D .˛1; : : : ; ˛n/.

Spaces of integrable functions. Before defining a space of integrable functions,
recall some notions from the Lebesgue measure theory in the Euclidean space Rn.

The number

mes .S/ D
nY
iD1

.bi � ai /

is called the measure of an n-dimensional closed interval S D Œa1; b1
 � Œa2; b2
 �

� � � � Œan; bn
 � Rn.
Since any open set O � Rn can be represented as the union of not more than a

countable number of closed intervals Sj without common internal points,

O D

1[
jD1

Sj ;

the measure of the open setO is defined as the sum of the measures of these intervals:

mes .O/ D
1X
jD1

mes .Sj /:

The thus defined measure (possibly equal toC1) does not depend on the representa-
tion of the set O as the union of closed intervals without common internal points.

Let G � Rn be an arbitrary set. The outer measure of the set G is the number

mes .G/ D inf
O�G

mes .O/;

where the lower bound is taken over all open sets O containing G. The set G � Rn

is called measurable if

inf
O�G

mes .O nG/ D 0:

In this case mes .G/ D mes .G/.
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A real function u.x/ defined on a measurable set G � Rn is called measurable if
for every a 2 R the set ¹x 2 G W u.x/ > aº is measurable.

Any function that is continuous on an open or closed set G � Rn is measurable.
A function u.x/ defined on a measurable set G � Rn is called simple if it takes on

constant values cj on a finite number of pairwise nonintersecting measurable sets Gj ,

j D 1; : : : ; k, with mes.Gj / <1, and is zero on the set G n
Sk
jD1Gj . The integral

of a simple function u.x/ on a set G is the number

Z
G

u.x/ dx D

kX
jD1

cj mes .Gj /:

A condition is said to be satisfied almost everywhere on a set G � Rn (or for al-
most all its points) if the set of points where this condition is not satisfied has a zero
measure.

A function u.x/ defined almost everywhere on a measurable set G � Rn is called
Lebesgue integrable over the set (or on the set) G if there exists a sequence ¹ui .x/º
of simple functions that converges to u.x/ almost everywhere on G and for which the
sequence ¹

R
G ui .x/ dxº converges. The limit of this sequence is called the (Lebesgue)

integral of the function u.x/ over G:Z
G

u.x/ dx D lim
i!1

Z
G

ui .x/ dx:

Two functions, u1.x/ and u2.x/, defined on G are called equivalent if u1.x/ D
u2.x/ for almost all x 2 G. If the function u1.x/ is integrable on G, any func-
tion u2.x/ that is equivalent to it is also integrable on G and their integrals coincide.
Therefore, functions that are equivalent on G will not be distinguished. In what
follows, it will also be assumed that G is a measurable set in Rn.

Lemma A.5.2 (Fatou lemma). Let ¹uiº be a sequence of nonnegative functions inte-
grable on G such that

lim
i!1

Z
G

ui .x/ dx <1:

Then the function u.x/ D limi!1 ui .x/ is integrable on G, andZ
G

u.x/ dx � lim
i!1

Z
G

ui .x/ dx:

Theorem A.5.1 (Lebesgue theorem). Let ¹uiº be a sequence of integrable functions
on G convergent almost everywhere on G to a function u. If there exists a function v
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that is integrable on G such that jui .x/j � v.x/ (i D 1; 2; : : : ) almost everywhere
on G, the function u is also integrable on G andZ

G

u.x/ dx D lim
i!1

Z
G

ui .x/ dx:

Definition A.5.4. Let Lp.G/, 1 � p <1, denote the set of all measurable functions
u W G ! R for which Z

G

ju.x/jp dx <1:

The set Lp.G/ is a Banach space with respect to the norm

kukLp.G/ D
� Z

G

ju.x/jp dx
�1=p

:

It should be noted that if u.x/ and v.x/ are functions that coincide almost everywhere
on a set G, ku � vkLp.G/ D 0. Hence, in the space Lp.G/ functions that coincide
almost everywhere are identified.

The space L2.G/ (at p D 2) is a Hilbert space with an inner product

hu; vi D

Z
G

u.x/v.x/ dx:

Definition A.5.5. Let Lp;r.G/, 1 � p < 1, denote the set of all vector-functions
u D ¹u1; : : : ; urº, ui 2 Lp.G/ (i D 1; : : : ; r).

The set Lp;r .G/ is a Banach space with respect to the norm

kukLp;r .G/ D
� Z

G

� rX
iD1

jui .x/j
2
�p=2

dx
�1=p

:

The space L2;r.G/ is a Hilbert space with an inner product

hu; vi D

Z
G

rX
iD1

ui .x/vi .x/ dx:

Definition A.5.6. A measurable function u W G ! R is called essentially bounded
on G if it is equivalent to some bounded function, that is, if there exists a constant M
such that ju.x/j � M at almost all x 2 G. The lower bound of all admissible
constants M is denoted by vrai maxx2G ju.x/j. The set of all measurable essentially
bounded functions (equivalent classes) is denoted by L1.G/.
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The set L1.G/ is a Banach space with respect to the norm

kukL1.G/ D vrai max
x2G

ju.x/j:

Indices p and q (1 < p < 1) are called conjugates if 1=p C 1=q D 1. By
definition, the index that is conjugate of p D 1 (p D1) is q D1 (q D 1).

Lemma A.5.3 (Hölder inequality). Let p and q be conjugate indices, 1 � p � 1,
u 2 Lp.G/, v 2 Lq.G/. Then uv 2 L1.G/ and

ˇ̌̌ Z
G

u.x/v.x/ dx
ˇ̌̌
� kukLp.G/kvkLq.G/:

At 1 < p < 1 the Banach spaces Lp.G/ and Lp;r .G/ are uniformly convex
(see Definition A.1.30) and, hence, reflexive. The spaces L1.G/ and L1.G/ are not
reflexive.

At 1 � p <1 the Banach spaces Lp.G/ are separable.
To characterize weak convergence in the space Lp.G/, consider the dual space

of Lp.G/. For linear functionals from the dual space .Lp.G//� of Lp.G/ (1 � p <
1), the following holds.

Lemma A.5.4. If ' 2 .Lp.G//�, 1 � p < 1, there exists a unique element v 2
Lq.G/ (where q is the index that is conjugate of p) such that

'.u/ D h'; ui D

Z
G

u.x/v.x/ dx 8u 2 Lp.G/:

Remark A.5.1. By virtue of the Hölder inequality, every element v 2 Lq.G/ gen-
erates a continuous linear functional on Lp.G/. Therefore, the linear functionals
' 2 .Lp.G//

�, 1 � p < 1, can be identified with the “generating” elements
v 2 Lq.G/ that uniquely correspond to these functionals according to Lemma A.5.4.
Hence, the space Lq.G/ is the dual space of the Banach space Lp.G/. At p D 2

we obtain exactly the Riesz theorem on the representation of linear functionals (see
Theorem A.3.8) for the Hilbert space L2.G/.

By virtue of Lemma A.5.4, weak convergence of a sequence ¹ukº � Lp.G/, 1 �
p <1, to an element u 2 Lp.G/ implies that

lim
k!1

Z
G

uk.x/v.x/ dx D

Z
G

u.x/v.x/ dx 8v 2 Lq.G/:

Since the spaces Lp.G/, 1 � p � 1, are Banach spaces, they are weakly com-
plete, that is, they are complete with respect to weak convergence.

From every sequence that is convergent in Lp.G/ (1 � p � 1), one can choose a
subsequence that converges almost everywhere on G.
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Lemma A.5.5. Let 1 � p < 1 and let a sequence ¹ukº � Lp.G/ be such that
uk * u in Lp.G/ and uk.x/! v.x/ for almost all x 2 G. Then u D v.

Lemma A.5.6. Let G � Rn be open and 1 � p < 1. Then the subset C10 .G/ of
the space Lp.G/ is everywhere dense.

Sobolev spaces. Before defining Sobolev spaces, we introduce the following notion
of a generalized function (distribution):

Definition A.5.7. The elements of the dual space D�.G/ of D.G/ (see Definition
A.5.3) are called distributions (generalized functions) on an open set G � Rn. The
space D.G/ is called the space of test functions.

The space D�.G/ becomes locally convex if a neighborhood basis of a distribution
' 2 D�.G/ is introduced by means of the sets

¹f 2 D�.G/ W jf .ui / � '.ui /j < "i ; i D 1; : : : ; mº; (A.5.3)

where ¹u1; : : : ; umº is an arbitrary (finite) system of elements from D.G/, and "i
(1 � i � m) are arbitrary positive numbers. The convergence of a sequence of
distributions ¹'kº to a distribution ' in D�.G/ means pointwise convergence, that is,

lim
k!1

'k.u/ D '.u/ for every u 2 D.G/:

The locally convex topology of the space D�.G/ generated by a neighborhood ba-
sis (A.5.3) will be called simple topology.

Definition A.5.8. Let D˛ be the differential operator

D˛ D
@j˛j

@x
˛1
1 : : : @x

˛n
n

;

where ˛ D .˛1; : : : ; ˛n/, j˛j D ˛1 C � � � C ˛n. The (generalized) derivative D˛' of
a distribution ' on G is given by the formula

.D˛'/.u/ D .�1/j˛j'.D˛u/; u 2 D.G/:

Lemma A.5.7. The mapping ' ! D˛' is a continuous mapping of the space D�.G/

(having simple topology) to itself.

It should be noted that if v.x/ is an m times continuously differentiable function
on G, the derivatives of v.x/ of order � m in the sense of conventional differential
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analysis and in the sense of distribution theory coincide, since for every multiindex ˛
(j˛j < m) and every function u 2 D.G/ the equalityZ

G

.D˛v.x//u.x/ dx D .�1/j˛j
Z
G

v.x/.D˛u.x// dx

holds.
Generally speaking, generalized functions have no values at individual points x 2

G. Nevertheless, a generalized function can be said to be zero in a domain.
A generalized function f is said to be zero on an open setQ � G if for all functions

u 2 D such that suppu � Q the equality f .u/ D 0 holds.
This definition allows us to introduce the following notion of support of a general-

ized function f :
The union of all open sets Q � G in which f is zero is called the zero set of a

generalized function f , and its complement to G is called the support of the general-
ized function and is denoted by supp f . A generalized function f is called finite if its
support is bounded.

A simple example of a generalized function is the following functional generated
by a function f .x/ that is locally integrable in Rn:

f .u/ D

Z
f .x/u.x/ dx; u 2 D : (A.5.4)

A function f .x/ W Rn ! R is called locally integrable in Rn if for any bounded set
Q � Rn it is absolutely integrable on the setQ. The generalized functions defined by
functions that are locally integrable in Rn by formula (A.5.4) are called regular gen-
eralized functions, and the other generalized functions are called singular generalized
functions.

An example of a singular generalized function is the Dirac ı-function (see Subsec-
tion A.6.1)

ı.u/ D u.0/; u 2 D :

It is evident that supp ı D ¹0º.

Definition A.5.9. Let G be an open connected set in Rn. Let W k
p .G/ (1 � p < 1,

k � 0) denote the set of all distributions ' 2 D�.G/ that are, together with their
derivatives D˛' of order j˛j � k, functions from Lp.G/. These sets W k

p .G/ are
called Sobolev spaces.

At 1 � p < 1 the Sobolev space W k
p .G/ is a Banach space with respect to the

norm

k'kW k
p .G/

D
� Z

G

� X
j˛j�k

jD˛'j2
�p=2

dx
�1=p

: (A.5.5)
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At 1 � p < 1 the spaces W k
p .G/ are separable. At 1 < p < 1 they are also

uniformly convex and, hence, reflexive. The Sobolev space W k
2 .G/ (at p D 2),

usually denoted by H k.G/, is a Hilbert space with an inner product

hu; viHk.G/ D
X
j˛j�k

hD˛u;D˛vi D
X
j˛j�k

Z
G

D˛uD˛v dx:

In what follows, we formulate the Sobolev embedding theorem for the case when
G is a bounded domain with a sufficiently smooth boundary.

Definition A.5.10 (Calderon). A boundary � of a domain G � Rn is called regular
if there exists a finite open cover ¹Xiº of this boundary, a finite set of open (finite)
cones Kj , and " > 0 such that

1) for any point x0 2 � , the ball of radius " with center at the point x0 lies wholly
in some set Xi0 of the cover ¹Xiº: B.x0; "/ � Xi0 ;

2) for any point from Xi \ G, the cone with vertex at this point obtained by a
parallel translation of some cone Kj lies wholly in G.

A bounded domainG has a regular boundary if and only if there exist constantsR >
0 and L > 0 such that for every point x0 2 � there exists a neighborhood O.x0/ ob-
tained by a parallel translation and rotation from the set

X0 D
®
x 2 Rn W

q
x21 C � � � C x

2
n�1 < R; jxnj < 2LR

¯
;

such that the following conditions are satisfied:

1) the point 0 2 X0 is translated to x0;

2) the intersection O.x0/ \ � corresponds to the surface

xn D f .x1; : : : ; xn�1/;

q
x21 C � � � C x

2
n�1 < R;

where the function f is Lipschitz continuous, that is,

jf .x1; : : : ; xn�1/ � f .y1; : : : ; yn�1/j � L
� n�1X
iD1

jxi � yi j
2
�1=2
I

3) the intersection O.x0/ \G corresponds to the set

®
x 2 X0 W

q
x21 C � � � C x

2
n�1 < R; f .x1; : : : ; xn�1/ < xn < 2LR

¯
:
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For a bounded domain G with a regular boundary � , one can define an (n � 1)-
dimensional Lebesgue surface measure �n�1 by taking, as the value of this measure
for a hypersurface part O.x0/ \ � , the integral

�n�1.O.x0/ \ �/ D

Z
K0

q
1C jgrad f j2 dx1 : : : dxn�1;

where

K0 D
®
.x1; : : : ; xn�1/ W

q
x21 C � � � C x

2
n�1 < R

¯
;

grad f D
° @f
@x1

; : : : ;
@f

@xn�1

±
:

A domain with a regular boundary for almost all x 2 � (with respect to the mea-
sure �n�1) has a uniquely defined (external) normal vector, that is, a vector � D

.�1; : : : ; �n/ with j�j D
q
�21 C � � � C �

2
n D 1 such thatD

�;
x � y

jx � yj

E
! 0 at y ! xI x; y 2 �:

Here h � ; � i denotes the inner product in the Euclidean space Rn.
If G is a bounded domain with a regular boundary, for every vector-function u D

.u1; : : : ; un/ with ui 2 C 1.G/ the following Gauss formula (also called the Gauss–
Ostrogradskii formula or the Stokes formula) is valid:Z

G

nX
iD1

@ui

@xi
dx D

Z
�

nX
iD1

ui�i d�n�1:

Let Lp.�/, 1 � p <1, denote the set of all functions u: � ! R for whichZ
�

ju.x/jp d�n�1 <1:

The set Lp.�/ is a Banach space with respect to the norm

kukLp.�/ D
� Z

�

ju.x/jp d�n�1

�1=p
:

Theorem A.5.2 (Sobolev embedding theorem). Let G be a bounded domain with a
regular boundary and 1 � p <1. Then

W k
p .�/ � W

j
r .G/

for 0 � j < k and every r satisfying the condition

1

p
�
k � j

n
�
1

r
< 1:
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In addition,

k'k
W
j
r .G/

� Ck'kW k
p .G/

8' 2 W k
p .G/;

where the constant C depends on G, j , k, p, and r . If 1
p
� k�j

n
< 0, we have

W k
p .G/ � C

j .G/

and

k'kCj .G/ � Ck'kW k
p .G/

8' 2 W k
p .G/:

Some other norms equivalent to norm (A.5.5) can be introduced in the spaceW 1
p .G/.

This is formulated in the following lemma:

Lemma A.5.8. Let G be a bounded domain with a regular boundary � , G1, a subset
of a positive measure inG, and �1, a subset of a positive ((n�1)-dimensional) surface
measure in � . Then the inequalitiesZ

G

j'jp dx � C1

° Z
G

� nX
iD1

� @'
@xi

�2�p=2
dx C

ˇ̌̌ Z
G1

' dx
ˇ̌̌p±

;

Z
G

j'jp dx � C2

° Z
G

� nX
iD1

� @'
@xi

�2�p=2
dx C

ˇ̌̌ Z
�1

' d�n�1

ˇ̌̌p±
with constants C1 D C1.n; p;G1; G/ and C2 D C2.n; p; �1; G/ hold for ' 2
W 1
p .G/ (p � 1).

The first of these inequalities at p D 2 and G1 D G is known as the Poincaré
inequality. The second estimate is often called the Friedrichs inequality.

A.5.2 Functional spaces for solving unsteady problems

To describe an unsteady process taking place in a spatial domain G within a time
interval S , one can use time and position functions, that is, functions u that assign
a real number or a vector u.t; x/ to a pair ¹t; xº 2 S � G. In this approach, time
and space are equivalent. However, there is another approach to the mathematical
description of unsteady processes that seems to be much more convenient. In this
approach time functions are used to assign a function u.t; � / to a time t . For instance,
a temperature or velocity distribution in a domain G is assigned to every instant of
time. Thus, functions defined on a (bounded or unbounded) time interval S � R,
with values in some space of position functions X , are considered. Such functions are
called abstract functions. It will be assumed that X is an arbitrary Banach space with
norm k � k.

To study time-dependent problems, it is reasonable to consider some spaces of
functions acting from S to X , in particular, spaces of differentiable and integrable
functions.
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Spaces of continuously differentiable functions

Definition A.5.11. A function u: S ! X is called differentiable at a point t 2 S if
there exists such an element x 2 X for which the condition

lim
h!0
tCh2S

���u.t C h/ � u.t/
h

� x
��� D 0

is satisfied. This element x is called the derivative of u at the point t and is usually
denoted by u0.t/.

A function u W S ! X is called differentiable if it is differentiable at every point of
the interval S . The function u0: S ! X that assigns to every t 2 S the derivative of
u at the point t is called the derivative of u.

Definition A.5.12. A function u W S ! X is weakly differentiable at a point t 2 S if
there exists such an element x 2 X for which the condition

lim
h!0
tCh2S

D
f;
u.t C h/ � u.t/

h
� x

E
D 0; 8f 2 X�;

where X� is the dual space of the space X ; hf; yi D f .y/, f 2 X�, y 2 X , is
satisfied. This element x is called the weak derivative of u at the point t and is also
usually denoted by u0.t/.

A function u W S ! X is called weakly differentiable if it is weakly differentiable
at every point of the interval S . The function u0 W S ! X that assigns to every t 2 S
the weak derivative of u at the point t is called the weak derivative of u.

Remark A.5.2. It follows from Definitions A.5.11 and A.5.12 that the derivative of a
function u W S ! X , if it exists, is also the weak derivative of u. Therefore, the fact
that the symbol u0 denotes both the derivative and the weak derivative of a function
u W S ! X will not lead to confusion: it is always clear from the context what
derivative is meant.

From Definitions A.5.11 and A.5.12, one can, as usual, by induction introduce the
notions of m-times differentiability and m-times weak differentiability, mth deriva-
tive, and mth weak derivative of a function u W S ! X .

Definition A.5.13. Let Cm.S IX/ denote the set of all functions u W S ! X hav-
ing continuous derivatives up to order m inclusive, and let Cm! .S IX/ be the set of
all functions u W S ! X having demi-continuous weak derivatives up to order m
inclusive.

Remark A.5.3. A function u W S ! X is demi-continuous (see Definition A.2.12) if
and only if for every f 2 X� the function hf; u.�/i W S ! R is continuous.
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The set C 0.S IX/ (C 01.S IX// is the set of all continuous (demi-continuous) func-
tions mapping S to X . These sets are also denoted by C.S IX/ (C!.S IX/).

Note that if u 2 Cm! .S IX/

hf; u. � /i 2 Cm.S/; 8f 2 X�:

If X is weakly complete, the converse is also true. Here

hf; u.j /. � /i D
d j

dtj
hf; u. � /i; j D 0; : : : ; m:

Lemma A.5.9. For u 2 C 1!.S IX/ at any s and t 2 S such that s < t , we have

sup
s���t

ku0.�/k <1

and
ku.t/ � u.s/k � .t � s/ sup

s���t
ku0.�/k:

For a compact interval S , the set Cm.S IX/, which is a linear space with natural
linear operations, becomes a Banach space by introducing the norm

kukCm.S IX/ D

mX
jD0

sup
t2S

ku.j /.t/k:

Also, on the set Cm! .S IX/ a locally convex space topology can be defined by the
family of seminorms

pf;j .u/ D sup
t2S

jhf; u.j /.t/ij; f 2 X�; j D 0; : : : ; m:

If X is weakly complete, the locally convex space Cm! .S IX/ is complete.

Theorem A.5.3 (Weierstrass approximation theorem). Let S be a compact interval.
Then the set of polynomials

°
p.t/ D

mX
jD0

aj t
j ; t 2 S; aj 2 X; j D 0; : : : ; m

±

is dense in C.S IX/.

Space of integrable functions. First, we introduce the notions of measurability
and integrability of functions from a time interval S � R to a Banach space X . These
notions were introduced by Bochner.

Like the Lebesgue integral, the Bochner integral is first defined for a simple func-
tion. A function u W S ! X is said to be simple if there is a finite number of disjoint
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Lebesgue measurable subsets Si in S (i D 0; : : : ; n) with mes .Si / <1 such that the
function u on each set Si takes a constant value xi and u.t/ D 0 for t 2 S n

Sn
iD1 Si .

The Bochner integral of a simple function is defined by the formulaZ
S

u.t/ dt D

nX
iD1

mes .Si /xi :

Definition A.5.14. If for a simple function u W S ! X the set Si can be taken as
intervals, it is called a step function.

Definition A.5.15. A function u W S ! X is said to be Bochner measurable, if there
exists a sequence of simple functions ¹unº such that

un.t/! u.t/ for almost all t 2 S: (A.5.6)

If this sequence also satisfies the condition

lim
n!1

Z
S

ku.t/ � un.t/k dt D 0; (A.5.7)

the function u is called Bochner integrable. The Bochner integral of such a function
u on a Lebesgue measurable set B � S is defined by the formulaZ

B

u.t/ dt D lim
n!1

Z
S

un.t/CB.t/ dt; (A.5.8)

where CB is the indicator function of the set B:

CB.t/ D

´
1; t 2 B;

0; t … B:

If B D Œa; b
, we usually write
R b
a u.t/ dt instead of

R
B u.t/ dt . At b < aZ b

a

u.t/ dt D �

Z a

b

u.t/ dt:

Note that if a function u is Bochner measurable, the real-valued function ku.�/ �
un.�/k is Lebesgue measurable on S . Therefore, condition (A.5.7) makes sense. If
this condition is satisfied, there exists a limit in (A.5.8), and it does not depend on the
choice of a sequence of simple functions with properties (A.5.6) and (A.5.7). Hence,
Definition A.5.15 is correct.

Some properties of Bochner measurable and integrable functions are as follows.

Theorem A.5.4. Let X be a separable space. A function u W S ! X is Bochner
measurable if and only if for every f 2 X� the function hf; u.�/i W S ! R is
Lebesgue measurable.
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Theorem A.5.5. Let u W S ! X be a function such that there exists a sequence ¹unº
of Bochner measurable functions such that

un.t/ * u.t/ in X for almost all t 2 S:

Then u is also Bochner measurable.

Theorem A.5.6. A Bochner measurable function u W S ! X is Bochner integrable
if and only if the function ku. � /k W S ! R is Lebesgue integrable. In this case, the
following estimate holds for every (Lebesgue) measurable set B � S :��� Z

B

u.t/ dt
��� � Z

B

ku.t/k dt:

Theorem A.5.7. Let u W S ! X be a Bochner integrable function. Then the function
v W S ! X defined by the rule

v.t/ D

Z t

t0

u.s/ ds; t0 2 S;

is differentiable almost everywhere on S , and

v0.t/ D u.t/ for almost all t 2 S:

Theorem A.5.8. Let u W S ! X be a Bochner integrable function, and let B � S be
a measurable set. Then for every f 2 X�Z

B

hf; u.t/i dt D



f;

Z
B

u.t/ dt

�
:

Theorem A.5.9. Let S be a compact interval. Then every function u 2 C!.S IX/ is
Bochner integrable. If u 2 C!.S IX/ and v W S ! X is the function defined by the
formula

v.t/ D

Z t

t0

u.s/ ds; t0 2 S;

v 2 C 1!.S IX/ and v0 D u. If u 2 C.S IX/, we have v 2 C 1.S IX/.

Theorem A.5.10. Every function u 2 C 1!.S IX/ is differentiable almost everywhere
on S .

Definition A.5.16. Lp.S IX/, 1 � p < 1, is the set of all Bochner measurable
functions u W S ! X for which Z

S

ku.t/kp dt <1:
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The set Lp.S IX/, 1 � p < 1, which is a linear space with natural linear opera-
tions, transforms to a Banach space by introducing the norm

kukLp.S IX/ D
� Z

S

ku.t/kp dt
�1=p

:

The set of step functions from S toX (see Definition A.5.14) is dense in Lp.S IX/,
1 � p <1.

If X is a Hilbert space, the space L2.S IX/ with the inner product

hu; vi D

Z
S

hu.t/; v.t/iX dt; u; v 2 L2.S IX/;

is also a Hilbert space.

Lemma A.5.10 (Hölder inequality). Let u 2 Lp.S IX/, 1 � p � 1, and v 2
Lq.S IX

�/, 1=p C 1=q D 1. Then hv. � /; u. � /i 2 L1.S/ andZ
S

hv.t/; u.t/i dt � kukLp.S IX/kvkLq.S IX�/:

Theorem A.5.11. Let X be a reflexive and separable space, and 1 < p < 1. Then
every element f 2 .Lp.S IX//� admits a unique representation in the form

f .u/ D

Z
S

hv.t/; u.t/i dt; for every u 2 Lp.S IX/;

where the function v 2 Lq.S IX�/ and 1=p C 1=q D 1. The mapping f ! v,
f 2 .Lp.S IX//

� is linear, and

kf k.Lp.S IX//� D kvkLq.S IX�/:

A.6 Equations of mathematical physics

A.6.1 Dirac delta-function and its properties

This function was studied by the French mathematicians Augustin Louis Cauchy and
Simeon Denis Poisson, and the German mathematician and mechanic Gustav Kirch-
hoff. The function was widely used by the prominent English mathematician, physi-
cist, and engineer Oliver Heaviside in his fundamental book “Electromagnetic The-
ory” (vol. 2).

The name used now is delta-function, but Heaviside called it the unit impulse func-
tion. After Heaviside this function was also considered by the French mathematician
Henri Lebesgue. In works by Heaviside this function was an efficient instrument for
solving problems of mathematical physics. His book contains representations of the
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impulse function as a Fourier series, a Fourier integral, and an expansion in terms of
some systems of functions. These expansions can be found in numerous textbooks on
mathematical physics.

It should be noted that Heaviside considered that the delta-function is a typical
function, just as all other ones. The delta-function was again introduced into math-
ematical physics in 1928 by the English theoretical physicist Dirac in his classical
work “Principles of Quantum Mechanics”. He pointed out that, strictly speaking, the
delta-function cannot be considered a typical function. In the modern physical and
mathematical literature, this function is named after Paul Dirac and is usually denoted
by the Greek symbol ı.x/.

Now, after this short introduction, we can define the Dirac delta-function and pres-
ent its basic properties.

The Dirac delta-function is a representative of singular generalized functions. The
notion of Dirac delta-function ı.x/ as a generalized function can be obtained by con-
sidering it as the limit of functional sequences possessing certain properties.

Consider, for instance, a sequence of piecewise-constant functions ¹ın.x/º, x 2 R,
defined by the rule

ın.x/ D

´
n=2; jxj < 1=n;

0; jxj > 1=n:

Notice that at any n the function ın.x/ has some important properties. These are:

1) ın.x/ D ın.�x/ (evenness);

2)
R1
�1 ın.x/ dx D 1;

3) for any continuous function f .x/Z 1
�1

f .x/ın.x/ dx D f .x
�/;

where x� is some point from the interval .�1=n; 1=n/;

4)

ın.x/ D
d

dx
ˆn.x/; x ¤ ˙

1

n
;

ˆn.x/ D

Z x

�1

dx D

8̂<
:̂
0; x < �1=n;

.1C nx/=2; jxj < 1=n;

1; x > 1=n:

It should be noted that as n!1, the function ˆn.x/ tends in the limit to the Heavi-
side step theta function �.x/, that is,

lim
n!1

ˆn.x/ D �.x/ D

´
1; x � 0;

0; x < 0:
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The following sequences of functions ın.x/ also have properties 1–3:

ın.x/ D

´
n � n2jxj; jxj < 1=n;

0; jxj > 1=nI

ın.x/ D

´
.n=2/.1C cos.n�x//; jxj < 1=n;

0; jxj > 1=nI

ın.x/ D
n

�.1C n2x2/
; x 2 RI

ın.x/ D
n
p
�

e�n
2x2 ; x 2 R:

Let n tend to infinity in the above-considered sequences of functions ın.x/. We
have

lim
n!1

ın.x/ D

´
0; x ¤ 0;

1; x D 0:

This relation shows that, generally speaking, the limiting element of these functional
sequences is not a function in the classical sense. Therefore, as n ! 1, the limit
should be understood not in terms of uniform convergence, but in terms of weak
convergence. A sequence ¹gn.x/º weakly converges on an interval .a; b/ if for any
continuous function f .x/ there exists a limit,

lim
n!1

Z b

a

f .x/gn.x/ dx D

Z b

a

f .x/g.x/ dx;

which determines the limiting element g.x/ of the weakly convergent sequence
¹gn.x/º, even if this limiting element is not a function in the classical sense.

Thus, the limiting element to which the above-considered sequences ¹ın.x/º con-
verge in terms of weak convergence, will be called the generalized delta-function and
denoted by ı.x/.

Properties 1)–3) of the functions ın.x/ do not depend on n. Therefore, these prop-
erties can also be assigned to the limiting element, that is,

ı.x/ D ı.�x/IZ 1
�1

ı.x/ dx D 1I (A.6.1)

and for any continuous function f .x/Z 1
�1

f .x/ı.x/ dx D f .0/: (A.6.2)

Formula (A.6.1) can be considered as a consequence of formula (A.6.2) at f .x/ � 1.
Therefore, the integral relation (A.6.2) can be taken as the main property of the
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delta-function, and formula (A.6.2) can be considered a definition of the Dirac delta-
function in the sense of weak convergence, that is,

lim
n!1

Z 1
�1

f .x/ın.x/ dx D f .0/:

Taking into account property 4) of the above-considered sequence of piecewise-
constant functions as n!1, we obtain the formula

ı.x/ D � 0.x/; �.x/ D

´
1; x � 0;

0; x < 0;

which defines the generalized delta-function as the derivative of the Heaviside step
theta function. This formula is naturally understood as a limiting one in the sense of
weak convergence.

In addition to the delta-function ı.x/, a function of the form ı.x � x0/ is also
introduced to describe a concentrated action at a point x D x0. The latter delta-
function is defined by the following integral relation:Z 1

�1

f .x/ı.x � x0/ dx D f .x0/;

where f .x/ is any continuous function.
A spatial delta-function ı.x/, x 2 Rn, is introduced in a similar way. For instance,

the delta-function in a three-dimensional space is defined by ı-sequences of products
ın.x1/ın.x2/ın.x3/, x D .x1; x2; x3/ 2 R3. Therefore, by definition,

ı.x/ D ı.x1/ı.x2/ı.x3/

and

ı.x � x0/ D ı.x1 � x
0
1/ı.x2 � x

0
2/ı.x3 � x

0
3/;

where x0 D .x01 ; x
0
2 ; x

0
3/ 2 R3.

The main property of this spatial generalized function is the integral relation•
�

f .x/ı.x � x0/ dx D

´
f .x0/; x0 2 �;

0; x0 … �;

where f .x/ is a function that is continuous in the domain �. The domain � can be
the entire space R3.

For f .x/ � 1, we have•
�

ı.x � x0/ dx D

´
1; x0 2 �;

0; x0 … �:
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A.6.2 Basic equations of mathematical physics

Mathematical description of many physical processes often leads to differential, inte-
gral, or even integro-differential equations. A wide class of physical processes can be
described by linear second-order differential equations.

The equation of small transversal vibrations of a string has the following form:

�
@2u

@t2
D T0

@2u

@x2
C F;

where u.x; t/ is the deviation of the string from the location of equilibrium at a point x
at a time t , �.x/ is the string density, T0 is the string tension, and the free term F.x; t/

is the rate of an external disturbance. If the density � is constant, �.x/ D �, the
equation of string vibration takes the following form:

@2u

@t2
D a2

@2u

@x2
C f; (A.6.3)

where f D F.x; t/=� and a2 D T0=� is a constant. This equation is also called the
one-dimensional wave equation.

The equation of small transversal vibrations of a membrane,

�
@2u

@t2
D T0

�@u2
@x21
C
@2u

@x22

�
C F;

in the case of constant density � D �.x/ is reduced to the form

@2u

@t2
D a2

�@2u
@x21
C
@2u

@x22

�
C f; a2 D

T0

�
; f D

F

�
; (A.6.4)

and is called the two-dimensional wave equation.
The three-dimensional wave equation

@2u

@t2
D a2

�@2u
@x21
C
@2u

@x22
C
@2u

@x23

�
C f (A.6.5)

describes the propagation of sound waves in a homogeneous medium and the propa-
gation of electromagnetic waves in a homogeneous nonconducting medium. The fluid
density, pressure, and velocity potential, as well as the components of magnetic and
electric field strength and corresponding potentials satisfy this equation.

The wave equations (A.6.3)–(A.6.5) can be written in a condensed form,

�au D f; (A.6.6)

where �a is the wave operator (the D’Alembert operator)

�a D
@2

@t2
� a2� .� D �1/;
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and � is the Laplace operator

� D
@2

@x21
C

@2

@x22
C � � � C

@2

@x2n
:

Heat conduction in an isotropic homogeneous medium is described by the follow-
ing equation:

@u

@t
D a2�uC f; a2 D

k

c�
; f D

F

c�
; (A.6.7)

where u.x; t/ is the temperature of the medium at a point x 2 R3 at a time t ; the
constants �, c, and k denote the density, specific heat, and heat conductivity coefficient
of the medium; F.x; t/ is the rate of heat sources. Equation (A.6.7) is called the heat
conduction equation. In this equation, there can be any number n of space variables
x1; x2; : : : ; xn.

If the external perturbation f .x; t/ in the wave equation (A.6.6) is periodic with
frequency ! and amplitude a2f .x/, that is,

f .x; t/ D a2f .x/ei!t ;

and the periodic perturbations u.x; t/ have the same frequency and unknown ampli-
tude u.x/,

u.x; t/ D u.x/ei!t ;

the function u.x/ satisfies the steady-state equation

�uC k2u D �f .x/; k2 D
!2

a2
; (A.6.8)

called the Helmholtz equation. At k D 0 equation (A.6.8) takes the form

�u D �f (A.6.9)

called the Poisson equation , and if f D 0, equation (A.6.9) is called the Laplace
equation:

�u D 0:

Let us now introduce some integral equations.
An equation of the form

q.t/ D

Z b

a

K.t; �/q.�/ d� C f .t/; t 2 Œa; b
; (A.6.10)
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is called a Fredholm integral equation of the second kind, and an equation of the formZ b

a

K.t; �/q.�/ d� D f .t/; t 2 Œa; b
; (A.6.11)

is called a Fredholm integral equation of the first kind. Here q.t/ is the sought-for
function, f .t/ is a function given on Œa; b
, and K.t; �/ is a function called the kernel
of the integral equation, defined and square-integrable in the domain Œa; b
 � Œa; b
,
that is,

R b
a

R b
a K

2.s; �/ ds d� <1.
If the kernel K.t; �/ has a special form

K.t; �/ D

´
k.t; �/; a � � � t;

0; t < � � b;

equations (A.6.10) and (A.6.11) reduce to

q.t/ D

Z t

a

k.t; �/q.�/ d� C f .t/;Z t

a

k.t; �/q.�/ d� D f .t/:

These are called Volterra integral equations of the second and first kind, respectively.
The function k.t; �/, which is assumed to satisfy the condition

R b
a

R t
a k

2.t; �/ d� dt <

1, is called the kernel of the Volterra integral equation. In some problems, this
assumption may be weakened and continuous kernels are considered.

In studying the properties of integral equations, in particular, the dependence of
solutions on the initial data, the following Gronwall (Gronwall–Bellman) lemma is
often useful.

Lemma (Gronwall). Let a continuous function y.t/ � 0 on an interval J 3 t0 satisfy
the inequality

y.t/ � y0 C
ˇ̌̌ Z t

t0

M.s/y.s/ ds
ˇ̌̌
;

where y0 � 0 and M W J ! R is a continuous nonnegative function. Then

y.t/ � y0 � exp
°ˇ̌̌ Z t

t0

M.s/ ds
ˇ̌̌±
; t 2 J:

A.6.3 Classical Cauchy problem for the wave equation

The classical Cauchy problem for the wave equation has the following form:

@2u

@t2
� a2�u D f .x; t/; (A.6.12)

u
ˇ̌
tD0
D u0.x/;

@u

@t

ˇ̌̌
tD0
D u1.x/; (A.6.13)
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where

f 2 C 2.t � 0/; u0 2 C
2.Rn/; u1 2 C

2.Rn/ at n D 3; 2I (A.6.14)

f 2 C 1.t � 0/; u0 2 C
2.R/; u1 2 C

1.R/ at n D 1: (A.6.15)

There exists a unique solution to the Cauchy problem (A.6.12)–(A.6.15). It is ex-
pressed by:

� the Kirchhoff formula at n D 3:

u.x; t/ D
1

4�a2

Z
B.x;at/

f .	; t � jx � 	j=a/

jx � 	j
d	

C
1

4�a2t

Z
S.x;at/

u1.	/ dS C
1

4�a2
@

@t

h1
t

Z
S.x;at/

u0.	/ dS
i
I

� the Poisson formula at n D 2:

u.x; t/ D
1

2�a

Z t

0

Z
B.x;a.t��//

f .	; �/ d	 d�p
a2.t � �/2 � jx � 	j2

C
1

2�a

Z
B.x;at/

u1.	/ d	p
a2t2 � jx � 	j2

C
1

2�a

@

@t

Z
B.x;at/

u0.	/ d	p
a2t2 � jx � 	j2

I

� the D’Alembert formula at n D 1:

u.x; t/ D
1

2a

Z t

0

Z xCa.t��/

x�a.t��/

f .	; �/ d	 d�

C
1

2a

Z xCat

x�at

u1.	/ d	 C
1

2
Œu0.x C at/C u0.x � at/
:

This solution continuously depends on the data f , u0, and u1 of the Cauchy prob-
lem in the following sense: if

jf � Qf j � "; ju0 � Qu0j � "0; ju1 � Qu1j � "1; jgrad.u0 � Qu0/j � "00

(the latter inequality is not needed at n D 1), the corresponding solutions u and Qu in
any band 0 � t � T satisfy the following estimates:

ju.x; t/ � Qu.x; t/j �
T 2

2
"C T"1 C "0 C aT"

0
0 .n D 2; 3/;

ju.x; t/ � Qu.x; t/j �
T 2

2
"C T"1 C "0 .n D 1/:

Thus, the Cauchy problem for the wave equation (A.6.12), (A.6.13) is correct under
the assumptions (A.6.14), (A.6.15).
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A.6.4 Fundamental solution of a differential operator

Let L.Rn/ denote all functions of the class C1.Rn/ that decrease, as jxj ! 1, with
all their derivatives faster than any power of jxj�1. Convergence in the space L.Rn/ is
defined as follows: a sequence of functions ¹ukº from L.Rn/ converges to a function
u 2 L.Rn/, uk ! u, as k !1 in L.Rn/ if for all ˛ and ˇ the sequence of functions
¹xˇD˛uk.x/º uniformly converges to xˇD˛u.x/ as k !1 on Rn. It is evident that
L.Rn/ is a linear space. In addition, D.Rn/ � L.Rn/, and convergence in D.Rn/
implies convergence in L.Rn/.

A generalized function of slow growth is any linear continuous functional on the
space of basic functions L.Rn/. The generalized function of slow growth will be
assumed to be complex-valued. Let L�.Rn/ denote the set of all generalized func-
tions of slow growth. Convergence in L�.Rn/ is defined as weak convergence of a
sequence of functionals: a sequence of generalized functions ¹fkº from L�.Rn/ con-
verges to a generalized function f 2 L�.Rn/ if for any u 2 L.Rn/ fk.u/! f .u/,
k !1.

The linear set L�.Rn/ with the above-introduced convergence is called the space
of generalized functions of slow growth L�.Rn/.

It should be noted that L�.Rn/ � D�.Rn/ and convergence in L�.Rn/ implies
convergence in D�.Rn/.

An important peculiarity of the class of generalized functions of slow growth is that
the Fourier transform of a function from this class is a function of this class.

Since the basic functions from L.Rn/ are absolutely integrable on Rn, one can
define a function

F Œu
.	/ D

Z
u.x/ei.�;x/ dx; u 2 L.Rn/;

called the Fourier transform of the function u.x/. The function F Œu
.	/ is bounded
and continuous in Rn. The Fourier transform F maps L.Rn/ onto L.Rn/, and this is
a one-to-one correspondence.

The Fourier transform of a generalized function ' 2 L�.Rn/ is defined by the
formula

F Œ'
.u/ D '.F Œu
/; ' 2 L�.Rn/; u 2 L.Rn/:

The Fourier transform is a linear and continuous operation from L�.Rn/ to L�.Rn/.
Consider an arbitrary linear differential equation of order m with coefficients a˛ 2

C1.Rn/: X
j˛j�m

a˛.x/D
˛u D f .x/; u; f 2 D�.Rn/:

This equation can be rewritten in operator form as follows:

L.x;D/u D f .x/; (A.6.16)
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where

L.x;D/ D
X
j˛j�m

a˛.x/D
˛:

A generalized solution of equation (A.6.16) in a domainG is any generalized func-
tion u 2 D�.Rn/ that satisfies this equation in the domain G in the following gener-
alized sense, that is, for any v 2 D.G/:

.L.x;D/u/.v/ D f .v/:

If f 2 C.G/ and a generalized solution u.x/ of equation (A.6.16) in a domain G
belongs to the class Cm.G/, it is also a classical solution of this equation in the
domain G.

Let L.D/ be a differential operator with constant coefficients:

L.D/ D
X
j˛j�m

a˛D
˛:

A fundamental solution (influence function) of the operator L.D/ is a generalized
function E 2 D�.Rn/ that satisfies in Rn the following equation:

L.D/E D ı.x/:

The fundamental solution E.x/ of the operator L.D/ is, generally speaking, not
unique. It is determined up to a term E0.x/, which is an arbitrary solution of the
homogeneous equation L.D/E0 D 0.

Theorem A.6.1. For a generalized function E from L�.Rn/ to be a fundamental
solution of the operator L.D/, it is necessary and sufficient that its Fourier trans-
form F ŒE
 satisfy the equation

L.�i	/F ŒE
 D 1;

where

L.	/ D
X
j˛j�m

a˛	
˛:

The fundamental solution En of the wave operator

�aEn D ı.x; t/

in the space L�.Rn/ is derived by using the Fourier transform:

En.x; t/ D �.t/F
�1
�

hsin.aj	jt /

aj	j

i
:
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At n D 3; 2; 1 the fundamental solutions of the wave operator �a have the following
form:

E3.x; t/ D
�.t/

2�a
ı.a2t2 � jxj2/;

E2.x; t/ D
�.at � jxj/

2�a
p
a2t2 � jxj2

;

E1.x; t/ D
1

2a
�.at � jxj/:

The Laplace operator� D @2

@x21
C� � �C @2

@x2n
has the following fundamental solutions:

E2.x/ D
1

2�
ln jxj;

En.x/ D �
1

.n � 2/�n
jxj�nC2; n � 3:

A derivation of these formulas and a detailed description of the theory of general-
ized functions as applied to equations of mathematical physics can be found in [A.1].
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B.1 Supplementary exercises and control questions

Supplementary exercises for Chapter 1

1. Try to estimate how many different inverse problems can be formulated for the
acoustic equation.

2. All the main problems of geophysics are essentially inverse problems. Try to
explain why.

3. How many areas of mathematics and what other sciences were discussed in this
chapter?

4. Formulate several inverse problems for the parabolic equation ut D uxx �

q.x/u similar to those formulated above for the acoustic equation.

5. Which of the inverse and ill-posed problems discussed in this chapter are linear
and which are nonlinear?

6. Give new examples of inverse and ill-posed problems—those you might have
read or thought about—and write a short account of what you understood and
what was unclear to you after studying this chapter. Please feel free to send
your account to the author (email: kabanikhin@mail.ru). Your feedback will be
sincerely appreciated.

Control questions for Chapter 2

1. Formulate the well-posedness conditions (in the sense of Hadamard) for a prob-
lem Aq D f . Which approaches are used for solving the problem if one of the
conditions fails?

2. Prove that the conditional stability estimate for the problem Aq D f on the ball
B.0; C / D ¹q 2 Q: kqk < C º cannot be obtained if the operator A is linear
and compact.

3. Make a brief diagram based on Chapter 2 that reflects the relationships and
differences between the concepts of a quasi-solution, pseudo-solution, normal
solution, etc.

4. Analyze the regularizing properties of gradient methods.
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Control questions for Chapter 3

1. Write the general structure of Chapter 3 in the form of a diagram.

2. Compare the main concepts and methods presented in Chapter 3 with those in
the previous chapter.

Control questions for Chapter 4

1. Which of the other chapters are related to the results presented in Chapter 4?

2. Give examples of integral equations of the first kind occurring in various applied
problems (see Chapter 1).

3. Investigate the simplest inverse problem for the system of Maxwell’s equations
(see Chapter 10) after reducing it to a Volterra operator equation.

Supplementary exercises for Chapter 5

1. How are the problems considered in Chapters 4 and 5 related to each other, and
what are the differences between them?

2. Find the problems in Chapter 10 that use the results of this chapter.

Supplementary exercises for Chapter 6

1. Analyze the relationship between the Gelfand–Levitan method and the method
presented in Chapter 11.

2. Write the formula that relates the Jost function and the spectral function.

Supplementary exercises for Chapter 7

1. Compare the degree of ill-posedness of the problems in this section and those in
Section 8.

2. Give examples of practical application of the inverse problem from Section 7.4.

Supplementary exercises for Chapter 8

1. Compare the results obtained in this chapter with analogous results of Chapter 7.

2. Try to estimate the degree of ill-posedness for the problems in this chapter and
calculate the singular numbers where possible.
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Supplementary exercises for Chapter 9

1. Analyze the specific characteristics of the generalized solution discussed in this
chapter.

2. Verify that the operator A� defined by formula (9.4.33) is the adjoint of the
operator A.

Control questions for Chapter 10

1. Analyze the interrelations between the problems considered in Chapter 10 and
those in Chapters 2, 4, 5, 6.

2. Why Chapter 10 contains more results, both theoretical and applied, as com-
pared to the other chapters?

Control questions for Chapter 11

1. Formulate the main distinctions of inverse problems for hyperbolic, parabolic
and elliptic equations.

2. How to go from parabolic or elliptic equation to hyperbolic one? Which as-
sumptions must be met?

3. Try to construct a Hadamard model for problems of Chapter 11.
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Epilogue

This monograph is devoted to one of the most recently developed branches of modern
applied mathematics—inverse problems of natural sciences. The main difficulty in the
study of inverse problems is caused by the fact that a rather extensive mathematical
training is required for an in depth understanding of these problems. To make the
study process easier and more effective, the author included a supplementary chapter
that covers relevant topics from various areas of mathematics ranging from linear
algebra to mathematical physics and functional analysis (Appendix A).

The first five chapters of the monograph are quite accessible to third-year university
students. The author is absolutely convinced that the teaching of inverse and ill-posed
problems should start not later than in the third year of university. The material in the
next chapters gradually becomes more advanced. The problems presented become
more complex and many steps have to be omitted from the proofs, the reader being
referred to more specialized literature. At the same time, the presentation strategy of
the second half of the monograph makes it possible to introduce the reader to a variety
of modern problems being solved by numerous research groups in most developed
countries.

It should be noted that a lot of important subjects are not covered in this monograph.
However, books and papers on these subjects are mentioned in the supplementary
references at the end of each chapter.

This monograph attempts to describe almost all the main areas of the theory of
inverse and ill-posed problems under a single cover. It is therefore almost certain
that the reader will notice typographical errors, a lack of clarity in some parts of the
presentation, and possibly even some inaccuracies (and we hope there are none!). The
author will be very grateful for any feedback, comments, and suggestions on possible
corrections and/or updates. Please send them to kabanikhin@mail.ru.
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