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Preface

First publications on inverse and ill-posed problems date back to the first half of the
20th century. Their subjects were related to physics (inverse problems of quantum
scattering theory), geophysics (inverse problems of electrical prospecting, seismol-
ogy, and potential theory), astronomy, and other areas of natural sciences. Since the
advent of powerful computers, the area of application for the theory of inverse and
ill-posed problems has extended to almost all fields of science that use mathematical
methods. In direct problems of mathematical physics, researchers try to find exact or
approximate functions that describe various physical phenomena such as the propaga-
tion of sound, heat, seismic waves, electromagnetic waves, etc. In these problems, the
media properties (expressed by the equation coefficients) and the initial state of the
process under study (in the nonstationary case) or its properties on the boundary (in
the case of a bounded domain and/or in the stationary case) are assumed to be known.
However, it is precisely the media properties that are often unknown. This leads to
inverse problems, in which it is required to determine the equation coefficients from
the information about the solution of the direct problem. Most of these problems
are ill-posed (unstable with respect to measurement errors). At the same time, the
unknown equation coefficients usually represent important media properties such as
density, electrical conductivity, heat conductivity, etc. Solving inverse problems can
also help to determine the location, shape, and structure of intrusions, defects, sources
(of heat, waves, potential difference, pollution), and so on. Given such a wide variety
of applications, it is no surprise that the theory of inverse and ill-posed problems has
become one of the most rapidly developing areas of modern science. Today it is al-
most impossible to estimate the total number of scientific publications that directly or
indirectly deal with inverse and ill-posed problems. However, since the theory is rel-
atively young, there is a shortage of textbooks on the subject. This is understandable,
since many terms are still not well-established, many important results are still being
discussed and attempts are being made to improve them. New approaches, concepts,
and theorems are constantly emerging.

The main purpose and characteristic feature of this monograph is the accessibility
of presentation and an attempt to cover the rapidly developing areas of the theory
of inverse and ill-posed problems as completely as possible. It is motivated by two
considerations. On one hand, there are a lot of books providing complete coverage
of specific branches of the theory of inverse and ill-posed problems. On the other
hand, there is no book providing a description of all the subjects listed in the table of
contents of this book under a single cover. In this situation, a book that summarizes
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previous results and essential characteristics of the theory of inverse and ill-posed
problems and its numerical methods using simple and not so simple examples will be
useful for senior undergraduate students, graduate and PhD students, recent graduates
getting practical experience, engineers and specialists in various fields dealing with
mathematical methods who study inverse and ill-posed problems.

This monograph is based on lectures and special courses taught by the author for
over 25 years at the Department of Mathematics and Mechanics and the Department
and Geology and Geophysics of Novosibirsk State University, universities in Ger-
many (The University of Karlsruhe), Italy (The University of Milan and The Univer-
sity of Perugia), Kazakhstan (Kazakh-British Technical University, Almaty), China
(Hangzhou University), Sweden (Royal Institute of Technology, Stockholm), Japan
(The University of Tokyo), and other countries.

The sources used for this book include well-known books and papers by Rus-
sian and foreign authors (see the main bibliography and the supplementary refer-
ences). The content of specific chapters and the book as a whole was discussed on
many occasions with academicians M. M. Lavrentiev and S. K. Godunov, M. I. Epov,
B. G. Mikhailenko, corresponding members of The Russian Academy of Sciences
V. G. Romanov and V. V. Vasin, professors A. G. Yagola, V. S. Belonosov, M. Yu. Ko-
kurin, and V. A. Yurko, with my coauthors Drs. G.B. Bakanov, M. A. Bektemesov,
K.T. Iskakov, A.L. Karchevsky, K.S. Abdiev, A.S. Alekseenko, S.V. Martakov,
A.T. Nurseitova, D. B. Nurseitov, M. A. Shishlenin, B. S. Boboev, A. V. Penenko and
D. V. Nechaev. I am grateful to all of them for useful discussions and for their kind
permission to use the results of our discussions and joint publications in this book.
I also gratefully acknowledge constant support from all my former and present col-
leagues in the department headed by Mikhail Mikhailovich Lavrentiev at the Sobolev
Institute of Mathematics.

The majority of the results included in this monograph were obtained by the founders
and representatives of research groups from Moscow, Novosibirsk, Yekaterinburg
(Sverdlovsk), and St. Petersburg (Leningrad). The book also includes the results of
joint publications and discussions with my coauthors J. Gottlieb (Karlsruhe), M. Gras-
selli (Milan), A. Hasanoglu (Izmir), S. He (Hangzhou), B. Hofmann (Chemnitz),
M. Klibanov (Charlotte, NC), R. Kowar (Linz), A. Lorenzi (Milan), O. Scherzer (Inns-
bruck), S. Strom (Stockholm), and M. Yamamoto (Tokyo), whom I wish to thank for
their contribution.

D. V. Nechaev provided valuable help in the design and technical editing of the
book.

The author is very grateful to I. G. Kabanikhina, who kindly proofread and analyzed
the manuscript for clarity and accessibility of presentation, persistently and method-
ically searching for parts that appeared to be vague or difficult for understanding,
correcting and sometimes modifying them.
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Itis hard to overestimate the contribution of the reviewers, V. V. Vasin, A. G. Yagola,
and V. S. Belonosov, whose criticism and advice helped to significantly improve the
content and quality of this monograph.

The work on this monograph was supported by the Russian Foundation for Fun-
damental Research (projects 05-01-00171 and 05-01-00559), a grant of the Pres-
ident of the Russian Federation (project NSh-1172.2003.1), integration projects of
the Siberian Branch of the Russian Academy of Sciences (Nos. 16, 26, and 48), the
“Universities of Russia” program managed by the Federal Education Agency of the
Russian Federation (Rosobazovanie) (project UR.04.01.200), the International Foun-
dation for Inverse Problems (Almaty, Kazakhstan), the Non-profit Foundation for
Inverse Problems in Science (Novosibirsk, Russia), the president of Kazakh-British
Technical University (Almaty) and the staff of its Department of Mathematics and
Cybernetics. The author sincerely appreciates their support.

The author thanks I. G. Kabanikhina, D.D. Dotsenko and O. A. Yudina for their
very important help with translation of this book.

Finally, he wishes to express his most profound gratitude to his Mentor, Vladimir
Gavrilovich Romanov, who helped him discover the wonderful and fascinating world
of inverse and ill-posed problems. This book would not have been conceived and
written without his influence.

Novosibirsk, July 2011 Sergey 1. Kabanikhin






Denotations

D(A) — domain of definition of operator A, D(4) C Q
R(A) — range of values of operator 4, R(A) C F

AM)={feF:3ge M :Aq = f}
— image of set M C Q, in particular, A(Q) = R(A)

1 — unit operator (matrix), Vg € Q Iq =g¢q
PNQO — setofall x suchthatx € P and x € QO
PUQ — setofall x,suchthatx € Porx € Q
A* — adjoint operator of A

o* — dual space of Q

A1 — inverse operator of A, that is, AA" Y =1

KerA = N(A)={qe€ Dy : Aqg =0}
— kernel of operator 4

£(Q,F) — space of all linear continuous operators mapping normed space Q
into normed space F'

N+ — orthogonal complement of subspace N C Q,
N+={qeQ:¥peN(qp) =0}

(g, p) — inner product in Hilbert space or value of functional ¢ € Q* of

element p € Q: (g, p) = q(p)
N =1{1,23...)

— set of all natural numbers

Z={..,-101,...}
— set of all integers

Q — set of all rational numbers
R — set of all real numbers
C — set of all complex numbers

Ry ={xeR:x >0}



X Denotations

R” = {(x1,X2,....Xp) 1 x; €R,i =1,n},
i = m, n means that i takes all integers from m to n

E” — Euclidean space with inner product (a, b) = > aib;,
b; — complex conjugate of b;

H — Hilbert space with inner product (-, -)

B — Banach space with norm || - ||

N — normed space with norm || - ||

M — metric space with metric p(-, )

£ — linear space with operations of vector addition and scalar multipli-
cation

A| M — restriction of operator A on M C D(A)

qe — exact solution of problem Ag = f

qr? — normal (with respect to gg) solution of problem Ag = f

qn — normal (with respect to the zero element) solution of problem
Ag=f

9p — pseudo-solution

qg — normal (with respect to ¢°) pseudo-solution

qé” — quasi-solution on set M C Q

Gnp — normal pseudo-solution (that is, pseudo-solution that is normal with
respect to the zero element)

Cc(G) — space of functions continuous on G

C™(G) — space of functions continuous with their derivatives up to order
m € N onset G, C°(G) = C(G)

Ly(G) — space of functions integrable with degree p on set G

Wkp(G) — Sobolev space, k, p € N, H?(G) = WF(G), H*(G) = L,(G)

8(x) — Dirac delta-function

0(x) — Heaviside theta function, 6(x) = {(1) fcz%’

inf £ — infimumofset E C M,c = infE € M if, first, Vx € E x > ¢,

and, second, Ve > 0 dy € E: ¢ < y < ¢ + ¢ (sup E, supremum of
set E, is defined by analogy)



Denotations

X1

J : O - R — functional from Q into R

J' — gradient of functional

g+ = argminp J(q)

— element on which functional J(g) reaches its minimal value for

all g satisfying condition P

B(q.¢) — open ball of radius ¢ with center at point ¢,

B(g,e) ={p € Q:p(p.q) <&}

S(q,¢) — sphere of radius ¢ with center at point g,

S(q.e) ={p € 0 :p(p,q) = ¢}

m X n matrix

— matrix with m rows and n columns

diag(ay,az,...,ap,m,n)

— diagonal m x n matrix, p = min{m, n}, whose elements g;; satisfy

aj, i=j,
0, i#j

{an} — sequence a1, dz,ds, ...

condition a;; = {

span{ai,asz,...,dan,...}

— linear span of elements ay,az, ...,

span{a,} = {)>_, Pntn.Bn € R} (summation may be done also

over a finite set of elements)

det A — determinant of nxn matrix A is defined by induction on n:
det A = Y"_ (=1)¥+Sap  Ags, where Ay is determinant of
(n — 1) x (n — 1) matrix obtained from A by deleting kth row and

sth column

7. 9%y
Av = Axv = Z ax—z
i=1 1
— Laplace operator in R”
9%v
v = 8[_2 — AxU
— D’Alembert operator

dg(x) 0dg(x)

Ve(n) = Veg(n) = grad, g(0) = (T

— gradient of function g(x), x € R”

ooy

3)62 o

ag(X))

0xp



Xii Denotations

d 0 d
divu = divyu = 2 4 212 4 08
3)61 8)62 8X3
— divergence of vector-function u(x) = (u1(x), uz2(x), uz(x)),
x € R3
81/[3 8142 Bul 8143 8142 81/[1

tu=roty =(——-— —, — — —, —= — —
rotu = rokx (axz 0x3 0x3 0x1 0x1 8x2)

— rotor of vector-function u(x) = (u1(x), us(x), u3(x)), x € R3
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Chapter 1
Basic concepts and examples

Some think the Earth is spherical, others that it is flat and drum-shaped.
For evidence they bring the fact that, as the sun rises and sets, the part

concealed by the Earth shows a straight and not a curved edge, whereas if
the Earth were spherical the line of section would have to be circular ...

... but in eclipses of the moon the outline is always curved: and, since it is
the interposition of the Earth that makes the eclipse, the form of this line will
be caused by the form of the Earth’s surface, which is therefore spherical.

Aristotle. “On the Heavens”. Written 350 B.C.E.

In this chapter we give the main definitions and consider various examples of inverse
and ill-posed problems. These problems are found everywhere in mathematics (see
the right column of Tables 1 and 2) and in virtually any area of knowledge where
mathematical methods are used. Scientists have been dealing with them since an-
cient times (see the epigraph), but it wasn’t until the middle of the 20th century that
these problems began to be studied systematically and gradually earned the right to
be considered a promising area of modern science.

1.1 On the definition of inverse and ill-posed problems

In our everyday life we are constantly dealing with inverse and ill-posed problems
and, given good mental and physical health, we are usually quick and effective in
solving them. For example, consider our visual perception. It is known that our eyes
are able to perceive visual information from only a limited number of points in the
world around us at any given moment. Then why do we have an impression that
we are able to see everything around? The reason is that our brain, like a personal
computer, completes the perceived image by interpolating and extrapolating the data
received from the identified points. Clearly, the true image of a scene (generally, a
three-dimensional color scene) can be adequately reconstructed from several points
only if the image is familiar to us, i.e., if we previously saw and sometimes even
touched most of the objects in it. Thus, although the problem of reconstructing the
image of an object and its surroundings from several points is ill-posed (i.e., there
is no uniqueness or stability of solutions), our brain is capable of solving it rather
quickly. This is due to the brain’s ability to use its extensive previous experience
(a priori information). A quick glance at a person is enough to determine if he or she
is a child or a senior, but it is usually not enough to determine the person’s age with
an error of at most five years.
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From the example given in the epigraph, it is clear that considering only the shape
of the Earth’s shadow on the surface of the moon is not sufficient for the unique so-
lution of the inverse problem of projective geometry (reconstructing the shape of the
Earth). Aristotle wrote that some think the Earth is drum-shaped based on the fact that
the horizon line at sunset is straight. And he provides two more observations as evi-
dence that the Earth is spherical (uses additional information): objects fall vertically
(towards the center of gravity) at any point of the Earth’s surface, and the celestial
map changes as the observer moves on the Earth’s surface.

Attempting to understand a substantially complex phenomenon and solve a problem
such that the probability of error is high, we usually arrive at an unstable (ill-posed)
problem. Ill-posed problems are ubiquitous in our daily lives. Indeed, everyone real-
izes how easy it is to make a mistake when reconstructing the events of the past from
a number of facts of the present (for example, reconstructing a crime scene based on
the existing direct and indirect evidence, determining the cause of a disease based
on the results of a medical examination, and so on). The same is true for tasks that
involve predicting the future (predicting a natural disaster or simply producing a one
week weather forecast) or “reaching into” inaccessible zones to explore their structure
and internal processes (subsurface exploration in geophysics or examining a patient’s
brain using NMR tomography).

Almost every attempt to expand the boundaries of visual, aural, and other types of
perception leads to ill-posed problems.

What are inverse and ill-posed problems? While there is no universal formal def-
inition for inverse problems, an “ill-posed problem” is a problem that either has no
solutions in the desired class, or has many (at least two) solutions, or the solution
procedure is unstable (arbitrarily small errors in the measurement data may lead to
indefinitely large errors in the solutions). Most difficulties in solving ill-posed prob-
lems are caused by instability. Therefore, the term “ill-posed problems” is often used
for unstable problems.

To define various classes of inverse problems, we should first define a direct prob-
lem. Indeed, something “inverse” must be the opposite of something “direct”. For
example, consider problems of mathematical physics.

In mathematical physics, a direct problem is usually a problem of modeling some
physical fields, processes, or phenomena (electromagnetic, acoustic, seismic, heat,
etc.). The purpose of solving a direct problem is to find a function that describes a
physical field or process at any point of a given domain at any instant of time (if the
field is nonstationary). The formulation of a direct problem includes

1. the domain in which the process is studied;
2. the equation that describes the process;
3. the initial conditions (if the process is nonstationary);

4. the conditions on the boundary of the domain.
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For example, we can formulate the following direct initial boundary value problem
for the acoustic equation: In the domain

Q C R” with boundary I' = 32, R” is a Euclidean space, (1.1.1)
it is required to find a solution u(x, t) to the acoustic equation
c_z(x)u,t = Au—Vinp(x)-Vu + h(x,t) (1.1.2)
that satisfies the initial conditions

M()C,O) = QD(X), ul(x’o) = W(x) (113)

and the boundary conditions

2—: . = g(x,1). (1.1.4)
Here u(x, t) is the acoustic pressure, ¢(x) is the speed of sound in the medium, p(x)
is the density of the medium, and i (x, ) is the sources function. Like most direct
problems of mathematical physics, this problem is well-posed, which means that it
has a unique solution and is stable with respect to small perturbations in the data. The
following is given in the direct problem (1.1.1)—(1.1.4): the domain 2, the coefficients
¢(x) and p(x), the source function /(x, t) in the equation (1.1.2), the initial conditions
¢(x) and ¥ (x) in (1.1.3), and the boundary conditions g(x,¢) in (1.1.4).

In the inverse problem, aside from u(x, t), the unknown functions include some of
the functions occurring in the formulation of the direct problem. These unknowns are
called the solution to the inverse problem. In order to find the unknowns, the equations
(1.1.2)—(1.1.4) are supplied with some additional information about the solution to the
direct problem. This information represents the data of the inverse problem. (Some-
times the known coefficients of the direct problem are also taken as data of the inverse
problem. Many variants are possible.) For example, let the additional information be
represented by the values of the solution to the direct problem (1.1.2)—(1.1.4) on the
boundary:

ulr = f(x,1). (1.1.5)

In the inverse problem, it is required to determine the unknown functions occurring
in the formulation of the direct problem from the data f(x,?). Inverse problems of
mathematical physics can be classified into groups depending on which functions are
unknown. We will use our example to describe this classification.
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Classification based on the unknown functions. The inverse problem (1.1.2)-
(1.1.5) is said to be retrospective if it is required to determine the initial conditions,
i.e., the functions ¢(x) and ¥ (x) in (1.1.3). The inverse problem (1.1.2)—(1.1.5) is
called an inverse boundary value problem, if it is required to determine the function
in the boundary condition (the function g(x,7)). The inverse problem (1.1.2)—(1.1.5)
is called an extension problem if the initial conditions (1.1.3) are unknown and the
additional information (1.1.5) and the boundary conditions (1.1.4) are specified only
on a certain part I'y € I' of the boundary of the domain €2, and it is required to
find the solution u(x, ¢) of equation (1.1.2) (extend the solution to the interior of the
domain). The inverse problem (1.1.2)—(1.1.5) is called an inverse source problem if
it is required to determine the source, i.e., the function /(x,?) in equation (1.1.2).
The inverse problem (1.1.2)—(1.1.5) is called a coefficient problem if it is required to
reconstruct the coefficients (c¢(x) and p(x)) in the main equation.

It should be noted that this classification is still incomplete. There are cases where
both initial and boundary conditions are unknown, and cases where the domain €2 (or
a part of its boundary) is unknown.

Classification based on the additional information. Aside from the initial bound-
ary value problem (1.1.2)—(1.1.4), it is possible to give other formulations of the direct
problem of acoustics (spectral, scattering, kinematic, etc.) in which it is required to
find the corresponding parameters of the acoustic process (eigenfrequencies, reflected
waves, wave travel times, and so on). Measuring these parameters in experiments
leads to new classes of inverse problems of acoustics.

In practice, the data (1.1.5) on the boundary of the domain under study are the most
accessible for measurement, but sometimes measuring devices can be placed inside
the object under study:

Uxm,t) = fm@), m=12,..., (1.1.6)

which leads us to interior inverse problems. Much like problems of optimal control,
retrospective inverse problems include the so-called “final” observations

u(x,T) = f(x). (1.1.7)

Inverse scattering problems are formulated in the case of harmonic oscillations
u(x,t) = e'®"i(x,w), the additional information being specified, for example, in
the form

ﬁ(x,wa):f_(x,a), xe Xy, aeQ, (1.1.8)

where X is the set of observation points and {wy }¢eq is the set of observation fre-
quencies. In some cases, the eigenfrequencies of the corresponding differential oper-
ator

AU —Vinp-VU =AU
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and various eigenfunction characteristics are known (inverse spectral problems). It is
sometimes possible to register the arrival time at points {xy } for the waves generated
by local sources concentrated at points {x"}:

T(x™ xp) = f(X™ x), xp € X1, x™ € Xa.

In this case, the problem of reconstructing the speed c(x) is called an inverse kine-
matic problem.

Classification based on equations. As shown above, the acoustic equation alone
yields as many as M different inverse problems depending on the number and the
form of the unknown functions. On the other hand, one can obtain M, different
variants of inverse problems depending on the number and the type of the measured
parameters (additional information), i.e., the data of the inverse problem. Let g rep-
resent the unknown functions, and let f denote the data of the inverse problem. Then
the inverse problem can be written in the form of an operator equation

Aq = f, (1.1.9)

where A is an operator from the space of unknowns Q to the data space F.

It should be noted in conclusion that, instead of the acoustic equation, we could
take the heat conduction equation, the radiative transfer equation, Laplace or Poisson
equation, or the systems of Lamé or Maxwell equations, and the like. Suppose this
could yield M3 different variants. Then, for equations of mathematical physics alone,
it is possible to formulate about My M, M5 different inverse problems. Many of these
inverse problems became the subjects of monographs.

Remark 1.1.1. It is certainly possible to make the definition of an inverse problem
even more general, since even the law (equation) under study is sometimes unknown.
In this case, it is required to determine the law (equation) from the results of experi-
ments (observations).

The discoveries of new laws expressed in the mathematical form (equations) are
brought about by a lot of experiments, reasoning, and discussions. This complex
process is not exactly a process of solving an inverse problem. However, the term
“inverse problems” is gaining popularity in the scientific literature on a wide variety of
subjects. For example, there have been attempts to view mathematical statistics as an
inverse problem with respect to probability theory. There is a lot in common between
the theory of inverse problems and control theory, the theory of pattern recognition,
and many other areas. This is easy to see, for example, from the results of a search
for “inverse problems” on the web site www.amazon.com. At the time when this
was written (May 31, 2007), the search produced 6687 titles containing the words
“inverse problems”, and each of the books found, in its turn, had a list of references to
the relevant literature. This monograph, however, deals with only a few mathematical
aspects of the theory of inverse problems.
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The structure of the operator A. The direct problem can be written in the operator
form

Al(Fy c, ,O7 hs (p? w7 g) =Uu.

This means that the operator A; maps the data of the direct problem to the solution of
the direct problem, u(x,t). We call Ay the operator of the direct problem. Some data
of the direct problem are unknown in the inverse problem. We denote these unknowns
by ¢, and the restriction of A; to ¢ by Ay. The measurement operator A maps the
solution u(x, t) of the direct problem to the additional information f, for example,
Asu = u|r or Apu = u(xy,t), k = 1,2,...,etc. Then equation (1.1.9) becomes as
follows:

Aq = AxA1q = f,

where A is the result of the consecutive application (composition) of the operators
Ay and A,. For example, in the retrospective inverse problem we have ¢ = (¢, V),
f = ux,T), Aig = u(x,t), and AA1q = u(x,T); in the coefficient inverse
problem, we have ¢ = (¢, p), f = u|r, A1qg = u(x,t), and A2 A1q = u|r, etc. The
operator A; of the direct problem is usually continuous (the direct problem is well-
posed), and so is the measurement operator (normally, one chooses to measure stable
parameters of the process under study). The properties of the composition A>A;
are usually even too good (in ill-posed problems, A = A, A is often a completely
continuous operator or, in other words, a compact operator). This complicates finding
the inverse of A, i.e., solving the inverse problem A¢ = f. In a simple example
where A is a constant, the smaller the number A being multiplied by ¢, generally
speaking, the smaller the error (if g is approximate):

Alg +38q) = f.

i.e., the operator of the direct problem has good properties. However, when solving
the inverse problem with approximate data f = f + §f, we have

8f

_f
_A+A’

and the error g = ¢ —q can be indefinitely large if the number A is sufficiently small.

Inverse and ill-posed problems began to attract the attention of scientists in the early
20th century. In 1902, J. Hadamard formulated the concept of the well-posedness
(properness) of problems for differential equations (see supplementary references
for Chapter 2: Hadamard, 1902). A problem is called well-posed in the sense of
Hadamard if there exists a unique solution to this problem that continuously depends
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on its data (see Definition 2.1.1). In the same paper, Hadamard also gave an exam-
ple of an ill-posed problem (the Cauchy problem for Laplace equation). In 1943,
A.N. Tikhonov pointed out the practical importance of such problems and the possi-
bility of finding stable solutions to them. In the 1950°s and 1960’s there appeared a se-
ries of new approaches that became fundamental for the theory of ill-posed problems
and attracted the attention of many mathematicians to this theory. With the advent
of powerful computers, inverse and ill-posed problems started to gain popularity very
rapidly. By the present day, the theory of inverse and ill-posed problems has developed
into a new powerful and dynamic field of science that has an impact on almost every
area of mathematics, including algebra, calculus, geometry, differential equations,
mathematical physics, functional analysis, computational mathematics, etc. Some ex-
amples of well-posed and ill-posed problems are presented below in Tables 1 and 2. It
should be emphasized that, one way or the other, every ill-posed problem (in the right
column) can be formulated as an inverse problem with respect to a well-posed direct
problem (the corresponding problems in the left column of Tables 1 and 2).

The theory of inverse and ill-posed problems is also widely used in solving applied
problems in almost all fields of science, in particular:

e physics (quantum mechanics, acoustics, electrodynamics, etc.);

e geophysics (seismic exploration, electrical, magnetic and gravimetric prospect-
ing, logging, magnetotelluric sounding, etc.);

e medicine (X-ray and NMR tomography, ultrasound testing, etc.);
e ecology (air and water quality control, space monitoring, etc.);

e economics (optimal control theory, financial mathematics, etc.).

More detailed examples of applications of inverse and ill-posed problems are given
in the next section, in the beginning of each chapter, and in the sections devoted to
specific applications.

Without going into further details of mathematical definitions, we note that, in most
cases, inverse and ill-posed problems have one important property in common: insta-
bility. In the majority of cases that are of interest, inverse problems turn out to be
ill-posed and, conversely, an ill-posed problem can usually be reduced to a problem
that is inverse to some direct (well-posed) problem.

To sum up, it can be said that specialists in inverse and ill-posed problems study
the properties of and regularization methods for unstable problems. In other words,
they develop and study stable methods for approximating unstable mappings, trans-
formations, or operations. From the point of view of information theory, the theory
of inverse and ill-posed problems deals with maps from data tables with very small
epsilon-entropy to tables with large epsilon-entropy (Babenko, 2002).
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Well-posed problems

I1l-posed problems

Arithmetic

Multiplication by a small number A

Division by a small number A

Ag=f g=A"'f 4K
Algebra
q=A""f,
Multiplication by a matrix A is ill-conditioned,
Ag = f A is degenerate,
the system is inconsistent
Calculus
Integratior}c Differentiation
=0+ [ aa 4(x) = '(x)
0

Differential equations

The Sturm-Liouville problem
u”(x) — q()u(x) = Au(x),
u(0) — hu'(0) = 0,
u(l)— Hu'(1) =0

The inverse
Sturm-Liouville problem

o a2} = q(x)

Integral geometry

Find the integral
of a function g(x, y)
along a curve I' (£, 1)

Find ¢(x, y)
from a family of integrals

/ g(ey)ds = f(E.m)
T'(,n)

Integral equations

Volterra equations
and Fredholm equations of the second kind

¢() + /0 " K09 dE = 1)

b
q(x) +/ K(x,§)q(€)ds = f(x)

Volterra equations
and Fredholm equations of the first kind

/0 K(x.6)q(6) dt = f(x)

b
[ K. 6)q(6) de = f(x)

Table 1
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Well-posed problems I1l-posed problems

Elliptic equations

Au =0
Au=0 Cauchy problem
Dirichlet and Neumann problems, ..
Robin problem (mixed) . Initial 'boundary value problem
with data given on a part of the boundary
Parabolic equations

Cauchy problem
1) Cauchy problem in reversed time

Au=u; t>0 —u; = Au

ul,_y = f(x) ul,_o=f

2) Initial boundary value problem Initial boundary value problem

with data given on a part of the boundary

uf, o =0 u; = Au
= S t
u’S g(x ) M|x=0=f1’ux’x=0=f2
Hyperbolic equations
Cauchy problem Dirichlet and Neumann problems

Cauchy problem with data on

Initial boundary value problem a time-like surface

Direct problems Coefficient inverse problems

Uli=0 = ¢(x), usli=0 = ¥ (x)
u(0,1) = f(r)
Ur = Uxx —q(X)u
ule=0 =0, u(0,7) = f(1)

Uy = Uxx —q(X)u
{ U = Uxx —q(X)U {
Uli=0 = ¢(x), utli=0 = ¥ (x)
{ U = Uxx —q(X)u
ul=0 =0

Vg(x)Vu) = 0,uls = g Vig(x)Vu) = 0, uls = g, g% s/

Table 2

1.2 Examples of inverse and ill-posed problems

Example 1.2.1 (algebra, systems of linear algebraic equations). Consider the system
of linear algebraic equations

Ag = f, (1.2.1)

where A is an m x n matrix, ¢ and f are n- and m-dimensional vectors, respectively.
Let the rank of A be equal to min(m,n). If m < n, the system has many solutions.
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If m > n, there may be no solutions. If m = n, the system has a unique solution
for any right-hand side. In this case, there exists an inverse operator (matrix) A~!. It
is bounded, since it is a linear operator in a finite-dimensional space. Thus, all three
conditions of well-posedness in the sense of Hadamard are satisfied.

We now analyze in detail the dependence of the solution on the perturbations of the
right-hand side f in the case where the matrix A is nondegenerate.

Subtracting the original equation (1.2.1) from the perturbed equation

A(q +3dq) = | +6f, (1.2.2)

we obtain A8q = 8f, which implies ¢ = A~'8f and ||8q|| < [|[A1||I6f . We also
have [|Alll¢ll = [ /-
As a result, the best estimate for the relative error of the solution is

1341l 1871l
gl ~ (b

which shows that the error is determined by the constant u(A4) = ||A||||A™"]|| called
the condition number of the system (matrix). Systems with relatively large condition
number are said to be ill-conditioned. For normalized matrices (|| 4| = 1), it means
that there are relatively large elements in the inverse matrix and, consequently, small
variations in the right-hand side may lead to relatively large (although finite) variations
in the solution. Therefore, systems with ill-conditioned matrices can be considered
practically unstable, although formally the problem is well-posed and the stability
condition ||4A™!|| < oo holds.
For example, the matrix

< 1A~ = (1.2.3)

1 0 0
01 a 0
00 0 ... a
00 0 ... 1

is ill-conditioned for sufficiently large n and |a| > 1 because the inverse matrix has
elements of the form a” 1.

In the case of perturbations in the elements of the matrix, the estimate (1.2.3) be-
comes as follows:

sl _
Tl =y

(for A [I8A] < D.

If m = n and the determinant of A is zero, then the system (1.2.1) may have either
no solutions or more than one solution. It follows that the problem Ag = f is ill-
posed for degenerate matrices A (det A = 0).

154] 18]
(1= )
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Example 1.2.2 (calculus; summing a Fourier series). The problem of summing a
Fourier series consists in finding a function ¢ (x) from its Fourier coefficients.

We show that the problem of summing a Fourier series is unstable with respect to
small variations in the Fourier coefficients in the /, metric if the variations of the sum
are estimated in the C metric. Let

q(x) =Y _ ficoskx,

k=1

and let the Fourier coefficients fj of the function ¢ (x) have small perturbations: fk =
Jr +¢/k. Set

gx) = Z fkcoskx.

k=1

The difference between the coefficients of these series in the [, metric is

1/2 7-[2

0o - 12 ©
{kgl(fk for = s{kzz1 ) ==
which vanishes as ¢ — 0. However, the difference
1
qg(x)—q(x) = 8]; %coskx

can be as large as desired because the series diverges for x = 0.
Thus, if the C metric is used to estimate variations in the sum of the series, then
summation of the Fourier series is not stable.

Example 1.2.3 (geometry). Consider a body in space that can be illuminated from
various directions. If the shape of the body is known, the problem of determining the
shape of its shadow is well-posed. The inverse problem of reconstructing the shape
of the body from its projections (shadows) on various planes is well-posed only for
convex bodies, since a concave area obviously cannot be detected this way.

As noted before, Aristotle was one of the first to formulate and solve a problem of
this type. Observing the shadow cast by the Earth on the moon, he concluded that the
Earth is spherical.

Example 1.2.4 (integral geometry on straight lines). One of the problems arising in
computerized tomography is to determine a function of two variables ¢(x, y) from
the collection of integrals

/ (e y)dl = f(p.9)
L(p,p)
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along various lines L(p, ¢) in the plane (x, y), where p and ¢ are the line parameters.
This problem is not well-posed because the condition for the existence of a solution
for any right-hand side f(p, ¢) does not hold (see Section 5.1).

Example 1.2.5 (integral geometry on circles). Consider the problem of determining
a function of two variables ¢ (x, y) from the integral of this function over a collection
of circles whose centers lie on a fixed line.

Assume that ¢(x, y) is continuous for all (x,y) € RZ. Consider a collection of
circles whose centers lie on a fixed line (for definiteness, let this line be the coordinate
axis y = 0). Let L(a, r) denote the circle (x —a)? + y? = r?, which belongs to this
collection. It is required to determine ¢ (x, y) from the function f(x,r) such that

/ g€ 0 dl = f(x.r). 124)
L(x,r)

and f(x,r) is defined for all x € (—o0, 00) and r > 0.
The solution of this problem is not unique in the class of continuous functions, since
for any continuous function g(x, y) such that §(x, y) = —G(x, —y) the integrals

[ GE. 1) dl
L(x,r)

vanish for all x € R and » > 0. Indeed, using the change of variables § = x +r cos ¢,
T = r sin @, we obtain

2w

/ qgé&,ndl = / g(x +rcose,rsing)rdep
L(x,r) 0

T
= / G(x +rcose,rsing)rde
0

2w
—i—/ g(x + rcose,rsing)rdep. (1.2.5)
b4

Putting ¢ = 27w — ¢ and using the condition ¢(x, y) = —¢(x, —y), we transform the
last integral in the previous formula:

2n 0
/ Gg(x +rcose,rsinp)rde = / G(x +rcos@,—rsing)rde
T b1

b
= —/ G(x +rcosg,rsing)rde.
0

Substituting the result into (1.2.5), we have

[ Gy dl =0
L(x,r)

forx e R, r > 0.
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Thus, if g(x, y) is a solution to the problem (1.2.4) and g (x, y) is any continuous
function such that g(x, y) = —¢(x,—y), then g(x, y) + ¢(x, y) is also a solution to
(1.2.4). For this reason, the problem can be reformulated as the problem of determin-
ing the even component of g (x, y) with respect to y.

The first well-posedness condition is not satisfied in the above problem: solutions
may not exist for some f(x,r). However, the uniqueness of solutions in the class
of even functions with respect to y can be established using the method described in
Section 5.2.

Example 1.2.6 (a differential equation; Denisov, 1994). The rate of radioactive decay
is proportional to the amount of the radioactive substance. The proportionality con-
stant ¢ is called the decay constant. The process of radioactive decay is described by
the solution of the Cauchy problem for an ordinary differential equation

W . 120, (1.2.6)
u(0) = qo, (1.2.7)

where u(¢) is the amount of the substance at a given instant of time and gg is the
amount of the radioactive substance at the initial instant of time.

The direct problem: Given the constants go and g1, determine how the amount of
the substance u(¢) changes with time. This problem is obviously well-posed. More-
over, its solution can be written explicitly as follows:

u(t) = goe 9, 1 >0.

Assume now that the decay constant g1 and the initial amount of the radioactive
substance ¢g¢ are unknown, but we can measure the amount of the radioactive sub-
stance u(¢) for certain values of ¢. The inverse problem consists in determining the
coefficient ¢; in equation (1.2.6) and the initial condition g¢ from the additional in-
formation about the solution to the direct problem u(tx) = fr,k =1,2,..., N.

Exercise 1.2.1. Use the explicit formula for the solution of the direct problem
u(r) = qoe™ "

to determine if the inverse problem is well-posed, depending on the number of points
tk»k =1,2,..., N, at which the additional information f; = u(#;) is measured.

Example 1.2.7 (a system of differential equations). A chemical kinetic process is
described by the solution to the Cauchy problem for the system of linear ordinary
differential equations

du;

= gitu1(t) + qizuz(t) + -+ + Ginun(1), (1.2.8)

ui(0)=gqg;. i=1,...,N. (1.2.9)
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Here u;(¢) is the concentration of the ith substance at the instant . The constant
parameters ¢;; characterize the dependence of the change rate of the concentration of
the i th substance on the concentration of the substances involved in the process.

The direct problem: Given the parameters ¢;; and the concentrations ¢g; at the initial
instant of time, determine u; (¢).

The following inverse problem can be formulated for the system of differential
equations (1.2.8). Given that the concentrations of substances u;(¢),i = 1,..., N,
are measured over a period of time ¢ € [t1, 2], it is required to determine the values
of the parameters g;;, i.e., to determine the coefficients of the system (1.2.8) from a
solution to this system. Two versions of this inverse problem can be considered. In
the first version, the initial conditions (1.2.9) are known, i.e., g; are given and the
corresponding solutions u; () are measured. In the second version, g; are unknown
and must be determined together with g;; (Denisov, 1994).

Example 1.2.8 (differential equation of the second order). Suppose that a particle of
unit mass is moving along a straight line. The motion is caused by a force ¢g(¢) that
depends on time. If the particle is at the origin x = 0 and has zero velocity at the
initial instant # = 0, then, according to Newton’s laws, the motion of the particle is
described by a function u(¢) satisfying the Cauchy problem

ii(t)y=q(t), tel0.T), (1.2.10)
u(0) =0, 12(0) =0, (1.2.11)

where u(¢) is the coordinate of the particle at the instant . Assume now that the
force ¢(t) is unknown, but the coordinate of the particle #(¢) can be measured at any
instant of time (or at certain points of the interval [0, T']). It is required to reconstruct
q(t) from u(¢). Thus, we have the following inverse problem: determine the right-
hand side of equation (1.2.10) (the function ¢(¢)) from the known solution u () to the
problem (1.2.10), (1.2.11).

We now prove that the inverse problem is unstable.

Let u(¢) be a solution to the direct problem for some ¢ (¢). Consider the following
perturbations of the solution to the direct problem:

1
un(t) = u(t) + — cos(nt).
n
These perturbations correspond to the right-hand sides

qn(t) = q(t) —ncos(nt).

Obviously, |lu —uullcjo,7] — 0asn — oo, and ||g — qnllc[o,7] — 00 as n — oo.
Thus, the problem of determining the right-hand side of the linear differential equa-
tion (1.2.10), (1.2.11) from its right-hand side is unstable.
Note that the inverse problem is reduced to double differentiation if the values of
u(t) are given for all ¢ € [0, T].
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Exercise 1.2.2. Analyze the differentiation operation for stability (see Example 2.5.1).

Example 1.2.9 (Fredholm integral equation of the first kind). Consider the problem
of solving a Fredholm integral equation of the first kind (see Section 4.1)

b
/ K(x,8)q(s)ds = f(x), ¢ <x<d, (1.2.12)

where the kernel K (x, s) and the function f(x) are given and it is required to find g (s).
It is assumed that f(x) € Clc,d], q(s) € Cla,b], and K(x,s), Kx(x,s), and
K (x,s) are continuous in the rectangle ¢ < x < d, a < s < b. The problem
of solving equation (1.2.12) is ill-posed because solutions may not exist for some
functions f(x) € C|c, d]. For example, take a function f(x) that is continuous but
not differentiable on [c, d]. With such a right-hand side, the equation cannot have a
continuous solution ¢ (s) since the conditions for the kernel K(x, s) imply that the in-
tegral in the left-hand side of (1.2.12) is differentiable with respect to the parameter x
for any continuous function ¢(s).

The condition of continuous dependence of solutions on the initial data is also not
satisfied for equation (1.2.12). Consider the sequence of functions

gn(s) = q(s) + nsin(n®s), n=0,1,2,....
Substituting g, (s) into (1.2.12), we obtain

b
fulo) = / K(x.)qn(s) ds

b
:f(x)-i-/ K(x,s)nsin(nzs)ds, n=20,1,....

We now estimate || f, — f'[|c(¢,q]- Since

| fn(xX) = f(X)] =

b
/ K(x,s)n sin(n’s) ds‘

1 2 b 1 b 2 Kl
= ‘ — —cos(n s)K(x,s)‘ + — Ks(x,s)cos(n“s)ds| < —,
n a nlJ, n

where the constant K7 does not depend on 1, we have

K
I fo = flictear=—= n=0.1....
On the other hand, from the definition of the sequence ¢, (s) it follows that
lgn —qlicla,p) — o0 asn — oo.

Thus, as n — o0, the initial data f,(x) are as close to f(x) as desired, but the corre-
sponding solutions g (s) do not converge to ¢(s), which means that the dependence
of solutions on the initial data is not continuous.
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Example 1.2.10 (Volterra integral equation of the first kind). Consider a Volterra in-
tegral equation of the first kind (see Section 4.1)

/x K(x,s)q(s)ds = f(x), 0<x<1. (1.2.13)
0

Assume that K(x, s) is continuous, has partial derivatives of the first order for 0 < s <
x < 1,and K(x,x) = 1 for x € [0, 1]. Suppose also that the unknown function g (s)
must belong to C[0, 1] and f(x) € Cy[0, 1], where Cp|0, 1] is the space of functions
f(x) continuous on [0, 1] such that f(0) = 0, endowed with the uniform metric.

Exercise 1.2.3. Prove that the problem of solving equation (1.2.13) is ill-posed.

Example 1.2.11 (the Cauchy problem for Laplace equation). Let u = u(x,y) be a
solution to the following problem (see Chapter 7):

Au=0, x>0,yeR, (1.2.14)
u,y)= f(y), yeR, (1.2.15)
ux(0,y) =0, yeR. (1.2.16)

Let the data f(y) be chosen as follows:

1 .
)= fa(y) = u(0.y) = —sin(ny).
Then the solution to the problem (1.2.14)—(1.2.16) is given by

1
un(x,y) = —sin(ny)(e™* + e ), neN. (1.2.17)

n

For any fixed x > 0, the solution u, (x, y) tends to infinity as n — oo, while f(y)
tends to zero as n — oo. Therefore, small variations in the data of the problem in C !
or WZI (for any / < oco) may lead to indefinitely large variation in the solution, which
means that the problem (1.2.14)—(1.2.16) is ill-posed.

Example 1.2.12 (an inverse problem for a partial differential equation of the first
order). Let g(x) be continuous and ¢(x) be continuously differentiable for all x € R.
Then the following Cauchy problem is well-posed:

Ux —uy +q(x)u =0, (x,y) e R2, (1.2.18)
u(x,0) = p(x), xeR. (1.2.19)

Consider the inverse problem of reconstructing ¢ (x) from the additional information
about the solution to the problem (1.2.18), (1.2.19)

u(0,y)=v(), yeR. (1.2.20)
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The solution to (1.2.18), (1.2.19) is given by the formula

X

u(x,y) = ¢(x + y)exp (/

x+

4E)d§). (x.y) € R
y

The condition (1.2.20) implies

0
v =e0rew( [ a@ds). yer (1221)

y

Thus, the conditions
1) @(y) and v (y) are continuously differentiable for y € R;

2) y(»)/e(y) >0,y € R; ¥(0) = ¢(0)

are necessary and sufficient for the existence of a solution to the inverse problem,
which is determined by the following formula (Romanov, 1973a):

d [ln W(X)]’

YR x eR. (1.2.22)

q(x) = —
If ¢(y) and ¥ (y) are only continuous, then the problem is ill-posed.

Example 1.2.13 (the Cauchy problem for the heat conduction equation in reversed
time). The Cauchy problem in reversed time is formulated as follows: Let a function
u(x,t) satisfy the equation

Uy =Uxx, O<x<m >0 (1.2.23)
and the boundary conditions
u(0,t) =u(r,t) =0, t>0. (1.2.24)
It is required to determine the values of u(x, ¢) at the initial instant ¢ = O:
u(x,0) =q(x), 0=<x=m, (1.2.25)
given the values of u(x, ¢) at a fixed instant of time ¢t =T > 0
ulx,T)= f(x), 0<x<m. (1.2.26)

This problem is inverse to the problem of finding a function u (x, ) satisfying (1.2.23)—
(1.2.25) where the function g (x) is given. The solution to the direct problem (1.2.23)—
(1.2.25) is given by the formula

o0
u(x,r) = Z e_"thn sinnx, (1.2.27)
n=1
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where {¢n,} are the Fourier coefficients of ¢ (x):

qn(x) = %/0 q(x)sin(nx) dx.

Setting t = T in (1.2.27), we get
s 2
fx) =Y e Tgysinnx, xe[0.7], (1.2.28)

which implies

qn = fne"ZT, n=12,...,

where { f,} are the Fourier coefficients of f(x).

Since the function g(x) € L2(0, ) is uniquely determined by its Fourier coeffi-
cients {g,}, the solution of the inverse problem is unique in LZ(0, 7). Note that the
condition (1.2.25) holds as a limit condition:

lim /n[u(x,t) —q(x)Pdx =
0

t—>+0

The inverse problem (1.2.23)—(1.2.26) has a solution if and only if

[e.e]
Z 2n2T
which obviously cannot hold for all functions f € L?(0, ).

Example 1.2.14 (coefficient inverse problem for the heat conduction equation). The
solution u(x, t) to the boundary value problem for the heat conduction equation

cpur = (kuy)y —au+ f, 0<x<l,0<t<T, (1.2.29)

u(0,1) — Aux(0,1) = uy1(t), 0<t<T, (1.2.30)
ul,t) —Aux(l,t) = ua(t), 0<t<T, (1.2.31)
u(x,0) =px), 0<x<I, (1.2.32)

describes many physical processes such as heat distribution in a bar, diffusion in a
hollow tube, etc. The equation coefficients and the boundary conditions represent the
parameters of the medium under study. If the problem (1.2.29)—(1.2.32) describes the
process of heat distribution in a bar, then ¢ and k are the heat capacity coefficient and
the heat conduction coefficient, respectively, which characterize the material of the
bar. In this case, the direct problem consists in determining the temperature of the
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bar at a point x at an instant ¢ (i.e., determining the function u(x, ¢)) from the known
parameters ¢, p, k, &, f, A1, A2, i1, U2, and ¢. Now suppose that all coefficients and
functions that determine the solution u(x,t) except the heat conduction coefficient
k = k(x) are known, and the temperature of the bar can be measured at a certain
interior point xg, i.e., u(xo,t) = f(¢), 0 <t < T. The following inverse problem
arises: determine the heat conduction coefficient k (x), provided that the function f(¢)
and all other functions in (1.2.29)—(1.2.32) are given. Other inverse problems can be
formulated in a similar way, including the cases where C = C(u), k = k(u), etc.
(Alifanov, Artyukhin, and Rumyantsev, 1988).

Example 1.2.15 (interpretation of measurement data). The operation of many mea-
surement devices that measure nonstationary fields can be described as follows: a
signal ¢(t) arrives at the input of the device, and a function f(¢) is registered at the
output. In the simplest case, the functions ¢(¢) and f(¢) are related by the formula

/0 gt —1)q(r)dt = f(2). (1.2.33)

In this case, g(7) is called the impulse response function of the device. In theory, g(¢)
is the output of the device in the case where the input is the generalized function 4(¢),
i.e., Dirac’s delta function (see its definition in Appendix A): || ; gt —1)s(t)dr =
g(t). In practice, in order to obtain g(¢), a sufficiently short and powerful impulse is
provided as an input. The resulting output function is close to the impulse response
function in a certain sense.

Thus, the problem of interpreting measurement data, i.e., determining the form
of the input signal ¢(¢) is reduced to solving the integral equation of the first kind
(1.2.33) (see Section 4.2).

The relationship between the input signal ¢(¢) and the output function f(¢) can be
more complicated. For a “linear” device, this relationship has the form

t
/0 K. 0)g() dr = £().

The relationship between ¢(z) and f(¢) can be nonlinear (see Section 4.6):

/t K(t,t,q)dt = f(t).
0

This model describes the operation of devices that register alternate electromagnetic
fields, pressure and tension modes in a continuous medium, seismographs, which
record vibrations of the Earth’s surface, and many other kinds of devices.

Remark 1.2.1. To solve the simple equation (1.2.33), one can use Fourier or Laplace
transforms. For example, extend all functions in (1.2.33) by zero to ¢ < 0, and let
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g(X),g(A), and f(k) be the Fourier transforms of the functions g(¢), ¢(¢), and f(¢),
respectively:

o0 . o0 . - o0 .
g = [ Mg o= [ eHgwan for= [ raar
0 0 0
Then, by the convolution theorem,

gG) = f(),

and, consequently, the inversion of the Fourier transform yields the formula for the
solution of (1.2.33):

e .e] o0
q(1) = 1 / e MGA) dr = 1 / e-i“& dX. (1.2.34)
27 J-o 27 J—oo g)
The calculation method provided by formula (1.2.34) is unstable because the function
&(A4), which is the Fourier transform of the impulse response function of the device,
tends to zero as A — oo in real-life devices. This means that arbitrarily small varia-
tions in the measured value of f (A) can lead to very large variations in the solution
q(t) for sufficiently large A.

Remark 1.2.2. If g(¢) is a constant, then the problem of solving (1.2.33) is the dif-
ferentiation problem.

Example 1.2.16 (continuation of stationary fields). Some problems of interpreting
gravitational and magnetic fields related to mineral exploration lead to ill-posed prob-
lems equivalent to the Cauchy problem for Laplace equation. If the Earth were a
spherically uniform ball, the gravitational field strength on the surface of the Earth
would be constant. The inhomogeneity of the land surface and the density distribu-
tion within the Earth causes the gravitational field strength on the Earth’s surface to
deviate from its mean value. Although these deviations are small in terms of percent-
age, they are reliably registered by physical devices (gravimeters). Gravimetric data
are used in mineral exploration and prospecting.

The purpose of gravimetric exploration is to determine the location and shape of
subsurface inhomogeneities based on gravimetric measurement data.

If the distance between geological bodies is greater than the distance between either
of them and the surface of the Earth, then their locations correspond to the local
maxima of the anomalies. Otherwise, the two bodies may be associated with a single
local maximum. Geophysical measurements and the interpretation of their results
represent the preliminary stage in prospecting for mineral deposits. The main stage
of prospecting consists in drilling the exploratory wells and analyzing the drilling
data. If the shape of an anomaly leads us to the conclusion that it represents a single
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body, then a natural choice would be to drill in the center of the anomaly. However,
if the conclusion is wrong, the decision to drill in the center will result in the well
being drilled between the actual bodies that we are interested in. This was often the
case in the practice of geological exploration. Then it was proposed to calculate the
anomalous gravitational field at a certain depth under the surface based on the results
of the gravitational measurements performed on the surface of the Earth (i.e., to solve
the Cauchy problem for Laplace equation). If it turns out that the anomaly at that
depth still has a single local maximum, then it is highly probable that the anomaly
is generated by a single body. Otherwise, if two local maxima appear as a result of
recalculation, then it is natural to conclude that there are two bodies, and the locations
for drilling must be chosen accordingly.

A similar problem formulation arises when interpreting anomalies of a constant
magnetic field, since the potential and the components of the field strength outside the
magnetic bodies also satisfy Laplace equation.

In electrical sounding using direct-current resistivity methods, direct current is ap-
plied to two electrodes inserted into the ground and the potential difference on the
surface is measured. It is required to determine the structure of the subsurface area
under study based on the measurement results. If the sediment layer is a homogeneous
conductive medium and the basement resistivity is much higher, then the electric cur-
rent lines will run along the relief of the basement surface. Consequently, to determine
the relief of the basement surface, it suffices to determine the electric current lines in
the sediment layer. In a homogeneous medium, the direct current potential satisfies
Laplace equation. The normal derivative of the electric potential on the Earth’s sur-
face is equal to zero. The potential is measured. Thus, we again arrive at the Cauchy
problem for Laplace equation.



Chapter 2
IlI-posed problems

Happy families are all alike;
every unhappy family is unhappy in its own way.

Leo Tolstoy. “Anna Karenina”.

There is no universal method for solving ill-posed problems. In every specific case,
the main “trouble”—instability—has to be tackled in its own way.

This chapter is a brief introduction to the foundations of the theory of ill-posed
problems. We begin with abstract definitions of well-posedness, ill-posedness, and
conditional well-posedness (Section 2.1), since it is assumed that the reader is already
familiar with relevant examples from various areas of mathematics and other sciences
after having read the first chapter. Paying tribute to the founders of the theory of
ill-posed problems, we devote the next three sections (2.2-2.4) to the theorems and
methods formulated by A.N. Tikhonov, V. K. Ivanov, and M. M. Lavrentiev. Theo-
rem 2.2.1 on the continuity of the inverse mapping A~! : A(M) — M for any com-
pact set M and continuous one-to-one operator A provides the basis for the theory of
conditionally well-posed problems and for constructing a variety of effective numeri-
cal algorithms for solving them (Section 2.2). The concept of a quasi-solution intro-
duced by V. K. Ivanov (Section 2.3) serves three purposes: it generalizes the concept
of a solution, restores all the well-posedness conditions, and yields new algorithms for
the approximate solution of ill-posed problems. The Lavrentiev method (Section 2.4)
is used to construct numerical algorithms for solving a wide class of systems of alge-
braic equations (Chapter 3), linear and nonlinear integral equations of the first kind
(Chapter 4). The concept of a regularizing family of operators (Section 2.5) is funda-
mental to the theory of ill-posed problems. In brief, a regularizing family { Ry }o>0 (Or
a regularizing sequence { R, }) consists of operators R, such that there exists a stable
procedure for constructing approximate solutions g, = Ry f to the equation Ag = f
which converge to the exact solution g, as ¢ — +0. Another important property of
regularizing operators consists in providing a way to construct an approximate solu-
tion g5 = Ry fs from the approximate data fg for which the solution to the equation
Agq = fs may not exist. In many cases, it can be proved that g,5 converge to the
exact solution ¢, if the regularization parameter o and the error § in the right-hand
side f tend to zero at concerted rates (see, for example, Theorem 2.5.2). Iterative
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regularization based on the minimization of the objective functional J(¢) = ||Aq —
£ ||? by gradient descent methods (Section 2.5) is one of the most effective and com-
monly used regularization methods. Gradient methods have their origins in the well-
known fact that if the gradient J'q of the functional J(q) does not vanish at a point
g € Q, then moving in the antigradient direction to the point ¢ + 8¢, we can reduce the
value of the functional J(g + 8¢), provided that the descent step is sufficiently small.
Indeed, choosing 8g = —aJ’q, where « is positive, and recalling the definition of the
gradient (for simplicity, Q is assumed to be a Hilbert space), we can write

J(q—ald'q)—J(q) = (J'q.—ad'q) +oa|J'ql) = —a||J q||* + o(c|| T q]).

which shows that the right-hand side becomes negative as « — 40 and, consequently,
J(g +8q) = J(g —aJ'q) < J(q) for sufficiently small . Therefore, varying the
descent step size o, and sometimes adjusting the direction of the descent (see, for
example, the conjugate gradient method), we can construct a minimizing sequence
gn+1 = qn — onJ'qy such that J(gy+1) < J(gn). Furthermore, it turns out that
the rate of decrease of the functional J(g,) can be estimated for many gradient meth-
ods even if the problem Ag = f is ill-posed (Section 2.7). The strong convergence
lgn — gell — 0 as n — oo is more problematic. Clearly, it is possible only if the
equation Ag = f has at least one exact solution g,. If the sequence g, is constructed
using the method of simple iteration, the steepest descent method, or the conjugate
gradient method, the monotonic convergence ||¢n — ¢e|| \, O can be easily estab-
lished (Section 2.6). However, for the numerical solution of ill-posed problems it is
especially important to estimate the rate of convergence and to have a stopping crite-
rion for the iterative process. It has been observed experimentally that in solving an
ill-posed problem Ag = f with approximate data f5 (|| f — fs]| < &) by a gradient
method, the minimizing sequence {g, s} may approach the exact solution at an early
stage, but the value of ||¢,s — ¢e|| may start to increase at later stages. Then how to
formulate the criterion for stopping the iterative process? The most commonly used
criterion is the minimal residual principle, which is based on the credible specula-
tion that it is probably not worth continuing the process after the residual |Ag — fs ||
becomes less than the measurement error §. This also applies to the choice of the
regularization parameter o, except that we can, for example, choose a set of regu-
larization parameters 0 < o1 < a2 < --+ < @, calculate the corresponding g5,
and compare the residuals ||Agq,s — fs for j = 1,2,...,k instead of performing
sequential iterations.

If further investigation of the problem Ag = f allows one to obtain a conditional
stability estimate (Section 2.8), then it is possible to estimate the rate of strong con-
vergence and obtain a new stopping criterion for the iterative process.

The singular value decomposition of a linear compact operator A : Q — F, where
Q and F are separable Hilbert spaces, is presented in Section 2.9. This technique
allows one to take a closer look into the properties of A and to estimate to what extent
the problem Ag = f is ill-posed.
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2.1 Well-posed and ill-posed problems

Let an operator A map a topological space Q into a topological space F' (A : Q —
F). For any topological space Q, let O(q) denote a neighbourhood of an element
q € Q. Throughout what follows, D(A) is the domain of definition and R(A) is the
range of A.

Definition 2.1.1 (well-posedness in the sense of Hadamard). The problem Ag = f is
well-posed on the pair of topological spaces Q and F if the following three conditions
hold:

(1) for any f € F there exists a solution ¢, € Q to the equation Ag = f, i.e.,
R(A) = F (the existence condition);

(2) the solution g, to the equation Ag = f is unique in Q (the uniqueness condi-
tion);

(3) for any neighbourhood @(g.) C Q of the solution ¢, to the equation Ag = f,
there is a neighbourhood O( f) C F of the right-hand side f such that for all
fs5 € O(f) the element A~! f5 = g5 belongs to the neighbourhood O (g.), i.e.,
the operator A~! is continuous (the stability condition).

Definition 2.1.1 can be made more specific by replacing the topological spaces Q
and F by metric, Banach, Hilbert, or Euclidean spaces. In some cases, it is reasonable
to take a topological space for Q and a Euclidean space for F', and so on. Fixed in the
definition are only the requirements of the existence, uniqueness, and stability of the
solution.

Definition 2.1.2. The problem Ag = f is ill-posed on the pair of spaces Q and F if
at least one of the three well-posedness conditions does not hold.

M. M. Lavrentiev proposed to distinguish the class of conditionally well-posed
problems as a subclass of ill-posed problems. Let Q and F be topological spaces
and let M C Q be a fixed set. We denote by A(M ) the image of M under the map
A:Q — F,ie, AMM) ={f € F: 3g € M such that Aq = f'}. It is obvious that
AM) C F.

Definition 2.1.3 (conditional/Tikhonov well-posedness). Let M C Q and f € A(M),
i.e., there exists a solution g, € M to the problem Aq = f. Then the problem Ag =
f is said to be conditionally well-posed on the set M if the following conditions hold:

(1) forany f € A(M), the equation Aqg = f has a unique solution on M

(2) for any neighbourhood O (g.) of the solution to the equation Ag = f, there
exists a neighbourhood @ ( f') such that for any f5 € O(f)N A(M) the solution
to the equation Ag = fg belongs to O(q.) (conditional stability).
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It should be emphasized that the variations fs of the data f in the second condition
are assumed to lie within the class A(M ), which ensures the existence of solutions.

Definition 2.1.4. The set M in Definition 2.1.3 is called the well-posedness set for
the problem Aq = f.

Remark 2.1.1. To prove that the problem Ag = f is well-posed, it is necessary to
prove the existence, uniqueness and stability theorems for its solutions. To prove that
the problem Ag = f is conditionally well-posed, it is necessary to choose a well-
posedness set M, prove that the solution of the problem is unique on M and that
g = A7(f) is conditionally stable with respect to small variations in the data f that
keep the solutions within M .

Remark 2.1.2. It should be emphasized that proving the well-posedness of a prob-
lem necessarily involves proving the existence of a solution, whereas in the case of
conditional well-posedness the existence of a solution is assumed. It certainly does
not mean that the existence theorem is of no importance or that one should not aim to
prove it. We only draw reader’s attention to the fact that in the most interesting and
important cases, the conditions on the data f* which provide the existence of a solu-
tion ¢, to a conditionally well-posed problem Ag = f turn out to be too complicated
to verify and to apply them in numerical algorithms (see the Picard criterion, the solv-
ability conditions for the inverse Sturm—Liouville problem, etc.). In this sense, the
title of V.P. Maslov’s paper “The existence of a solution of an ill-posed problem is
equivalent to the convergence of a regularization process” (Maslov, 1968) is signifi-
cant. It reveals one of the main problems in the study of ill-posed problems. For this
reason, the introduction of the concept of conditional well-posedness shifts the focus
to the search for stable methods for the approximate solution of ill-posed problems.
We repeat, however, that this does not make the task of detailed mathematical analy-
sis of the solvability conditions for any specific problem less interesting or important.
Note that if a problem has no exact solution, we may construct a regularized family
of approximate solutions converging to a quasi-solution of the problem (Ivanov et al.,
2002).

In the following section we will show that the uniqueness of a solution implies its
conditional stability if the well-posedness set M is compact.

2.2 On stability in different spaces

The trial-and-error method (Tikhonov and Arsenin, 1986) was one of the first methods
for the approximate solution of conditionally well-posed problems. We will describe
this method assuming that Q and F are metric spaces and M is a compact set. For



26 Chapter 2 Ill-posed problems

an approximate solution, we choose an element gx from the well-posedness set M
such that the residual pr (Ag, f) attains its minimum at g, i.e.,

pr(Aqk, f) = inf pp(Aq, f)
qeM

(see Definition 2.3.1).

Let {g,} be a sequence of elements in Q such that lim,, o0 pr(Agn, f) = 0. We
denote by ¢, the exact solution to the problem Ag = f. If M is compact, then from
limy, 00 pF (Aqn, f) = 0 it follows that limy, 0 P (qn.ge) = 0, which is proved
by the next theorem.

Theorem 2.2.1. Let Q and F be metric spaces, and let M C Q be compact. Assume
that A is a one-to-one map from M onto A(M') C F. Then, if A is continuous, then
so is the inverse map A~' : A(M) — M.

Proof. Let f € A(M) and Aq, = f. We will prove that A~! is continuous at f.
Assume the contrary. Then there exists an &, > 0 such that for any § > 0 there is an
element fs5 € A(M) for which

pF(f5, f) <8 and po(A™(fs), A7H(/)) = ex.

Consequently, for any n € N there is an element f,, € A(M) such that

pF(fus /) < 1/n and  po(A™ (fa), ATH(f)) = ex.

Evidently,

lim f, = f.
n—>oo
Since A7'(f,) € M and M is compact, the sequence {A~1( f,,)} has a converging
subsequence: limg 00 A7V (fn,) = G-

Since po (g, A71(f)) > ex, we conclude that § # A7'(f) = g.. On the
other hand, from the continuity of the operator A it follows that the subsequence
A(A™Y(fn,)) converges and limy o0 A(A™1(fn,)) = limgo0 fr, = f = Age.
Hence, g = g.. We have arrived at a contradiction, which proves the theorem. m|

Theorem 2.2.1 provides a way of minimizing the residual. Let A be a continuous
one-to-one operator from M to A(M ), where M is compact. Let {3, } be a decreasing
sequence of positive numbers such that §,, \ 0 as n — co. Instead of the exact right-
hand side f we take an element f, € A(M) such that pr(f, f) < 8. For any n,
we use the trial-and-error method to find an element g, such that pr (Aqy, fn) < 5.
The elements ¢, approximate the exact solution ¢, to the equation Aq = f. Indeed,
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since A is a continuous operator, the image A(M) of the compact set M is compact.
Consequently, by Theorem 2.2.1, the inverse map A~! is continuous on A(M). Since

pF(Aqn, f) < pr(Aqn, fn) + pF (fn, f),

the following inequality holds:

pF(AQn,f) = 8n +8n = 2811-

Hence, in view of the continuity of the inverse map A~ : A(M) — M, we have
po(qn.qe) < €(28,), where £(25,) — 0 as 6, — 0.

Note that Theorem 2.2.1 implies the existence of a steadily increasing function 8(§)
such that

1) lims_,¢ B(8) = 0;

2) for all g1,q2> € M the inequality pr(Aq1, Agz) < & implies pp(q1.92) =<
B(5).

Definition 2.2.1. Assume that Q and F are metric spaces, M C Q is a compact set,
and A : Q — F is a continuous one-to-one operator that maps M onto A(M) C F.
The function

w(AM).8) =  sup  po(A~'f1. A7 o)
f1,/2€A(M)
or (f1,/2)=<8

is called the modulus of continuity of the operator A~! on the set A(M).

Given the modulus of continuity w(A(M), §) or a function that majorizes it (for ex-
ample, the conditional stability estimate 8(§)), one can evaluate the norm of deviation
of the exact solution from the solution corresponding to the approximate data. Indeed,
let go € M be an exact solution to the problem Ag = f and g5 € M be a solution to
the problem Aq = fg5, where || f — fs|| <. Then ||g — gs|| < w(A(M),3d) if M is
compact. Therefore, after proving the uniqueness theorem, the most important stage
in the study of a conditionally well-posed problem is obtaining a conditional stability
estimate (see Section 2.8).

Remark 2.2.1. Stability depends on the choice of topologies on Q and F. Formally,
the continuity of the operator A~! can be ensured by endowing F with a stronger
topology. For example, if A is a linear one-to-one operator and Q and F are normed
spaces, then the following norm can be introduced in F':

1fla = 147" f1.
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In this case

A—l
”A—l” = sup ” f” =1

r#0 Iflla

and therefore A~! is continuous. In practice, however, the most commonly used
spaces are C™ and H" (see Subsection A.1.5), where m and n are not very large.

Remark 2.2.2. Theorem 2.2.1 can be extended to the case when Q is a topological
space and F is a Hausdorff space (see Definition A.1.36) (Ivanov et al., 2002).

Ill-posed problems can be formulated as problems of determining the value of a
(generally, unbounded) operator 7" at a point f:

Tf=q, feF, qe€0Q. (2.2.1)

If the operator A is invertible, then the problem Ag = f is equivalent to prob-
lem (2.2.1). The operator A~!, however, may not exist. Moreover, in many applied
problems (for example, differentiating a function, summing a series, etc.) the repre-
sentation Ag = f may be inconvenient or even unachievable, although both prob-
lems can theoretically be studied using the same scheme (Ivanov et al., 2002; Mo-
rozov, 1987). We now reformulate the conditions for well-posedness in the sense of
Hadamard for problem (2.2.1) as follows:

1) the operator T is defined on the entire space F: D(T) = F
2) T is a one-to-one map;
3) T is continuous.

Problem (2.2.1) is said to be ill-posed if at least one of the well-posedness con-
ditions is not fulfilled. The case when the third condition does not hold (the case
of instability) is the most important and substantial. In this case, problem (2.2.1) is
reduced to the problem of approximating an unbounded operator with a bounded one.

2.3 Quasi-solution. The Ivanov theorems

Other approaches can be applied to ill-posed problems which involve a generalization
of the concept of a solution.

Let A be a completely continuous operator (see Definition A.2.11). If g is assumed
to belong to a compact set M C Q and f € A(M) C F, then the formula

g=A"'f

can be used to construct an approximate solution that is stable with respect to small
variations in f.
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It should be noted that the condition that f* belongs to A(M) is essential for the
applicability of the formula ¢ = A~! f for finding an approximate solution, since
the expression A~! £ may be meaningless if this condition does not hold. However,
finding out whether f belongs to A(M ) is a complicated problem. Furthermore, even
if f € A(M), measurement errors may cause this condition to fail, i.e., fg may not
belong to A(M). To avoid the difficulties arising when the equation Ag = f has no
solutions, the notion of a quasi-solution to Ag = f is introduced as a generalization
of the concept of a solution to this equation (Ivanov, 1963).

Assume that F is a metric space.

Definition 2.3.1. A quasi-solution to the equation Ag = f onaset M C Q is an
element gg € M that minimizes the residual:

pr(Agqk, f) = inf pp(Aq, f).
qgeM

If M is compact, then there exists a quasi-solution for any f € F. If, in addition,
f € A(M), then gk coincides with an exact solution.

Note that the quasisolution gg is not necessarily unique. We will give a sufficient
condition for a quasi-solution to be unique and continuously depend on the right-hand
side f.

Definition 2.3.2. Let 2 be an element of a metric space F, and let G C F. An
element g € G is called a projection of h onto the set G if

pr(h,g) = pr(h,G) := inf pF(h, p).
preG
The projection g of & onto G is written as g = Pgh.

Theorem 2.3.1. Assume that the equation Aq = [ has at most one solution on a
compact set M and for any f € F its projection onto A(M) is unique. Then a
quasi-solution to the equation Aq = f is unique and continuously depends on f.

The proof of this theorem and Theorem 2.3.2 can be found in (Ivanov et al., 2002)
and (Tikhonov and Arsenin, 1986).

Note that all well-posedness conditions are restored when passing to quasi-solutions
if the assumptions of Theorem 2.3.1 hold. Consequently, the problem of finding a
quasi-solution on a compact set is well-posed.

Remark 2.3.1. If the equation Ag = f has more than one quasi-solution on the
set M, they form a subset Qk of the compact set M. In this case the set QJ’E continu-
ously depends on f on the set A(M) in the sense of continuity of multi-valued maps
(Ivanov, 1963).
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If the operator A is linear, the theorem takes the following specific form (Ivanov,
1963).

Theorem 2.3.2. Let A : Q — F be a linear operator and assume that the homoge-
neous equation Aq = 0 has only one solution ¢ = 0. Furthermore, assume that M is
a convex compact set and any sphere in F is strictly convex. Then a quasi-solution to
the equation Aq = f on M is unique and continuously depends on f.

We now consider the case where Q and F are separable Hilbert spaces. Let A :
Q — F be a completely continuous operator and

M = B(0,r):={q € Q:|q|l =r}.

By A* we denote the adjoint of the operator A (see Definition A.3.13).

It is known that A*A is a self-adjoint positive completely continuous operator
from Q into Q (positivity means that (4* Aq, q) > 0 for all ¢ # 0).

Let {1, } be a sequence of eigenvalues of the operator A* A (in nonincreasing order),
and let {¢, } be the corresponding complete orthonormal sequence of eigenfunctions.

The element A* f can be represented as a series:

A*f =" faon.  fa=(A"f.0n). 2.3.1)

n=1
Under these conditions, the following theorem holds (Ivanov, 1963).

Theorem 2.3.3. A quasi-solution to the equation Aq = f on the set B(0,r) is deter-
mined by the formulae

o f . o f? 2
n=1TZ¢n U‘vznzlﬁ Er )

qx = .
Zzozl,xnf—iﬁ% #ZZL{—%NZ,

where B satisfies the equation

i fn2 _ }"2
n+B2

n=1

Proof. If Y02 | f,2/A2 < r?, then a quasi-solution g that minimizes the functional
p% (Aq, 1) := J(q) = (Aq — [, Aq — f) on B(0, r) can be obtained by solving the
Euler—Lagrange equation

A*Ag = A* f. (2.3.2)
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We will seek a solution to this equation in the form of a series:

0
qK = Z 4nPn-
n=1

Substituting this series into equation (2.3.2) and using the expansion (2.3.1) for
A* f, we obtain

00 00 00
A*Aqx = anA*A(Pn = ZC]nAnQDn = Z Inn.

n=1 n=1 n=1

Hence, g, = fn/An. Since Z;ozl fnz/)tﬁ < r2, we deduce that

dK = Z(fn/kn)(pn € B(0,r)

n=1

minimizes the functional J(g) on B(0, r).

On the other hand, if Y52, f,2/A2 > r2, then, taking into account that gx must
belong to B(0, r), it is required to minimize the functional J(q) = (Aq — f, Aq — f)
on the sphere |¢||% = r2.

Applying the method of Lagrange multipliers, this problem is reduced to finding

the global extremum of the functional

Ja(q) = (Aq = [, Aq — f) + a(q.q).
To find the minimum of J,, we solve the corresponding Euler equation
aqg + A*Aq = A* f. (2.3.3)

Substituting gxg = Y o gngn and A* f = 307, fue, into this equation, we
obtain g, = f,/(c + A,). The parameter « is determined from the condition ||¢||? =
r2, which is equivalent to the condition w(a) := Y o2, f,2/(a + Ap)? = r2 It
remains to take the root of the equation w(c) = r2 for 8 to complete the proof of the
theorem. m|

Remark 2.3.2. The equation w(r) = r? is solvable because w(0) > r? and w(x)

steadily decreases with increasing o and tends to zero as o — oo.

2.4 The Lavrentiev method

If the right-hand side fg of the equation Ag = f5 does not belong to A(M), then one
can try to replace this equation with a close equation

ag +Aq = fs, a>0 (2.4.1)
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for which the problem becomes well-posed. In what follows, we prove that in many
cases this equation has a solution g4 that tends to the exact solution g, of the equation
Ag = f as « and the error § in the approximation of f tend to zero at concerted rates
(Lavrentiev, 1959).

Let # be a separable Hilbert space and A : # — JH be a linear, completely
continuous, positive, and self-adjoint operator.

Assume that for f € J there exists such g € J# that Ag. = f. Then we take
the solution ¢4 = (¢E 4+ A)~! f to the equation «g + Ag = f as an approximate
solution to the equation Aq = f (the existence of g, will be proved below).

If the data f is approximate, i.e., instead of f we have fg suchthat || f — f3]| <6,
then we set

dus = (@E + A)7! f5.

The family of operators Ry = (¢E + A)~!, a > 0, is regularizing for the problem
Aq = f (see Definition 2.5.2). Consider this matter in more detail. Let {¢} be a
complete orthonormal sequence of eigenfunctions and {Ag} (0 < -+ < A4y < A <

- < A1) be the corresponding sequence of eigenvalues of the operator A. Assume
that the equation

Ag=f (2.4.2)

has a solution ¢g.. Substituting the expansions

o0
Ge =Y qkPk: Gk = (de- k)
1

=
Il

-~ (2.4.3)
F=Y five- Je={fox).
k=1
into (2.4.2), we conclude that g = fj/Ax and therefore
o
Jx
Ge =Y 7= -
Pl
Note that
[e.e]
Sk \2
3 <ﬁ> < 00, (2.4.4)

Consider the auxiliary equation

ag + Aq = f. (2.4.5)
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As before, a solution g to equation (2.4.5) can be represented in the form

Z - + )Lk (2.4.6)

Taking into account that f; = A g, we estimate the difference

— o = ZCIk(Pk - Z A+q/’{k Pk

k=1 k
Consequently,
Ige — gal® = o? Z T Ak)z (2.4.7)
It is now easy to show that limy— 19 ||¢e — ¢« || = 0. Indeed, let ¢ be an arbitrary

positive number. The series (2.4.7) is estimated from above as follows:

oo 2
o2 o2 2 dy
Z TS Z eES AL ,EH @+ A2
< Az ||q||2 Z ar- (2.4.8)

k=n+1

Since the series ZZOZI qi converges, there is a number 7 such that the second term
in the right-hand side of (2.4.8) is less than /2. Then we can choose o > 0 such that
the first term is also less than &/2. It follows that limy—+¢ ||ge — gu || = O.

‘We now return to the problem with approximate data

Aq = s, (2.4.9)
where || f — fs|| <, and the regularized problem (2.4.1):
agq + Aq = fs.

Put fs x = (fs, ¢k ). Then the solution g,s to (2.4.1) can be represented as a series

= fik
qas—kzl e i %
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We now estimate the difference

Ige = qasll = ge = qall + lge — Gas - (24.10)

The first term in the right-hand side of (2.4.10) tends to zero as ¢ — 0. The second
term is estimated as follows:

9 — qasI? = | Z (a v aﬁ";k) H Z ({Z:Li’)‘gz 24.11)

2

1 1
2 U= i = S =P =
k=1

IA

We now prove that ¢,5 — g when « and § tend to zero at such rates that § /o — 0
as well. Take an arbitrary positive number . Choose « such that ||ge — g || < €/2.
Then find § > 0 such that §/o < &/2. Then from (2.4.10) and (2.4.11) it follows that

Ige = qasll < llge — gall + l9a — qasl < /2 +¢/2 =&

We will apply the Lavrentiev method for the regularization of Volterra integral
equations of the first kind in both linear case (Section 4.2) and nonlinear case (Sec-
tion 4.6).

In conclusion, we note that if A is not positive and self-adjoint, then the equation
Aq = f can be reduced to an equation with a positive self-adjoint operator by apply-
ing the operator A™*:

A*Aq = A* f.
Then the regularizing operator is written as

Ry = (@E + A*A)~1A*.

2.5 The Tikhonov regularization method

In many ill-posed problems Aqg = f, the class M C Q of possible solutions is not a
compact set, and approximate data fs may not belong to the class A(M) for which so-
lutions exist. The regularization method developed by A. N. Tikhonov (1963b, 1964)
can be used to construct approximate solutions to such problems.

First, we give the general definition of a regularizing algorithm for the problem
Aq = f (Vasin and Ageev, 1995). Let Q and F be Banach spacesandlet A : Q — F
be a bounded linear operator. Suppose that, instead of the operator A and the right-
hand side f, we have their approximations A and fg that satisfy the conditions

[A—Apll =h. Nf - fsllF <6.
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Recall that the norm of an operator A : Q — F is defined as

| AqllF
|A]l = sup :
qc0 llallo
q#0

For simplicity, when writing the norms we will omit the index specifying the space.
Denote B(A,h) = {Ay: Q — F suchthat |A — Ay|| < h}, B(f.8) = {fs € F:
If = Jfsll <8} Qp ={q € Q- Ag = f}.

Definition 2.5.1. A family of mappings Rsp: B(f,§) x B(A,h) — Q is called a
regularizing algorithm for the problem Aq = f if

sup || Rsp(f5.An) — Qfll — 0
Js€B(£.8)
A, €BUAR)

as§d —> 0and h — O forall f € R(A) = A(Q). The set {Rs,(f5,Apn)}, 6 € (0, So],
h € (0, ho] is called a regularized family of approximate solutions to the problem

Ag = f.

Here the distance between Rsy, ( f5. Ap) and the set Q¢ is as usual: || Rsp(f5. Ap)—
Orll = mingeg, |Rsn(fs. Ar) — 4|

If the equation Ag = f is known a priori to have a solution ¢, € M C Q, then the
set Q¢ in the above definition can be replaced with O N M. In the sequel, in most
cases we assume that the representation of the operator A4 is given exactly.

Let g, be an exact solution to the ill-posed problem Ag = f for some f € F.

Definition 2.5.2. A family of operators {Ry}o>0 is said to be regularizing for the
problem Aq = f if

1) for any o > O the operator R, : F — Q is continuous,

2) for any ¢ > O there exists an oy > 0 such that

[Raf —qell <&

for all @ € (0, ax), in other words,

lim Ry f = ge. (2.5.1)

a—+0

If the right-hand side of the equation Ag = f is approximate and the error || f —
fsll < & in the initial data is known, then the regularizing family { Ry }¢>0 allows us
not only to construct an approximate solution g5 = Ry f5, but also to estimate the
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deviation of the approximate solution g,s from the exact solution g.. Indeed, using
the triangle inequality, we have

I9e = qasll < llge = Ra f | + | Ra f/ — Ra f5]I- (2.52)

The first term in the right-hand side of (2.5.2) tends to zero as « — +0. Since the
problem is ill-posed, the estimation of the second term aso@ — +0and § — +0isa
difficult task which is usually solved with due consideration of the specific character
of the problem including an a priori and/or a posteriori information about its exact
solution.

For example, consider the case where Q and F are Banach spaces, A : Q — F is
a completely continuous linear operator, and Ry is a linear operator for any o > O.
Assume that there exists a unique solution ¢, for f € F, and fs € F is an approxi-
mation of f such that

If— fsll <. (2.5.3)

We now estimate the difference between the exact solution g, and the regularized
solution gu5 = Rq f5 using (2.5.2).

Set |ge — Ro f|l = y(ge,«). The property (2.5.1) of a regularizing family im-
plies that the first term in the right-hand side of (2.5.2) vanishes as « — 40, i.e.,

limg— 40 ¥(¢e. ) = 0.
Since Ry is linear, from the condition (2.5.3) it follows that

IRa f — Ra f5]| < [[Ra 8. (2.5.4)

The norm || Ry || cannot be uniformly bounded because the problem is ill-posed. In-
deed, otherwise we would have limy 19 Ry = A~! and the problem Ag = f would
be well-posed in the classical sense. However, if o and § tend to zero at concerted
rates, then the right-hand side of the obtained estimate

lge — qasll < v(ge. @) + || R |8 (2.5.5)

tends to zero. Indeed, setting w(ge,d8) = infy>0{y(ge,®) + || Re||8}, we will show
that

lim w(ge,8) = 0.
§—0

Take an arbitrary ¢ > 0. Since limg—0 Y (¢e,®) = 0, there exists an «(g) such
that for all @ € (0, ®g(g)) we have

Y(ge. @) < &/2.
Put 1o(e) = infye(0,a0(c)) I Re |l and take 8o (g) = &/(2j10(¢)). Then

inf {|[Re [ 8} <8 inf {|[Re|} <e/2.
a>0 a€(0,a0(e))

for all § € (0, 8¢(g)).
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Thus, for any & > 0 there exist «g(¢) and 8o(g) such that

lge — qasll <&

forall ¢ € (0,x0(g)) and § € (0, §p(e)).

For specific operators A and families {Ry}¢>0, an explicit formula relating the
regularization parameter « to the data error § can be derived.

One of the well-known methods for constructing a regularizing family is the mini-
mization of the Tikhonov functional

M(q, fs.a) = |Ag — f5]I> + aQ(q — ¢°).

where ¢? is a test solution, « is the regularization parameter, and 2 is a stabilizing
functional, which is usually represented by the norm (or a seminorm), for example,
Q(q) = |lg||*>. The stabilizing functional  uses the a priori information about the
degree of smoothness of the exact solution (or about the solution structure) and de-
termines the type of the convergence of approximate solutions to the exact one for a
given relationship between «(§) — 0 and § — 0. For example, the Tikhonov method
is effective for Q(g) = ||q||%Vl in the numerical solution of integral equations of the
2

first kind that have a unique solution smooth enough (see (Vasin and Ageev, 1995)
and the bibliography therein).
Consider a regularizing functional M(q, fs.a) in the case of Q(q) = ||¢||*:

Mg, fs.@) = lAq = f51> + @llq|?, «>0. (2.5.6)

Theorem 2.5.1. Let Q and F be Hilbert spaces and A be a completely continuous
linear operator. Then for any f € F and o > 0, the functional M(q, f, ®) attains its
greatest lower bound at a unique element ¢,.

Applying Theorem 2.5.1, we can construct an approximate solution g4s from the
approximate data fg € F satisfying the condition || f — fs|| < & and prove that gy
converges to the exact solution ¢, to the equation Ag = f as the parameters « and &
tend to zero at concerted rates (Denisov, 1999). Indeed, let the functional M(q, f5, )
attain its lower bound at a point g, whose existence and uniqueness is guaranteed
by Theorem 2.5.1.

Theorem 2.5.2. Let the assumptions of Theorem 2.5.1 hold. Assume that there ex-
ists a unique solution q. to the equation Aq = f for some f € F. Let {fs}s=0
be a family of approximate data such that || f — fs|| < § for each of its elements.
Then, if the regularization parameter & = «(8) is chosen so that limg_,oa(§) = 0
and limg_,o 8% /a(8) = 0, then the element qa(8),8 Which minimizes the regularizing
functional M(q, f5,a) tends to the exact solution g, to the equation Aq = f, ie.,
lims—0 |9 5),6 — gell = 0.
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Consider now the case when the equation Ag = f is solvable but its solution is not
unique. In this case we will seek a solution which is closest to a given element ¢°.

Definition 2.5.3. Let O be a set of all solutions to the equation Ag = f and let an
element ¢° € Q be given. The solution ¢? € O # minimizing the functional |lg — q°
on the set Q is called normal with respect to q%: qI? = arg minquf lg —q°|. If

q° = 0, the solution ¢, = arg mingeo llg|l is called normal solution to the equation
Ag = f.
There holds the following theorem (Vasin, 1989).

Theorem 2.5.3. Let the operator Ay, and the right-hand side fg satisfy the approxi-
mation conditions

[Ap — Al =h, |If = fsll <6, (2.5.7)

where h € (0, ho), § € (0,80). Assume that A and Ay, are bounded linear operators
Jrom Q into F, where Q and I are Hilbert spaces. Let q,? be a solution to the problem
Aq = f that is normal with respect to q°. Then for alla > 0, gg € Q, h € (0, hy),
and § € (0,80) there exists a unique solution g5 to the problem

min{[|4ng — f51* + allg —¢°|1%. ¢ € O}. (2.5.8)
Furthermore, if the regularization parameter o satisfies the conditions

(h+87>

lim ¢(A) =0, lim =0,
A—0 A

—0 OJ(A)
where A = Vh? + 82, then
lim g% —q2| = 0.
Alglo ||‘1h5 |

Example 2.5.1 (differentiation problem). Suppose that the function f(x) € C1(0,1)
is given approximately:

I f— f8||C(0,1) <3d.

It is required to determine approximately the derivative f’(x) from the function
fs(x) € C(0,1).

The ill-posedness of this problem readily follows from the fact that the function
/5 (x) may not have a derivative at all. However, even if f{(x) exists, the problem may
turn out to be unstable. Indeed, with an error of the form § sin(x /§?), the approximate
function

f5(x) = f(x) + 8 sin(x/8%)
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tends to f(x) as 6 — 0. At the same time, the difference between the derivatives

0= /() = 5 costx/5%)

increases indefinitely.

Consider a simple regularizing family Ry f(x) = (f(x + @) — f(x))/a, where
x € (0,1) and @ € (0,1 — x). We now estimate the deviation f'(x) — Ry f5(x) ata
fixed point x € (0, 1). Since f(x) is differentiable, we have

f(x+a)= f(x)+ f(x)a +o(a).

Hence
J(x+a)— f(x) ) = @‘
o o
Therefore,
| 7/ (x) = Ry f5(x)| < ‘f’(x) S+ 02 — f(x)
MECRL R R R R/
o o
oo, x) 268
= ty (2.5.9)
o o

In this case, for the right-hand side of inequality (2.5.9) to tend to zero, it is suffi-
cient to require that o and § tend to zero in such a way that §/o — 0, i.e., § = o(x).

The estimate (2.5.9) can be improved by imposing stronger requirements on the
smoothness of f(x). For example, suppose that f(x) has the second derivative 1" (x)
whose absolute value is bounded by a constant ¢; in a neighbourhood O(x,¢) =
{y eR:|x—y| <e}ofx:

sup | f"(y)] < cr. (2.5.10)
yelO(x,e)

Then take @ € (0, min{e, 1 — x}) and apply the Taylor formula with Lagrange
remainder:

f"(x + Ba)a?

> , 6¢€(0,1).

fx+a) = f(x)+ f(x)a+
Hence

fx+a)— f(x) ~ o] < 99

o 2
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Thus, we get the following estimate instead of (2.5.9):

cia 28
|f'(x) = Ra f5(x)| < T‘FE- (2.5.11)
The conditions expressing the dependence of o on § can be refined, for example,
by choosing o > 0 so as to minimize the right-hand side of (2.5.11). Its minimum
with respect to « is attained at the positive solution to the equation

C1 _ 28
2 o
i.e,ata = 2,/8/cy. In this case we have

| f/(x) = R f5(x)| < 2+/c16.

Remark 2.5.1. Other families of regularizing operators can be constructed. For ex-

ample, Ry f(x) = (f(x) — f(x —a))/a or Ry f(x) = (f(x +a) — f(x —a))/2a).

Remark 2.5.2. We estimated the deviation | f/(x) — Ry f5(x)| in the neighbourhood
of an arbitrary fixed point x € (0, 1). Clearly, the estimate (2.5.11) will hold for all
x € (0, 1) if the condition (2.5.10) is replaced with the condition || /”||¢(o,1) < const.
(For an extended discussion of the pointwise and uniform regularization, see (Ivanov
et al., 2002).)

Remark 2.5.3. In practice, aside from the fact that the values of f(x) are specified
approximately, they are often given only at several points of the interval being studied.
In such situations, one can use interpolation polynomials (Newtonian and Lagrange
polynomials, splines) and take the derivative of the interpolation polynomial for an
approximate derivative of f(x). In this case, estimating the deviation of the approxi-
mate derivative from the exact one requires additional assumptions on the smoothness
of the derivative and a concordance between the measurement accuracy and the dis-
cretization step.

Remark 2.5.4. Another regularization method for evaluating f”/(x) consists in taking
the convolution of the function f5(x) with a smooth function wy(x) enjoying the
following properties:

a) supp {we (x)} C [—a, al;

b) [, wa(x)dx = 1.
For example, the family {wy (x)}, @ > 0, can be chosen as follows:

caexp{—a?/(@® —x?)}, x| < e

wo (x) = {

0, |x] > «a,

o ([l

—u
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It is easy to verify that the operators R, defined by the formula

R f(x) = /_ fs(l(x — y)dy

constitute a family of regularizing operators.

Regularizing sequence. In the construction of a regularizing family of operators,
the real parameter « — 0 is sometimes replaced by a natural number n — co. Con-
sider several examples.

Example 2.5.2 (expansion in eigenfunctions). Assume that J is a separable Hilbert
space. As in Section 2.3, let A : # — H be a completely continuous positive self-
adjoint linear operator, and let {¢, } and {1, } be the sequences of eigenfunctions and
eigenvalues of A, respectively, where Ax 1 < A, k € N. An exact solution g, to the
equation Aqg = f can be represented in the form
o /i
Ge= i(/’k’ fe = {fon). (2.5.12)
k=1

Since the solution exists and belongs to the Hilbert space #, the series (2.5.12) and
> o2 (fx/Ax)? converge. However, if the equation Aq = fs has no solutions for
some fs € J satisfying the condition || f — fs|| < &, then the series Y g (fsx/Ak)?,
Jfsx = (fs,or), diverges (see the Picard criterion in Corollary 2.9.1). We now con-
struct the sequence of operators { R, } such that

Ry fs = Z f‘”‘ (2.5.13)

and show that it has all the properties of a regularizing family as n — oo. The
operators R, are obviously continuous, | R, || = 1/A,, and forallg € Q

lim RyAg = lim ZQk‘/’k =q. qr={q.9)-

n— 00
k 1

Then the following estimate holds for the exact solution (2.5.12) to the equation
Ag = [ and the regularized solution g5, = Ry fs:

Ige = Ruf Il + IRn f — Rn f51l < llge — RnAgell + | Ru(f — fo)I

Z i + 1R 18 = Z qk+—

k=n+1 k=n+1

IA

lge — aqsnll

IA

Consequently, for any ¢ > 0 we can find a number ¢ such that Y g, ot1 q,% <e/2
and then choose § > 0 to satisfy the condition § < A,e/2. Then the inequality
lge — gsnll < €holds for alln > ng and § € (0, A,e/2).
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Example 2.5.3 (the method of successive approximations). Under the assumptions
of the preceding example, suppose that A; < 1. Take a sequence {¢g,} defined by the
formula

dn+1=qn—Agn+ f, qo=f, n=0,1,2,....

We will show that if the equation Ag = f has an exact solution g, € #, then

lim gn = ge.
n—oo

Indeed,
n n
G =Y (E—AFf = "(E-A)Aq,.
k=0 k=0

It is not difficult to prove that
Ge —qn = (E — A)""ge. (2.5.14)

We expand (2.5.14) in the eigenfunctions ¢, to get

o0

Ge—qn =Y _(1=2)" " qnor. i = (ge. 0x)-
k=1

Then

o0
lge — gn > = D (1= 2>+ Vg2,
k=1

We leave it to the reader to complete the proof.
Exercise 2.5.1. Prove that lim,— o [|ge — ¢nll = O.

Exercise 2.5.2. Prove that the sequence of operators defined by the equality R, f =
S _o(E — A)¥ f is regularizing and || R, || = n + 1.

The next section deals with gradient methods, which represent one of the most
effective and commonly used class of iterative regularization methods.

2.6 Gradient methods
The idea of replacing the original equation (problem)

Ag = f (2.6.1)
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with the problem of finding the minimum of the objective functional
J(@) = [Ag = f]* - min (2.6.2)

dates back to the works of A. M. Legendre (1806) and K. Gauss (1809), who pro-
posed the least squares method for solving systems of linear algebraic equations.
A. Cauchy (1847) proposed the steepest descent method for solving the problem of
finding the minimum of a function of n variables. L.V. Kantorovich proposed to
solve linear operator equations Ag = f in Hilbert spaces by minimizing the func-
tional H(q) = (Aq,q) — 2(f. q) using the steepest descent method. He also studied
the convergence of this method in the case where m(q,q) < (Aq,q) < M{q,q),
m > 0, and pointed out the guidelines for investigating the case of m = 0 (Kan-
torovich, 1952). In what follows, we will minimize the functional J(g), which is
more commonly used in practice than H(q). Note that for A = A*, the gradient H'q
of the functional H(q) is equal to 2(Ag — f), and its decrease with respect to ¢ means
that ¢ approaches the solution to the equation Ag = f.

In this section, we briefly describe the general structure of several gradient methods
for solving ill-posed problems Ag = f and discuss the convergence of these methods.
A more detailed description of the gradient methods and their application to inverse
problems can be found in (Alifanov et al., 1988).

The structure of gradient methods. We consider the case where Q and F are
Hilbert spaces, A is a Fréchet-differentiable operator from Q into F. To solve the
equation Ag = f, we minimize the objective functional

J(q) = (Aq— f.Aq — f) = ||lAq — f|*.

Lemma 2.6.1. If A is a Fréchet-differentiable operator, then the functional J(q) is
also differentiable and its gradient J'q is expressed in terms of A’ by the formula

J'q =2(A'q)"(Aq — f). (2.6.3)
Proof. Formula (2.6.3) follows from the obvious equalities
J(q +38q9) = J(q) = (Alg +8q) — [. A(q + 8q) — f) — (A(q + 8q) — /. Aq — )
+(Alg +8q9) — f.Aq — f) —{Aq — . Aq = f)
= (A(q +8q) — f.(A'q)8q) + ((A'q)8q. Aq — f) + o(ll5ql])

= (2(A'9)8q. Aq — f) + o(l8q1)
= (8q.2(A'9)"(Aq — 1)) + o(I84]).

Remark 2.6.1. If A4 is a linear operator, then J'g = 24*(Aq — f).
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The simplest gradient methods have the form

qn+1 = qn — and'qn. (2.6.4)

This formula represents different methods depending on the way of defining the pos-
itive parameter «,. Throughout this section, we assume that A is a linear operator.

Theorem 2.6.1. Assume that Q and F are Hilbert spaces, and A : Q — F is a
continuous linear operator such that both A and A* have zero kernels. Then the
functional

J(q) =(Aq - f. Aq = f)
has no more than one stationary point.
Proof. Suppose that J(g) has two stationary points g1,g2 € Q. Then J'q; = 0 and
J'q> = 0. By Lemma 2.6.1, we have J'g; = 24*(Agq; — f) = Ofor j = 1,2,
which means that Ag; — f € Ker A*.
Hence, Aq; = f and therefore g1 = g2, since the solution is unique. m|

Consider several examples of gradient methods

dn+1 = qn _anJIQn’ dn € O, ay >0, (2.6.5)

such that the descent parameter oy, is either fixed or determined from the minimum
condition for a quality functional. As before, let g, denote an exact solution to the
problem Ag = f (which is not necessarily unique).

The method of simple iteration (also known as the Landweber iteration in the theory
of ill-posed problems). The parameter ¢y, is fixed:

1
oy, = o € (0,—).
" | A1

The minimum error method. The parameter «;, is determined so as to minimize

lgn+1 = gel® = llgn — J "qn — ge|?
= |lgn — QeH2 —2a(qn —qe. J'qn) + O‘ZHJ/Qn”z-
The quantity ||g,+1 — ge||? attains its minimum at the point

(an —qe. J'qn) (qn —qe.2A*(Aqn — f))

Wl /7 qn |
(Agn = 1. Aqn = 1) _ 2J(qn)
/g ll? 1 /7qnll?

Note that g, appears in the expression ||gn+1 — ¢e||?, but the descent step does not
depend on ¢,.
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Remark 2.6.2. The conditions J(g,) # 0 and J'g, # 0 will be used below in the
analysis of gradient methods. The first condition must be verified before each descent
step. Even if J(g,) # 0, further calculations may become meaningless if J(gy) is
extremely small. When J(g,) = 0, the procedure must be stopped, since we get the
required solution: g, = ¢qp.

The second condition J'g; # 0 means that we do not arrive at a minimum of the
functional.

The steepest descent method. We choose, as the parameter oy, the minimizer of
the expression

J(Gnt1) = J(gn — aJ'qn) = ||Agn — AT g, — f*
= | Agn — f11* = 2{Aqn — f.@ AT qn) + &*| AT qn|?
= J(qn) — a||J ' qull* + &*[| AT qul*.

Exercise 2.6.1. Prove that the minimum of the above expression is attained at the
point

_ gl
247 g2

n

If there exists a continuous inverse of the operator A4, then the rate of convergence
of the method of simple iteration, the minimum error method, and the steepest descent
method is linear. The implementation of these methods requires minimal amount of
calculations per iteration (compared to other methods, such as the conjugate gradient
method).

method descent parameter o
simple iteration a = const € (0, || A]|72)
minimum error on = 2J(g) | qnll =2
steepest descent | oy, = (1/2)||17'qn 12| AT qn| 2

The conjugate gradient method. At first, an initial approximation ¢gg is specified
and po = J'qo is calculated. Suppose that g, and p, have already been determined.
At step n + 1, we first calculate the auxiliary function

pn=J'qn + ||J/C]n||2||J/CIn—1 ||_2 Pn—-1,
then the descent parameter

(J'qn. pn)
[Apall?

n =
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and then the approximate solution
dn+1 = 4n — %n Pn-

Convergence of gradient methods. Let A be a continuous linear operator, and let
the equation Ag = f have more than one solution. Then one can introduce additional
requirements for the desired solution, for example, the requirement that the solution
have minimal norm or be the closest to a certain element ¢° € Q. Denote Q r=1q €
Q : Aq = f}. Recall that a normal solution to the equation Ag = f with respect to
some ¢° € Q is a solution ¢ € Q # that has the least deviation from q%ie.,

0 0 . 0
— = min - .
lgn — 4" nin lg = 4"

Remark 2.6.3. The element ¢° is usually chosen on the basis of some a priori infor-
mation about the solution.

Consider the problem of finding a normal solution to the equation Ag = f with
respect to a given g° € 0. We denote the range of 4 by

R(A) = A(Q) ={f € F : 3¢ € Q such that Ag = f}. (2.6.6)

Note that, the results concerning the convergence and stability of gradient methods
as applied to well-posed problems remain valid in the case of finding a normal solution
with respect to ¢© if the range R(A) of the operator A is closed.

If R(A) is not closed, then some minimizing sequences may be divergent even
when the solution of the equation Ag = f is unique, since A~! is not bounded. It
can be proved, however, that the minimizing sequence {qy } constructed using gradient
methods converges with respect to the functional (J(g,) \ 0 as#n — 00) and in norm
(llgx — q2|l — 0 as k — o0) to the normal solution to the equation Ag = f with
respect to the initial approximation ¢° = go (Alifanov et al., 1988).

Let A be a continuous linear operator that has no bounded inverse. Suppose that
the equation

Ag=f 2.6.7)

has a solution (which is not necessarily unique).
Consider the method of simple iteration for solving equation (2.6.7):

Gn+1=qn —aJ qn, qo€ Q, neNU{0},

(2.6.8)
o = const € (0, || 4] 72).

The condition imposed on « will be needed in the proof of convergence.
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Lemma 2.6.2. Foralln € N U {0}
J(Gn) = I (@n+1) = @[ gnl* = *| AT "gn|>. (2.6.9)
Proof. Develop the difference J(gn)—J(¢n+1) taking into account (2.6.3) and (2.6.8):

J(qn) — J(qn+1) = | Aqn — f”2 — | Agn — AO‘J,C]n - f”z
= 2(Aqn — f. AaJ'qn) — o?|| AT qnl?
= a(24%(Aqn — £), T qn) — @*| AT qu|?
= a|[J qnl* — ?|AT 'gu?,
which proves the lemma. O

Lemma 2.6.3. Let g, € Qf be a solution to (2.6.7). Then for all n € N U {0}

lgn — Qe”2 — lgn+1— Qe”2 = daJ(qn) — 052”-],‘]n||2- (2.6.10)

Equality (2.6.10) follows from the trivial equalities
lgn = qell® = llgn — " qn — el = 20(qn — qe. J'qn) — (|7 'qull?

= da{Aqn — [ Agn — f) = |V qu*.
Since 0 < & < || A2, from Lemmas 2.6.2, 2.6.3 it follows that

0 < J(@n+1) < J(gqn),
0 < llgn+1 —4gell < llgn —qell

i.e., the sequences {J(gn)}, {/lgn — gell} converge.
We now turn to the steepest descent method:

qn+1 ZQn_anJ/Qn, go € @, neNU{0} (2.6.11)
o, = argmin J (¢, — aJ'qy). (2.6.12)
a>0

Lemma 2.6.4. The sequence defined by formulae (2.6.11), (2.6.12) has the following
properties:

(07
J(gqn) — J(Qn+1) 7’1 ||J,Qn||2, (2.6.13)

an = |7 'qnl?/QIAT gul?). (2.6.14)
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Proof. Proving (2.6.14) was suggested as an exercise to the reader (see Exercise 2.6.1).
To prove (2.6.13), we substitute @ = «,, into (2.6.9) and perform simple manipula-
tions:

J(qn) = J(qn+1) = an(|'qnl* — an [ AT qn|1?)

1/

— J/ 2

(67
147'¢a]1?) = S 1 'gal. ©

Lemma 2.6.5. Let g, € Q be a solution to the problem (2.6.7). Then for all n €
N U {0} there holds

Ign — gell? = llgn+1 — qell* = 204 (J(qn) + J(gn+1))- (2.6.15)

Proof. Substituting o, for « in (2.6.10) and using (2.6.13), we have

2
ldn = gell® = lgn+1 = gell® = 4on T (gn) = @ — (J@n) = T (@n+1))
n
= 200 (J(qn) + J(Gn+1))- (2.6.16)

O

Lemma 2.6.6. If a, is chosen to satisfy the condition (2.6.12), then the following
inequality holds for alln € N U {0}:

1

— < q,. 2.6.17
2ap = I

Proof. Inequality (2.6.17) follows from (2.6.14) and the definition of the operator
norm:
I17"qn 1> 1°gn 11 1

oy = > = . O
T20AT g2 T 20 A1 a2 20142

Theorem 2.6.2. Let A : Q — F be a linear continuous operator, and let Q, F be
Hilbert spaces. If there exists a unique solution g to the problem Aq = f, then
the sequence of approximate solutions (2.6.11), (2.6.12) obtained using the steepest
descent method converges to the solution ¢e.

Proof. From Lemmas 2.6.4 and 2.6.5 it follows that
0 < J(gn+1) < J(gn), (2.6.18)
0 < llgn+1 —gell < llgn —gell. (2.6.19)

which means that the sequences {J(¢n)} and {||¢g» — ge||} are positive and monotoni-
cally decreasing, and therefore convergent.



Section 2.7 An estimate of the convergence rate with respect to the objective functional 49

Summing (2.6.15) over n = 0, k yields:
k
llgo — CIe”z — N qk+1 — Qe”2 =2 Z an(J(qn) + J(Gn+1)). (2.6.20)

n=0

Since the sequence {||¢n — ge||} has a limit, from (2.6.20) it follows that

k
2 an(J(gn) + J(gn+1)) < C
n=0

for all k € N U {0}, where C is a constant. On the other hand, in view of (2.6.17),

k k k+1
1 2
23 an(J(Gn) + T(Gn1) = —= > (J(@n) + J(@nt1) = = Y J(gn).
2 141 & 1l &
Hence, Z§=0 J(gn) < C forany k € N U {0}, i.e.,
o0
> J(gn) < oo (2.6.21)
n=0

Then limy, 00 J(gr) = 0, and {g, } is a minimizing sequence.

In view of (2.6.19), the sequence {¢, } is bounded. Then there exists a subsequence
{dn e and ge € Q such that limgo0(¢. dn,) = (¢ qc) forall g € Q.

Note that the continuity of A implies its weak continuity. Indeed, for any ¢ € F,
A*¢ = w € R(A*) C Q, which implies that (g, , w) = (Aqn,.¢) and (w,qc) =
(¢, Agc). Therefore, the sequence {Aqy, }, k € N, weakly converges to Ag.. On
the other hand, {g, }xeN is also a minimizing sequence, i.e., {Agy, }kxeN strongly
(and therefore weakly) converges to f. As aresult, Aq. = f and, since the solution
of the problem Ag = f is unique, we conclude that g. = ¢., which completes the
proof. m|

A more detailed analysis of these methods and other gradient methods can be found
in (Alifanov et al., 1988).

2.7 An estimate of the convergence rate with respect to the
objective functional

In this section we estimate the rate of convergence of the steepest descent method with
respect to the objective functional. With the inverse problem

Ag=f (2.7.1)

we associate the objective functional

J(q) = |Aq — fI*. (2.7.2)
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Lemma 2.7.1. Let Q and F be Hilbert spaces and A : Q — F be a bounded linear
operator. Then for all q,8q € Q there holds

|J(q +8q) — J(q) — (8. J'q)| < | A*18¢]>. (2.7.3)

Proof. Taking into account the definition of the functional J(g) and Remark 2.6.1,
we have

J(q +38q) — J(q) —(8q,J'q)
= | Aq + Asq — fII> — || Aqg — f|* — (48q.2(Aq — f))
= (Aq — f + A8q. Aq — [ + ASq) — || Aq — f||*> — (484.2(Aq — [))
= (Aq — f. Aq — f) + (A8q. Aq — f) + (Aq — f. ASq) + || ASq|I”
—4g = f 1> = (48q.2(Aq — [))
= ||A8q|?,
which yields the inequality (2.7.3). |

Consider the steepest descent method

dn+1 =qn —nJd'qn, n e NU{0}, qo€ 0, (2.7.4)
where the descent parameter is determined by the formula

oy = argmin J (¢, — aJ'qn). (2.7.5)

a>0

Theorem 2.7.1 (on the convergence of the steepest descent method with respect to
the objective functional). Let Q and F be Hilbert spaces and A be a bounded linear
operator. Assume that there exists a solution q. € Q to equation (2.7.1) for some
f € F. Then the sequence {q,} defined by (2.7.4) and (2.7.5) converges to zero
with respect to the objective functional (i.e., limy—oo J(¢n) = 0) and the following
estimate holds:

14117 llg0 — ge
n

I”

J(gn) < (2.7.6)

Proof. Substituting ¢ = ¢, and 8¢ = —aJ'q, (n € N U {0}, @ > 0) into (2.7.3), we
obtain

| (qn — & qn) — J(qn) + @[|J'qn|?] < AP gnll>. (2.7.7)
From (2.7.7) it follows that

J(qn — ad qn) — J(qn) < a(@||A]* — D||J g | (2.7.8)
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By the definition of ¢y, the following inequality holds for all & > 0:

J(Gnt1) = J(Gn — and'qn) < J(gn — aJ ' qn).

Then (2.7.8) can be written in the form
J(Gn+1) = J(gn) = J(gn =t ' (qn)) = J (qn) < a(@]| A]* = DI/ g,
which implies
a(l =l AP gnl* < J(qn) = J(@n+1). o> 0. (2.7.9)

The right-hand side of (2.7.9) does not depend on «. Thus, inequality (2.7.9) holds
for all & and, in particular, for @ = 1/(2|4]|?). Then (2.7.9) implies that

1
J(qnt1) + A 17 gnll* < J(gn). (2.7.10)

From (2.7.10) we conclude that 0 < J(gn+1) < J(gn). Being decreasing and
bounded from below, the sequence {J(g5)} has a limit.
Then from (2.7.10) it follows that the sequence {||J ¢, ||*} has a limit:

17/ gnI* = 0. 2.7.11)

lim
n—>o0
In view of the obvious equalities
J(Gn) = (Agn — . Aqn — |} = (A(gn — qe), A(gn — ge))
1
)

1
(qn — Cle’ZA*A(‘]n —qe)) = 5 (J/Qn’Qn —de)»
we have
1
J(qn) = 3 177 gl lgo — gell. (2.7.12)

which yields lim;, — o J(gn) = 0 because of (2.7.11).
From inequality (2.7.12) it follows that

2J
2lan) < V'gnl- (2.7.13)
g0 — gell
Then (2.7.10) implies
J?(qn)
— > = J(qn) — J(qn+1)- (2.7.14)
[A412[lg0 — gell? ! "

To establish the estimate (2.7.6), we formulate and prove the following lemma,
which is presented in (Vasil’ev, 1988) in a more general form.
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Lemma 2.7.2. Assume that the elements of a sequence ag,ay,ds, ... are positive
and satisfy the conditions

2
Ay
B

<day—1—ay, B =const>0,neN. (2.7.15)

Then for all k € N

B
a < - (2.7.16)

Proof. Note that {a,} is a decreasing sequence. Divide (2.7.15) by a,a,—1:

an—1 <i_ 1

Ba, —a, ap—1

0<

Since the sequence is decreasing, we have

1 1 1

B~ a, ap

Then, summing these inequalities over n from 1 to k, we arrive at the estimate

which implies (2.7.16). The lemma is proved. m|

To verify the estimate (2.7.6), it remains to apply Lemma 2.7.2 to the sequence
{J(gn)} using the inequality (2.7.14) for (2.7.15). Thereby Theorem 2.7.1 is proved.
O

Theorem 2.7.2 (on the convergence of the method of simple iteration with respect to
the objective functional). Let Q and F be Hilbert spaces and A be a bounded linear
operator. Assume that there exists an exact solution q. € Q to the equation Aq = [
for some f € F. Then, for any qo € Q and a € (0, ||A||72), the sequence {gy,}
defined by the equalities

dn+1=qn—aJ'qn, neNU{0}, (2.7.17)
converges with respect to the objective functional and the following estimate holds:

g0 — gell?
a(l —allAll?)

J(gn) < p” (2.7.18)
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The proof is similar to that of the previous theorem. Indeed, it is not difficult to
verify that inequalities (2.7.9) and (2.7.13) are valid not only for the steepest descent
method but also for the method of simple iteration, that is, when « is fixed. From
these inequalities it follows that

4o(l —al|Al?
ed —elalt) ! ) J2(qn) < J(Gn) = J(@n11)- (2.7.19)
lg0 — gell
Putting
llgo — gell?
= J N [
an =7 Ta(l—al[A]?)

in Lemma 2.7.2, we obtain the desired estimate (2.7.18).

2.8 Conditional stability estimate and strong convergence
of gradient methods applied to ill-posed problems

Theorem 2.2.1 guarantees the continuity of the operator A~ : A(M) — M if M C
Q is compact and the operator A : Q — F is a continuous one-to-one map from M
onto A(M). M. M. Lavrentiev pointed out that for conditionally well-posed problems,
Theorem 2.2.1 implies the existence of the modulus of continuity of the operator A™!
on the set A(M) (see Definition 2.2.1), i.e., the function w(A(M), 5).

If the form of the function (8, A(M)) or of its majorant (for example, a conditional
stability estimate) is known, it is possible to estimate in norm the difference between
the solution of the equation Ag = f and that of Ag = f;.

Definition 2.8.1. Let the problem Ag = f be conditionally well-posed on a set
M C Q. We say that a conditional stability estimate is obtained on the well-posedness
set M if an increasing real-valued function B(8) is found such that

1) lims_ 10 B(8) = 0;
2) forany f € A(M) and f5 € A(M) satisfying the estimate | f — fs| < §, the

inequality

lge —aqsll < B(5)

holds true, where ¢, € M is a solution to the equation Aq = f and g5 € M is
a solution to the equation Ag = f;.
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As an example, we consider two well-known ill-posed problems. (A detailed anal-
ysis of these problems is given in the corresponding sections.)

Example 2.8.1 (see Chapter 8). Consider the Cauchy problem for a parabolic equa-
tion in reversed time:

U = —Uxx, x€(0,1), te€(0,T), T>O0;
u(x,0) = f(x), xe(0,1);
u(0,7) =u(l,t) =0, te€(0,7).

Letue(x, 1) be an exact solution to this problem. We denote by ug(x, ¢) the solution
to the perturbed problem

Uy = —Uyxyx, x€(0,1), 1€(0,7T);
u(x,0) = fs(x), xe€(0,1);
u(0,1) =u(l,1) =0, te€(0,7).

Then from the conditions [lue (-, T)z,0,1) < C. llus(-. T)lz,00,1) < C,and || f —
fsllL,00.1) < & it follows that

e (-, 1) —us(-.0)Lo0.1) < QO TET=DIT 4 € (0,T).

Example 2.8.2 (see Chapter 9). The Cauchy problem for Laplace’s equation has the
form

Uxx +Uuyy =0, x>0,y €R; (2.8.1)
u.y) = f(y). yeR: (2.8.2)
ux(0,y) =0, yeR. (2.8.3)

This problem will be considered in the domain (x, y) € 2 = (0,1) x (0, 1) with
boundary conditions

u(x,0) =u(x,1) =0, xe€(0,1). (2.8.4)

The problem of determining u(x, y) in Q will be solved if we find the trace of u(x, y)
forx =1, 1.e.,

q(y) =u(l,y), ye€(,1). (2.8.5)

Indeed, knowing ¢(y), we can solve the well-posed Dirichlet problem for Laplace’s
equation (2.8.1), (2.8.2), (2.8.4), (2.8.5) and determine the exact solution u(x, y) to
the original problem in €2.
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Assume that the problem (2.8.1)—(2.8.4) has an exact solution u, with the trace
(2.8.5), and ||¢|lz,0,1) < C. Then, if u; is a solution to the perturbed problem (with

I/ = fsllLoc0,1) < 6)
Uxx +Uyy =0, xe€(0,1), ye(01)
M(O’y):fS(y)v ux(()’y):07 yE(O,l),
u(x,0) =u(x,1) =0, xe€(0,1);

and ¢5(y) = ug(l, y) satisfies the estimate |¢s||7,(0,1) < C. then

lue(x,-) —us(x,)Ly0.0) < RC)EF, x € (0,1).

Strong convergence of the steepest descent method. If a conditional stability es-
timate B(8) is obtained on the well-posedness set

M ={q€Q:lql=C}

then an estimate of the strong convergence rate for gradient methods can be derived
from the estimate of the rate of convergence with respect to the objective functional.
For example, consider the steepest descent method

Gni1=qn —nd'qn, n=0,1,2,..., qo€ O, (2.8.6)
an = argmin J(q, — ot qy). (2.8.7)
a>0

Theorem 2.8.1 (an estimate of the strong convergence rate for the steepest descent
method). Let Q and F be Hilbert spaces and A : Q — F be a continuous linear
operator. Assume that the problem Aq = f has a solution g, € Q for f € F and a
conditional stability estimate B(§) is obtained on the set

M={geQ:lqll <2lgl}

Then the following estimate holds if ||ge — qoll < |gell-

2||A||||qe—qo||>
Vn ’

Proof. From (2.6.19) and the assumptions of the theorem, it follows that

lge —aqnll < ﬁ( (2.8.8)

VneN |ge = gnll = llge — qoll =< llgell-

Hence
lgnll < 2ligell. n € NU{0},

which means that g, € M.
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Since there exists an exact solution ¢, € M to the equation Ag = f,

J(qn) = | Agn — f1* = | Agn — Age|*.
By Theorem 2.7.1,

1417 llge — goll?
| 4gy — Age | < e 4oL
By Definition 2.8.1 (the definition of a conditional stability estimate), this inequality
implies (2.8.8). O

Theorem 2.8.2. Under the assumptions of Theorem 2.8.1, the convergence rate of the
method of simple iteration (2.6.8) is

lige — qoll
Ige = gnll < ﬁ(zm 1 —oz||A||2>'

The proof of this theorem is similar to that of Theorem 2.8.1.

Remark 2.8.1. Note that a conditional stability estimate can be obtained under the
assumption that the exact solution is sourcewise representable, i.e., it can be repre-
sented in the form g, = Bv, where B is an operator with sufficiently good properties
and v belongs to a certain ball. We give a simple example as an illustration. Let # be
a separable Hilbert space, A : # — H be a self-adjoint compact linear operator, and
let {1, ¢, } be the sequence of eigenvalues and orthonormal eigenfunctions of A. Put

M ={qeH:q=Av, |v] =c}.

Expand g € # and v € J in the basis {¢y }:

9= dqrek- [ =A49= qirie.
k k

v=") wgr, [=AAv =Y Aueu,
k k

where g = (q, ¢r) and v = (v, @). Note thatif ¢ = Av, ||v|| <c,and | f| <6,
then

lgll? = 4ol = 3" 02a2 = 3 Juel [og 1A
k k

= \/ZUI% \/Zv,%k; = [l /Il < 8.
k k

which yields
lgll < Ves.
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Then the modulus of continuity of the operator A on A(M) can be estimated from
above:

w(A(M),8) = sup gl < ~¢b.
qeM, ||Aq| <8

In a more general case (Vainikko and Veretennikov, 1986), the well-posedness set
can be chosen as follows:

Mpp={ged:q= (A" v, ved:|v|<p}, p>0. p>0.
In this case a conditional stability estimate takes the form

w(A(Mpp),6) < pl/(p+1)5p/(p+1)‘

Regularizing properties of gradient methods. Suppose that the assumptions of
Theorem 2.8.2 hold, but the function f € F is given approximately and the approx-
imation f5 € B(f,§) may not belong to A(M). We will show that if § — 0 and
n — oo at concerted rates, then the exact solution ¢, can be approximated as accu-
rately as desired. To solve the problem of minimizing the functional

Js(q) = | Aq — f311%, (2.8.9)

we will use the method of simple iteration (with a somewhat stronger condition on the
parameter «):

dsn+1 = qsn — @S qsn.  dso0 = qo. (2.8.10)

ae (o, ;) 2.8.11)
2| AA*||

We need to find out how large the difference between gg, 1 and g, 41 may become
as the iteration index n increases, where g, 1 is calculated using the method of sim-
ple iteration with exact data (¢,+1 = ¢gn — @J'qgy) and the same g¢ as an initial
approximation. Consider the difference

In+1—4sn+1 = qn — qsn — J 'qn + g5,
=qn — qsn —(J'qn — J'qsn)
= (I —a2A"A)(qn — qsn) + 22A™(f — f5). (2.8.12)
Using (2.8.11), from (2.8.12) we obtain
lgn+1 = gs nv1ll < llgn — qsnll + 20| A™|8.

Consequently,

g1 — s il < g1 — gsill + 2] 4*[5. (28.13)
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Since both processes start with the same initial approximation, we have
g1 —gs1ll < 2| A% 8. (2.8.14)
Then (2.8.13) and (2.8.14) imply

lgn — gsnll < B2(n)8, n € NU{0}, (2.8.15)
where
Ba(n) = 2an|A*|. (2.8.16)
The derived estimates are used to prove the following statement.

Theorem 2.8.3 (the regularizing properties of the method of simple iteration). Let
Q and F be Hilbert spaces, and let A : Q — F be a continuous linear operator.
Assume that the problem Aq = f has a solution g, € Q for f € F, a conditional
stability estimate B(8) is determined on the set

M ={q € Q:llqll = 2ligel}.

and the following conditions hold:

lge — qoll =< llgell, (2.8.17)
If = fsll <. (2.8.18)

Then the sequence qg; of the method of simple iteration (2.8.10), (2.8.11) satisfies the
estimate

lge —qoll

2/an~/1— o] A2

Proof. Let {g,} be the sequence constructed using the method of simple iteration with
exact data and g as an initial approximation. Then

Ige — asnll = B( ) + 2an 4% 5 (2.8.19)

ge — qsnll < llge — qnll + llgn — gqsnll-

The estimate of the first term is provided by Theorem 2.8.2 and the second term
by (2.8.15). m|

Remark 2.8.2. The estimate (2.8.19) shows that the sequence {gs,} of the method
of simple iteration is a regularizing sequence with n as the regularization parameter.
Indeed, write (2.8.19) in the form

lge — qsnll < B1(n) + 6B2(n), (2.8.20)
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where

Ige — qol *

B1x) = B( ). Balx) = 2a)A4%|x.
2/axy/1 —alA|?

Since fB1(n) monotonically tends to zero and B, (n) monotonically tends to infinity as

n — oo, the iteration number 74 at which the iterative process should be stopped can

be chosen in a neighbourhood of a point x, such that

B (xx) + 8B (x4) = 0.

Remark 2.8.3. The estimate (2.8.20) allows one to see the reason of a ‘“‘strange”
behaviour of the approximations ¢gg,, in practical implementation of gradient methods.
It was noticed that gg, approaches the exact solution (i.e., ||¢s, — ¢e| decreases) at
early stages of the iterative process, but ||gs, — ¢e| may start to increase at later
stages. Indeed, if Ag = f5 has a solution for some fs, then the estimate (2.8.8)
holds. Otherwise, if there is no solution for fg, then Theorem 2.8.1 is not applicable
and the error starts to increase with n. In this case the function 8, (n) increases and
for n > xx = xx(8) the right-hand side of (2.8.20) may become as large as desired.

Exercise 2.8.1. Analyze the function 8(x) = B1(x) + 882 (x) for convexity.

Remark 2.8.4. More detailed analysis of the method can be found in (Engl et al.,
1996).

Note that if an estimate from below is available for the operator A, for example, if
there is a constant m > 0 such that the inequality

m(q.q) < (Aq.q)

holds for all ¢ € Q, then the estimates for both weak and strong convergence of gra-
dient methods can be substantially improved (Vainikko and Veretennikov, 1986; Kan-
torovich and Akilov, 1982). However, we are interested in analyzing strong conver-
gence in the case where the problem is strongly ill-posed (the rate of convergence with
respect to the objective functional was already estimated in Theorems 2.7.1 and 2.7.2,
since a compact linear operator satisfies the assumptions of these theorems). Consider
an already familiar example (see Example 2.8.2):

Au=0, (x,y)eQ, (2.8.21)
ux(0,y) =0, ye(,1), (2.8.22)
u©,y) = f(»), ye€(1), (2.8.23)

u(x,0) =u(x,1) =0, xe€(0,1). (2.8.24)
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It was indicated in Example 2.8.2 that in order to solve this problem it is sufficient
to find a function ¢(y) such that

u(l,y) =q() (2.8.25)

and then to solve the well-posed problem (2.8.21), (2.8.22), (2.8.24), (2.8.25) (whose
well-posedness is established in Section 9.3). In other words, it suffices to solve an
operator equation

Aq = f. (2.8.26)

The properties of the operator A are analyzed in detail in Chapter 9. In particular,
it is shown that the linear operator A acts from L2(0, 1) to L(0, 1) and ||4]| < 1. In
the same chapter an estimate will be obtained in the form

[eenar=([ row) ([ ema). xcon. esam

The main difference of this estimate from the conditional stability estimate (see
Definition 2.8.1) is that (2.8.27) depends on the parameter x. Nevertheless, it can be
used to estimate the rate of strong convergence not of the gradient method itself but of
the iterative process of approximate calculation of u, (x, y) generated by this method.
We will explain this in detail.

Suppose that the nth approximation g, (y) € L2(0, 1) has been constructed in solv-
ing the operator equation (2.8.26) using the method of simple iteration

Gna1 = qn —aJ'qn, o€ (0, A]>). (2.8.28)
In view of the choice of «, we have

lgn — gell < llgn—1 —¢qel <+ < llgo — qell- (2.8.29)

By Theorem 2.7.2,

Tgn) = gy — 11 = Lo —tel”
§ " ~ dna(l —allA]?)

At the same time, Aq, = u,(0, y), where u,(x, y) is a solution to the problem
Au:(), (x’y)egz’
ux(0,y) =0, ye€(0,1),

u(l,y) =qn(y), y<€(0.1),
u(x,0) =u(x,1) =0.

(2.8.30)
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In Section 9.3 we will prove that there exists a unique solution u, (x, y) to prob-
lem (2.8.30) that satisfies the estimate

lunll?, @) < V21l4n12 ,0.1)-

Moreover, the solution has a trace u, (0, y) = f,(y) such that

| fulloc0,1) < llgnllL,,1)-

Since the problem in question is linear, the estimate (2.8.27) implies that
! 2
| n ) e P dy

< (/OI[Aqn — Aqe)? dy)l_x(/ol[qn(y) — qe(»)]? dy)x, x €(0.1),

where u, is an exact solution to the problem (2.8.21)—(2.8.24).
From (2.8.29) it follows that

1
/0 ftn (. ) — e (v, )P dy

1 —X
= ([ e = f0Pay) a0 — el e 0.1,

It remains to apply Theorem 2.7.2:

|2—2x

! 2 g0 — gel 2x
; [un(x,y) —ue(x,y)]*dy < g0 — gell

[4na(l —af A]2)]

lgo — ge|?

~ Hna(l—af AP

xe0,1). (2831

Thus, we have shown that (2.8.27) allows us to estimate the rate of strong conver-
gence not of the gradient method gy+1 = ¢, — anJ gy itself, but of the iterative
process generated by this method. Note that as x tends to 1 from below (x — 1 —0),
the estimate (2.8.31) becomes as follows:

lgn = gel® < llgo — gell.

This reminds us that the assumption that ¢, is bounded in the norm is not suffi-
cient to estimate the rate of convergence of ||g, — ¢e||. To this end, we can either
impose a stronger smoothness condition on ¢,, or assume that g, is sourcewise rep-
resentable (Bakushinskii and Goncharskii, 1989; Bakushinskii and Kokurin, 2004,
2006; Vainikko and Veretennikov, 1986), or assume that the well-posedness set is
compact.
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2.9 The pseudoinverse and the singular value
decomposition of an operator

In this section, we study two highly important and interrelated concepts: the pseudo-
inverse operator and the singular value decomposition of a linear operator. These
concepts, which originate from the related areas of linear algebra (see the works by
S. K. Godunov, V. V. Voevodin, M.Z. Nashed, and others in the supplementary ref-
erences to Chapters 2 and 3), provide a way to study extensively the characteristic
features of linear ill-posed problems and numerical methods for solving them. The
results presented in this section can be regarded as a generalization of the correspond-
ing results of Chapter 3 to the case of separable Hilbert spaces.

Any continuous linear operator A from a Hilbert space Q to a Hilbert space F
generates an orthogonal direct sum decomposition of these spaces:

Q = N(4) ® N(A)" = N(4) & R(4*),
F = N(A*) @& N(4")* = N(4*) @ R(A),

where A* is the adjoint of A, N(A4) and N(A*) are the kernels of the operators A
and A*, and R(A) and R(A™*) are the ranges of 4 and A*, respectively. This decom-
position induces a pair of orthogonal projectors Py 4) and PW such that

Py Q — O, R(Pnay) = N(A);

:F —> F. R(Pggz) = R(A).

R(A)
In its turn, this pair of orthogonal projectors uniquely defines a pseudoinverse operator
AY (which in this case is also called an orthogonal generalized inverse or a generalized
inverse operator) by the following relations (Nashed and Votruba, 1976; Beutler and

Root, 1976):

D(A%) = R(4) ® N(4%), (2.9.1)
AATf = Prepy/  forall f e D(AD), (2.9.2)
AYAq = (I — Pyeay)q forallg € Q. (2.9.3)

The pseudoinverse operator is densely defined in F' and can be represented on its
domain of definition as )

AT = (4| reasy) Preay

where A is the restriction of A to the linear manifold R(A*). Moreover, AT is

R(A%)
continuous on the entire F if and only if R(4) = R(A).

A distinguishing feature of the pseudoinverse operator as compared to other gener-
alized inverses is its close association with pseudo-solutions to the operator equation

Ag = f. (2.9.4)
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Definition 2.9.1. An element ¢, € Q is called a pseudo-solution to the equation
Aq = f (or a least squares solution) if

Ag, — f|> = inf ||[4g — f]>.
Agp — £l qngII qg—rfI

In other words, ¢, = argmingeg |Ag — f 2.

We call attention to the fact that the concepts of a pseudo-solution and a quasi-
solution (see Definition 2.3.1) are alike, with the only difference that the quasi-solution
is required to belong to a given set M . It should be noted, however, that this distinction
may be of considerable importance, for example, if M is assumed to be compact.

Let Q;’, denote the set of all pseudo-solutions to the equation Ag = f for a fixed
f € F. Then

0% =1ap: I 4gy— 1 = Jnf I4q = f1l} =g : Aq = Pregy/ 3.

which implies that Q;i is nonempty if and only if f € R(A) & N(A*). In this
case, Q; is a convex closed set, and it contains an element of minimal length gy,
which is nothing but a pseudo-solution of minimal norm (Nashed and Votruba, 1976),
also called a normal pseudo-solution to the equation Aqg = f (with respect to the zero
element). The connection between gy, and the pseudoinverse operator AT is described
by the following theorem (Nashed and Votruba, 1976).

Theorem 2.9.1. The equation Aq = f has a normal pseudo-solution q,, if and
only if f € R(A) @ N(A*). Moreover, q,, = AT £, where AT is the pseudoinverse
operator defined by (2.9.1)—(2.9.3).

The problems Ag = f with a compact linear operator A represent one of the most
important classes of ill-posed problems. It is worth noting that this class includes inte-
gral equations of the first kind with kernels satisfying sufficiently general assumptions.
The most natural method for the study (and, in many cases, for numerical solution) of
such problems is the singular value decomposition, which is presented below.

First, let A be a compact linear self-adjoint operator (4 = A™). Assume that the
eigensystem {A,,¢,} of the operator A consists of nonzero eigenvalues {A,} and
a complete orthogonal sequence of the corresponding eigenvectors {¢,} (Ap, =
An@n). Then A can be “diagonalized”, i.e.,

Aq =" dnlq. on)n
n

forallg € Q.
If the operator A : Q — F is linear and compact, but not self-adjoint, then
we can construct an analog of the eigensystem {A,, ¢, } called the singular system
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{on,un, vy} of A. This construction is based on the connection between the equa-
tions Aq = f and A* Aq = A* f. First, we give a formal definition. Let A : Q — F
be a compact linear operator, where Q and F are separable Hilbert spaces (i.e., Hilbert
spaces with countable bases). A system {0y, u,,v,} withn € N, 0, > 0, u, € F,
and v, € Q will be called the singular system of the operator A if the following
conditions hold:

* the sequence {0,} consists of nonnegative numbers such that {02} is the se-
quence of eigenvalues of the operator A* A arranged in the nonincreasing order
and repeated according their multiplicity;

* the sequence {v, } consists of the eigenvectors of the operator A* A correspond-
ing to {02} (this system is orthogonal and complete, R(A*) = R(A*A));

« the sequence {u,} is defined in terms of {v, } as u, = Av, /| Avy|.

The sequence {u} is a complete orthonormal system of eigenvectors of the opera-
tor AA™. Moreover,

Av, = oqu,, A*up, =o,v,, neN,

and the following decompositions hold:
Aq:ZGn(q,vn)un, A*f:Zcrn(f,un)vn.
n n

The infinite series in these decompositions converge in the norm of the Hilbert
spaces Q and F, respectively, and are called the singular value decomposition of the
operator A (similarly to the singular value decomposition of a matrix; see Chapter 3).

The structure of the range R(A) and the range of the adjoint operator A* is de-
scribed by the following theorem (Nashed, 1976; Kato, 1995):

Theorem 2.9.2 (on the singular value decomposition of a compact operator). If O
and F are separable Hilbert spaces and A : Q — F is a compact linear opera-
tor, then there exist orthonormal sequences of functions {v,} C Q (right singular
vectors), {un} C F (left singular vectors), and a nonincreasing sequence of nonneg-
ative numbers {0y, } (singular values) such that

Avy = Onltn,
A*u, = o,v,,

span{v,} = R(A*) = N(A)*,

span{u,} = R(4) = N(4*)",

and the set {0y, } has no nonzero limit points.
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Another important property of compact operators (Kato, 1966; Kantorovich and
Akilov, 1982) is that their nonzero singular values have finite multiplicity.

Corollary 2.9.1. If A is a compact operator, then

1) the Picard criterion for the solvability of the problem Aq = f holds: the prob-
lem is solvable, i.e., f € R(A) ® N(A*), if and only if

-

0, #0 n

2) forany f € R(A) ® N(A™), the element

ATf — Z (f»;ln)z vy

o #0 n

is a normal pseudo-solution to the equation Aq = f.

Remark 2.9.1. As noted before, the operator A is bounded on the entire space F
if and only if its range R(A) is a closed subspace of F. At the same time, the range
of a compact operator is closed if and only if the operator has a finite singular sys-
tem {0y, Up, v, }. Therefore, if the singular system of a compact linear operator A is
infinite, then AT is unbounded.

If f € D(AT), then the equation Ag = f has a unique normal pseudo-solution
Gnp = AY £, and pseudo-solutions gp are the only solutions to the equation A*Aq =
A* f, which is called normal with respect to the equation Aq = f .

The decomposition

‘lnP:ATf:Z(f;;—un)v”

shows how errors in the data f affect the result qnp, namely, errors in the compo-
nents f, = (f,uy) corresponding to small singular values o5, are divided by o, and
therefore increase indefinitely with . This makes it possible to construct Hadamard’s
example illustrating the instability of the problem Aq = f with a linear compact
operator A. Indeed, assume that g. € Q is an exact solution to the problem Aq = f
and the perturbation of the right-hand side f has the form §u,, 6 € R4. Then the
difference between the solution ¢g, to the problem Aq = f + Sup and the exact
solution is

(Sup, un)

e —46n = —— Un-
On
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Then, on the one hand, the error || f — f5,]| = & does not depend on n and can
be as small as desired. On the other hand, the corresponding error ||g. — gsxl =
8/0y, in the solution tends to infinity as n increases, and the faster the decrease of the
sequence of singular values {0y}, the faster the increase of the error. Thus, the degree
of ill-posedness of the problem Aq = f is directly related to the character of the
decrease of 0. For example, the problem Ag = f is said to be weakly ill-posed if
on = O(n™7) for some y € Ry, and strongly ill-posed otherwise (for instance, if
on = 0(e™™)).

The singular value decomposition of the operator A can be used to construct a
regularization method for the problem Ag = f based on the projection:

-

Xn: (fsn,uj)

gj

qdén =
Jj=1

It can be proved that
)
450 = dapll = O(0ns1 + =), n— 0.
On

We introduce systems of subspaces and the corresponding orthogonal projectors:

0, = span{vy,..., v} C Q,
PQr:Q_)Q’ PQr(Q):Qrv
F, = span{uy,...,u;} C F,
PF,IF—)F, PF,(F):F,«,
where the numbers r are chosen so that o > 0,41. The reason for this requirement

is that the orthogonal projectors Pg, and Pp, are not well-defined if 0, = 0,41 in
the sense that they depend on the indexing of the singular system.

Definition 2.9.2. The operator Al = ATPFr : F — Q is called the r-pseudoinverse
operator, and the element

— (f.un)
any = ALf =) =,
On
n=1
is called a generalized normal r-solution (referred to as an “r-solution” in the sequel)

to the operator equation (2.9.4).

This operator is obviously defined and bounded on the entire space F, AI f=A"f
for all f € F, C R(A), and A;rf = PQr(ATf) for all f € R(A) & N(A™").
Furthermore, since | J, <y Qr = R(A*), itis clear that for any f € D(AT) and § > 0
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there exists 7(8, f) such that ||AT f — AI fII < 8. Thus, the family of operators
AI can be viewed as approximating the pseudoinverse operator AT on its domain of
definition.

In the numerical solution of equation (2.9.4), the exact representations of the op-
erator A and the data f are not available. Instead, there are A; and f5 such that
|A— Apll < hand || f — fs|| < 6 (errors in the numerical approximation of the op-
erator and measurement errors), where fs does not necessarily belong to the domain
of definition of the pseudoinverse operator A;g (even if f € D(AY)), and therefore
it does not make sense to analyze the behavior of ||AT f — AZ fsllas8,h — 0. At
the same time, since the operators A;r and A}:r are defined and bounded on the entire

space F, the difference ||AI f - Azr f|| characterizes the accuracy of calculation of
the projection of a solution onto the first r singular vectors.

The concept of an r-solution to a system of algebraic equations Ag = f makes
it possible to construct numerically stable algorithms for its solution if the condition
number of the matrix

01(4)
A) = ,
pr(A) or(A)
the gap in the singular value spectrum
01(A)

D= D = orr ()

and the system inconsistency parameter

I4g¢) = /I
or(Dllaell
are not too large. More specifically, the restriction on the size of admissible perturba-

tions /1 and § can be expressed in terms of the quantities i (A), dr(A), and 6, (A4, )
(Godunov et al., 1993).

Or(A. f) =



Chapter 3
Ill-posed problems of linear algebra

This chapter is of particular importance for the study of numerical methods for solving
linear inverse and ill-posed problems, since all of them can be reduced to systems of
linear algebraic equations in one way or another. For this reason, the main concepts
of the theory of ill-posed problems, such as regularization, quasi-solution, normal
solution, and others, are represented in this chapter.

The study of ill-posed problems of linear algebra is not only a necessary stage in
the numerical solution of linear ill-posed problems. Mathematicians were solving ap-
plied problems with overdetermined or underdetermined systems of equations long
before the terms “ill-posed problem” and “inverse problem” were coined. Linear al-
gebra was the first area where they started to study such concepts as a normal solution
(which provides a way for choosing a unique solution among many possible solu-
tions), a pseudo-solution (a generalized solution that coincides with an exact solution
if it exists), ill-conditioned systems, and singular value decomposition, which, like
an x-ray, highlights the degree of ill-posedness of the problem and indicates possible
ways for its numerical solution.

As we will see later, given the matrix A, the problem of finding a normal pseudo-
solution to the system Ag = f is well-posed (the pseudoinverse operator can be
determined exactly).

In Section 3.1 we introduce the concept of a pseudo-solution (a generalized solu-
tion) to the system of linear algebraic equations Aqg = f (g, = argmingegn |Aq —
71, the normal system A7 Aqg = AT f, and the normal pseudo-solution Gnp =
arg minqpe o llgpll, where Q; is the set of all pseudo-solutions. In Section 3.2, we

consider regularizing algorithms for constructing a solution to the system Ag = f
from the approximate data { Ay, f5} based on using a regularization parameter . Sec-
tion 3.3 deals with techniques for choosing the regularization parameter ¢, which is
the most important and complicated problem in regularization. Section 3.4 presents it-
erative algorithms for solving ill-posed problems of linear algebra where the iteration
index plays the role of the regularization parameter. Singular value decomposition,
which is briefly described in Sections 3.5 and 3.6, plays a special role in the theory
and numerical solution of ill-posed problems of linear algebra. Clearly, the singular
value decomposition procedure is complicated and laborious. However, if this task is
done, i.e., the m x n matrix A is represented as A = U » VT, where the matrices U
and 1/ are orthogonal (or unitary in the complex case) and X = diag (01,02, ...,0p),
0 <op <0p_1 <+ < 01, p = min{m,n}, then the obtained decomposition
provides an almost complete answer to the question about the degree of ill-posedness
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of the problem Ag = f. Finally, in Section 3.7 we present a method devised for
symmetric matrices and especially for band matrices, which arise, for example, in the
numerical implementations of the Gelfand—Levitan methods.

Consider a system of m linear algebraic equations for n unknowns

aingi +agz + ...+ ainqn = f1.
ar1q1 + azaqs + ...+ azpqn = f2,

amiq1 + amaq2 + ... + Amngn = fm.

This system can be written in the matrix form

Aq = f.
where A is the m x n real matrix of system coefficients, f = (f1. f2..... fm)T
€ R™ is the column vector of right-hand sides, and ¢ = (¢1,¢2.....qn)] € R" is

the column vector of unknowns. In accordance with the previous notation, throughout
this chapter we assume Q = R”, F = R™,and 4 : R” — R™. We will analyze the
methods for constructing approximate solutions to the problem Ag = f in the cases
where this problem is ill-posed (m # n, A is degenerate, A is ill-conditioned, etc.).

As known, if m = n and det A # 0, then the system has a unique solution. If 4 is
degenerate (det A = 0) or m # n, then the system may have no solutions or infinitely
many solutions. In this case the concept of a normal pseudo-solution is introduced so
that any system Ag = f has a unique solution of this type.

Consider the case of a nondegenerate square matrix A in more detail. As noted
before, theoretically this case can be thought of as good in the sense that there exists
a unique solution. However, in the theory of numerical methods, nondegenerate ma-
trices are categorized as either “ill-conditioned” or “well-conditioned”. A matrix is
called ill-conditioned if the solution of the corresponding system is unstable. In other
words, small errors in the right-hand side of the system or the errors that inevitably
arise in the numerical implementation lead to a substantial deviation of the resulting
solution from the exact one.

The concept of a condition number is an important characteristic of the solution
stability for systems of linear equations. The condition number of a square matrix A
is defined as

u(A) = sup
x#0
£#£0

{IIAXII L€ }
A& X))

To demonstrate the meaning of ((A), we consider the system with perturbed right-
hand side A(q + 8q) = f + 6f, where 8¢ is the deviation of the solution caused by



70 Chapter 3 Ill-posed problems of linear algebra

the perturbation §f in the right-hand side. It is obvious that A8q = &f. From the
definition of the condition number it follows that

§ AS
64l < 14 [Adqll

gl — l4qll

I8/ 1l
w(A) m,

and p(A) is the least constant that satisfies this inequality. Thus, the condition num-
ber 1 (A) makes it possible to estimate the relative error of the solution ||§¢||/|¢] in
terms of the relative error of the right-hand side ||§f||/||f||. ll-conditioned systems
have very large condition number p(A).

A system of linear algebraic equations Ag = f is an ill-posed problem for rectan-
gular matrices A (m # n) and square matrices that are degenerate or ill-conditioned.

Methods for solving systems of linear equations are classified under two types, di-
rect and iterative. Direct methods produce a solution in a predetermined number of
operations. These methods are relatively simple and universal. However, they usually
require large amounts of computer memory and accumulate errors during the solu-
tion process, since the calculation results of each stage are used at the subsequent
stage. For this reason, direct methods are appropriate for relatively small systems
(n < 200) with a dense matrix whose determinant is not close to zero. Direct meth-
ods (sometimes also called exact, although this term is not always adequate because
of inevitable errors of numerical implementations) include, for example, the Gauss
method, the Jordan method, the square root method, the singular value decomposition
method, etc.

Iterative methods are methods of successive approximations. In such methods, it is
difficult to estimate the amount of computation in advance, but they are more memory-
efficient than direct methods. Iterative methods are often used in the regularization of
ill-posed systems of linear equations. It should be noted, however, that a combination
of an iterative approach and a direct method often provides the most effective way of
solving linear systems. In mixed algorithms of this type, iterative methods are used to
refine the solutions produced by direct methods.

In this chapter, we consider a system of linear algebraic equations with a rectangular
matrix A and describe iterative (regularizing) algorithms and some direct algorithms
for solving this system.

3.1 Generalization of the concept of a solution.
Pseudo-solutions

Before describing methods for the approximate solution of a system of equations
Aq = f, we discuss the concept of a solution to this system, which may be overde-
termined, underdetermined, or ill-conditioned.

Henceforth we assume that ¢ € R”, f € R™, A is an m X n real matrix.
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A vector ¢, € R” minimizing the norm of the residual
J(q) = Aq = f|* — min (3.1.1)

is called a pseudo-solution to the system Ag = f (see Definition 2.9.1), i.e., ¢, =

: 2
argmingegn |Aq — f|*.
Since the increment of the functional J(q) can be represented as

8J(q) = J(q + h) — J(q) = 2(Aq, Ah) — 2(Ah, f) + (Ah, Ah),
a necessary condition for J(g) to attain its minimum is
ATag—aTf =0,

where A7 is the transpose of A. Consequently, the vector gp is a solution to the system
of equations

AT Ag = AT f. (3.1.2)

Definition 3.1.1. The system of equations (3.1.2) is said to be normal with respect to
the system Aq = f.

It is not difficult to prove the converse, namely, that every solution to the sys-
tem (3.1.2) minimizes the residual in (3.1.2) (Ivanov et al., 2002). Hence, the prob-
lems (3.1.1) and (3.1.2) are equivalent. It is easy to verify that the problem (3.1.1)
always has a solution, although the solution is not necessarily unique. Therefore,
from the equivalence of the above problems it follows that the system (3.1.2) also has
a solution for any matrix A and any vector f. Thus, the set of solutions to the normal
system (3.1.2) coincides with the set of pseudo-solutions to the system Ag = f. This
set will be denoted by Q;.

Consider the problem of finding the minimum of the functional ||g — ¢°||% on the
set Q%:
S

min{llg —¢°[* 1 ¢ € O}, (3.13)

where ¢ is a fixed vector. There exists a unique solution qr?p to the problem (3.1.3)
because the strictly convex functional || - ||2Q attains its minimum on the convex closed
set Q; at a unique point.

Definition 3.1.2. The vector q[?p is called a normal pseudo-solution to the system
Aq = f with respect to ¢°. A normal pseudo-solution to the system Ag = f
with respect to the zero vector (a pseudo-solution of minimal norm) is called a nor-
mal pseudo-solution to this system (or a normal generalized solution) and is denoted

bY Gnp: Gnp = argmianGQ; “‘]p”
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If the system Ag = f is solvable, then a normal pseudo-solution qfl’p with respect
to ¢° is a normal solution to this system with respect to ¢°, i.e., the solution least
deviating from the vector ¢° (in the norm). In particular, if the system Ag = f
has a unique solution, then its pseudo-solution is unique and coincides with the exact
solution.

A normal pseudo-solution exists, is unique, and depends continuously on the right-
hand side f. (Indeed, pseudoinverse operators in finite-dimensional spaces are
bounded.)

A normal pseudo-solution gy, is unstable with respect to perturbations in the matrix
elements. The following example illustrates the instability of the normal pseudo-
solution.

Example 3.1.1. Consider an inconsistent system

1g1 +0g2 =1, . 1 0 _ 1
{Oq1+0q2=1, A_[o o] f_[1:|'

Pass on to the normal system (3.1.2) with

wie[y 3} r-[i]

and determine the set of pseudo-solutions to the system Ag = f:
0% ={(q1.92) :q1 = 1. g2 € R}

Then the vector g,p = (1, 0)7 is a normal pseudo-solution to the system Ag = f.
Assume that a perturbed system has the form

{ lg1 +0g2 = 1.

0q1 + hqz =1,

where /1 is a small parameter. Since this system has a unique solution g, = (1,1/ mT,
it is also a unique (and therefore normal) pseudo-solution to the perturbed system. It
is obvious that gpp, — 00 as h — 0, i.e., [|gnp — Gupr | = 00 as h — 0, which proves
that the normal pseudo-solution is unstable with respect to perturbations of the matrix
elements.

3.2 Regularization method

Consider the concepts of a regularization algorithm and a regularized family of ap-
proximate solutions introduced by A. N. Tikhonov (1963) (see Section 2.5). Through-
out this section we assume that A4 is a square matrix.
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Suppose that the data {A, f} of the problem Aq = f are known approximately
with error levels & and § (h > 0, § > 0), that is, we are given {4y, f5} such that
A — Al < h, || fs — f]| < 6. We now consider the ways to construct families
of vectors converging to the normal pseudo-solution ¢, of the equation Ag = f as
h,8 — 0. Generally speaking, the normal pseudo-solution to the perturbed equation

Apq = fs, (3.2.1)

must not be chosen as an approximate solution because the normal pseudo-solution is
unstable (Example 3.1).

Let {Ry}a>0 be a family of algorithms that associate the pair {Ay, fs} with a
unique vector Ry (Ap, fs) = qp5 € Q = R". If the parameter o = a(h, §) de-
pends on the data errors § and £ so that

li h,8) =0, i o =0, 322
h,érﬂo“( ) h,éf()”qhs Gnpl| (3.2.2)

then {g}s} (h > 0, @ > 0, > 0) is called a regularized family of approximate
solutions, and the algorithm Ry, is called a regularization algorithm for the problem
Agq = f. Recall that the normal pseudo-solution ¢y, to the system Ag = f coincides
with its exact solution if the system is uniquely solvable and with its normal solution
if the problem Ag = f has many solutions.

If A~! exists, i.e., if 4 is a nondegenerate matrix, then for sufficiently small /4 the
inverse matrix A;l also exists and the solution to (3.2.1) will theoretically converge
to the solution of the equation Aq = f as h,5 — 0. However, if A is ill-conditioned,
which means that its condition number

O axEl
p(A) = sup {2
£20

is large, then the deviation of the solution to the perturbed system (3.2.1) from the
normal pseudo-solution to the system Ag = f may turn out to be unacceptably large
even for small /2 and §, so the problem must be perceived as practically unstable (ill-
posed).

We now describe procedures of constructing a regularized family of approximate
solutions qjs.

First, consider a case where A is a symmetric positive-semidefinite matrix such that
the system Aq = f is solvable for a given vector /. We will apply the regularization
method by M. M. Lavrentiev (see Section 2.4).

Take the regularized system

(A+al)g = f + aq®, (3.2.3)
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where « is a positive parameter, / is the unit matrix, and qO is a test solution, i.e., a
certain approximation of the solution (if no information on the solution is available,
we can put qo =0).

Under the above conditions, the system (3.2.3) has a unique solution g% that con-
verges to a normal solution ¢0 with respect to ¢° as @ — 0 (see Section 2.6). If
the data {4, f} are given approximately, the following lemma is valid (Ivanov et al.,
2002).

Lemma 3.2.1. Let {Ay, fs} with h > 0 and § > 0 be such that |A, — A|| < h,
I fs — fll < 6, and let Ay, be a symmetric positive semidefinite matrix. Then the
system

(Ap +al)g = f5 +aq® (3.2.4)

has a unique solution qjs and if a(h,8) — 0 and (h + 8)/a(h,8) — 0ash — 0
and § — 0, then the solution qj s converges to a normal solution q,? of the equation
Aq = f with respect to q°, i.e., to the solution least deviating from the vector q°.

By Definition 2.5.1, the solutions {q;'l‘, s) to the systems (3.2.4) form a regularized
family of approximate solutions for the system Ag = f if we put, for example,
o= Xh+36(p>1)becausex = Yh+86 — O0and (h +8)/Vh+6 = (h+
§YP 5 0ash — 0and § — 0.

Remark 3.2.1. Let A be a positive semidefinite degenerate matrix and ||A|| = 1
(which can be achieved by an appropriate scaling of the system Aq = f). Then
w(A) = oo, while u(A + aF) < (1 + a)/a. Therefore, with a reasonable choice of
the parameter « the systems (3.2.3) and (3.2.4) can be made well-conditioned and the
approximation g% ~ ql? can be satisfactory, although these requirements contradict
each other.

The role of the regularization parameter & becomes clear if the solution g% to the
system (3.2.3) (for q° = 0)is represented in the form

o _ i .
q _izzlki‘f'a(pl,

where A; are the eigenvalues (A4; > 0) and ¢; are the orthonormal eigenvectors of the
matrix A, and f; = (f, ¢;). This representation shows that for small A; the addition of
a positive parameter « substantially increases the denominator and thus decreases the
adverse effect of possible errors in the corresponding components f; ( fl = fi +8£).
At the same time, for A; >> 0 the influence of small & is negligible.

We now omit the requirement that the matrix A be symmetric and positive semidef-
inite, still assuming that the system Ag = f has a solution for a given f. Let B be
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a matrix such that for some o the matrix A 4+ oo B is nondegenerate and therefore
invertible. Then the regularization of the form

(A+aB)g=f (3.2.5)
can be applied, where the parameter « is not necessarily positive and || < |ag].

Exercise 3.2.1. Analyze a connection between (3.2.5) and the following lemma (Na-
zimov, 1986).

Lemma 3.2.2. Let |(A + aB) 14| < C < oo (asa — 0), |4, — A < h,
|Bu— Bl =< || fs — fIl <3| f|. Then for sufficiently small h, 1, and § the system

(Ap + @B = f5 (3.2.6)

has a unique solution q;‘z‘gu and there holds the error estimate

h+§
”ql%u _45” = C(|Ol| +u+ W>, 3.2.7)

where qf is a solution to the system Aq = f such that

IBg; | = min{|[Bgll : g € O}
(Qy is the set of solutions to the system Aq = f).

From the estimate (3.2.7) it follows that if (%, 8, ) — 0 and (h+36) /|« (h, 8, u)| —
0ash,d, u — 0, then

pdm s, — a2l = 0.

The most important step in the above regularization is finding a matrix B such that
A4« B is nondegenerate and ||(A+aB)~! A|| < co. Some methods for constructing
such matrices are described in (Nazimov, 1986).

We conclude by analyzing the general case, where the system Ag = f may have
no solution. In this case we find a normal pseudo-solution qu with respect to some g°.
Consider the problem of stable approximation of qr?p assuming A and f to be given
approximately. The normal pseudo-solution qu with respect to ¢° is unstable with
respect to perturbations of the matrix elements, which means that a regularization is
necessary. We take, as a regularized approximate solution, the vector gjs that satisfies
the system

(AT A +al)g = AT f5 + aq°. (3.2.8)
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Lemma 3.2.3. Let |Ap— Al < h, || fs— f|| <6, and a > 0. Then the system (3.2.8)
has a unique solution and the following estimate holds:
1

75 (c3h +8). (3.29)

h
la5, — a5l < crer+ = (I 4g5, — £+ 2c3a®) V2 +

where ¢; (i = 1,2,3) are constants that depend on ||q,?p|, i.e., on the norm of the

normal pseudo-solution with respect to q°.

Corollary 3.2.1. Assume that h and § are of the same order of magnitude as &, where
¢ is sufficiently small. If there exists an exact solution to the equation Aq = f
(Le., ||Aq,?p — fll = 0), then, as a function of « and ¢, the right-hand side of the
estimate (3.2.9) has the form
€
o, e) :(X+S+W. (3.2.10)
o

Foro = &2/3, p(a, ¢) is of the same order of magnitude as €/3. If the system Aq = f
has no solutions (||Aq,?p — f|l # 0), then the right-hand side of (3.2.9) is a function
of the form

e &
Vo, ) =O‘+_+ﬁ' (3.2.11)
o«
Fora = &1/2, V(a, €) is of the same order of magnitude as €12, These estimates

are obtained by minimizing the functions ¢ and  with respect to o (i.e., solving the
equations ¢, (x) = 0 and Y}, (x) = 0).

Thus, if the error in the input data of the system Ag = f has the same order
of magnitude as &, then the normal solution with respect to ¢° can be determined
with an accuracy of order of €2/3 if the equation Ag = f is solvable; otherwise we
can construct a normal pseudo-solution with respect to g° with an accuracy of order
of g1/2,

Note that a more complicated method for choosing the parameter « can be used to
improve the accuracy of approximation to the order of & + § (Djumaeyv, 1982).

Problem (3.2.8) is equivalent to the minimization problem

min{|A,q — f3|* + allg — ¢°||* : g € R"}. (3.2.12)

This way of constructing g is known as the Tikhonov variational regularization
method.

In some cases, it is reasonable to use a stabilizing functional of a more general
form, namely,

min{|Axq — f5|* + «l|L(g — ¢°)|I* : ¢ € R"},

where L is a nondegenerate square matrix which, if chosen appropriately, makes it
possible to improve the accuracy of the regularized solution.
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3.3 Ciriteria for choosing the regularization parameter

It is necessary to associate the regularization parameter o with the data errors § and &:
o = (8, h). In applied problems, the error level (8, ) is usually fixed (6 and 4 do not
tend to zero) and it is required to identify a specific «(§, #) which is supposed to be
the best in a certain sense. The problem is that the condition number of the matrices of
regularized systems becomes higher as « decreases, which may cause computational
errors. At the same time, an increase of « leads to worse approximation of the exact
solution. Therefore, a reasonable compromise is necessary in this case.
We now describe some criteria for choosing the parameter «.

The residual principle («,). Suppose that only the right-hand side of the system
Aq = f is approximate, i.e., A, = A (h = 0), || fs — f| <. By g5 we denote a
solution to the system (3.2.8) for 4 = 0 and ¢° = 0. The value of the parameter o in
the residual principle is chosen so that

lAqs — fsll = 6

(Morozov, 1987; Tikhonov and Arsenin, 1974).

The generalized residual principle (ag:). This principle is appropriate in the gen-
eral case of approximate data: |4 — Ayl < h, | f — fsl| < 6. The parameter « is
determined from the following equation (here and in what follows, q;’lS is a solution
to equation (3.2.8) with ¢° = 0):

lAnaps — f5ll = hllggsll + 6.

There are numerical methods and computer programs developed for solving this equa-
tion (Tikhonov et al., 1983).

For a more detailed study, see also (Tikhonov et al., 1995; Lawson and Hanson,
1974; Golub, 1968).

3.4 Iterative regularization algorithms

Iterative methods can be applied for solving ill-conditioned systems Ag = f. In this
case a stopping criterion should be formulated for the iterative process depending on
the error level in the data. Note that it is not necessary in the case of well-conditioned
systems. The iteration index plays the role of a regularization parameter. For example,
consider the method of simple iteration

1= —AT gy + AT, n=0.1,2,.... (3.4.1)
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In the case of approximate data {Ay, f5}, we have the following iterative procedure
instead of (3.4.1):

Gn1 = — AT Ap)gn + AT f5, n=0,1,2,..., (3.4.2)

where |[A — Ap|| < hand || f — fs]| <.

Assume that the system Ag = f is solvable, ||A|| < 1, and ||Ax|| < 1. The
condition ||A]] < 1 does not restrict the class of problems under study, since it can
always be satisfied by multiplying the equation Aq = f by an appropriate constant.
As before, let ¢° be a normal solution with respect to go (i.e., a solution to the system
Aq = f such that the norm ||g®—¢o|| is minimal) where g is an initial approximation
in the iterative procedures (3.4.1) and (3.4.2).

We now define the rules for choosing the iteration index n at which the iterative
procedure (3.4.1) should be stopped (Vainikko, 1980):

Rule 1. Take numbers a; > 0 and a, > 0, and choose n (%, §) to be the smallest index
such that ||gn — gn—1] < arh + a3é.

Rule 2. Take numbers ag > ||¢°|| and a; > 1, and choose n(h, §) to be the smallest
index such that || A, g, — f5l| < aoh + a16. (Naturally, in this case we assume that an
estimate of ||¢?|| from above is known.)

Rule 3. Take numbers a1 > 1, a, > 1, and a > 0, and choose n to be the smallest
index satisfying at least one of the following inequalities:

14ngn = fsIl < arllgnllh +a28, n = a/(aillgallh + a28)>.

Theorem 3.4.1. Suppose that one of the three above-mentioned rules is used as a
stopping criterion for the successive approximations procedure (3.4.2). Then

li —4% =o. 3.4.3
h’érE)OHQn(h,S) q, (3.4.3)

If Rule 1 is used, then the number of iterations n(h, §) satisfies the condition
(h+8)n(h,6) >0 ash,§ - 0.

If Rule 2 or 3 is used, then
(h +8)*n(h,8) >0 ash,§ — 0.

Formula (3.4.3) means that rules 1, 2, and 3 determine regularization algorithms
for solving the equation Ag = f.

Remark 3.4.1. Theorem 3.4.1 also holds for the so-called implicit iterative procedure

Gn+1 = qn — (AL 4 + B) N (AF Apgn — AT f5), (3.4.4)
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where B is a positive definite matrix that commutes with A;Ah. The number of
iterations required to achieve the desired accuracy in the procedure (3.4.4) is usually
smaller than in (3.4.2), but the cost of each iteration step in (3.4.4) is higher because
we need to invert the matrix (A;Ah + B). Also, note that we can choose B = o/,
o> 0.

Remark 3.4.2. If solutions to the system Ag = f are assumed to belong to a con-
vex set M, then we should use the following nonlinear iterative procedures instead
of (3.4.2) and (3.4.4) (Vasin, 1985, 1987):

gn+1 = Prg[(I — AT Ap)gn + AT f5],
gn+1 = Pryg[(AL Ay + B) ' (Bgn + AL f5)].

Here Pr)s is a metric projection which to every vector ¢ associates a vector in M that
is closest to g. The following are examples of a priori given sets M for which Pryy
can be written explicitly:

My ={qgeR":q; >0}, i=1,2,...,n, PrM1q=q+=(qf',q;',...,q,T),

where
+ _ Jgi forgi =0,
7 = 0 forg; <O;
_ n . 0 _ 0 q-4q° .
M>={qeR":|lg—q | =r}, Prmg=q +—(5-7:
lg —4°ll
Mz={qeR":a; <q; <bj, i =12,....,n}, Pryq =7z,
where

qi fora; <gq; < b,
zi = 3a; forg; <a,

b; forq; > b;.

3.5 Singular value decomposition

Singular value decomposition is one of the most common and effective methods for
the study and numerical solution of inverse and ill-posed problems. The reason is
that the singular value decomposition of a matrix (or, in the general case, of a com-
pact linear operator—see Section 2.9) provides a numerical characteristic for the ill-
posedness of the problem, namely, the rate of decrease of singular values expresses
the degree of instability of the solution of the problem Aq = f with respect to small
variations in the data f.
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In this section, we describe the singular value decomposition method using the
results presented in (Godunov, 1980, 1998; Godunov et al., 1993).
Consider a system of linear algebraic equations

Aq = f,

where A is an m X n real matrix, ¢ € R” and f € R™. It is required to solve the
system for the unknown vector ¢. The difficulty of solving this system obviously
depends on the structure of the matrix A. In terms of linear algebra, the matrix 4 is
the representation of a linear operator in some coordinate system. It is natural to try to
transform this coordinate system so that the linear operator would be represented by a
simpler matrix in the new system (for example, a block matrix with a number of zero
blocks). In other words, the matrix A can be represented as a product of matrices of
special form. A series of algorithms based on the decomposition of the matrix A have
been developed recently. One of the advantages of this approach to solving systems
of linear equations is its universality, i.e., it is applicable to well-conditioned systems
as well as to ill-conditioned or degenerate systems.

Orthogonal transformations, which are norm-preserving by definition, play a spe-
cial role in matrix decompositions. Recall that any orthogonal transformation is rep-
resented by an orthogonal matrix, i.e., by a matrix U such that UTU = UUT =1,
where U7 is the transpose of U and [ is the unit matrix. In the problems of finding
pseudo-solutions to degenerate systems, the norm-preserving property of orthogonal
transformations allows us to replace the original problem of minimizing the residual
|Ag — f|| with the problem of minimizing the functional [|[UT (4¢q — f)|| where the
matrix UT A has a simpler structure (for example, it may be a block matrix) due to a
choice of the orthogonal matrix U.

The most effective (although resource-intensive) means for solving arbitrary sys-
tems of linear equations is provided by the so-called complete orthogonal decomposi-
tions which, by definition, have the form A = UK VT Here U and V are orthogonal
matrices of dimensions m x m and n X n, respectively; K is an m X n matrix of the

form
w0
= (0 0)
where W is a nondegenerate square matrix (of the same rank as the original matrix
A).
The most well-known complete orthogonal decomposition is the singular value de-
composition, which has the form

A=UxvT, (3.5.1)

where V' is an n x n orthogonal matrix, U is an m x m orthogonal matrix, and ¥ is
an m x n diagonal matrix with o;; = o; > 0. The numbers o; are called the singular
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values of the matrix A. Here and in what follows, o; are assumed to be indexed in
nonincreasing order (0;4+1 < 0;).

Recall that an m x n diagonal matrix S is an m X n matrix with elements s;; such
that

{0, i # J,
Sij = . .
Si, 1 =].
The m x n diagonal matrix S has the form
s1 0 0 e 0
0s2 0 e 0
S = L |, n>m,
00 8,3 00
or
S1 0 -.---0
0S2'
-0
S=10--0s, | n<m
0 --- 0
0 --- 0

For brevity, an m x n diagonal matrix of either form will be denoted by S =
diag (s1,52,...,5p), p = min{m,n}.

Theorem 3.5.1 (on the singular value decomposition). For any m X n real matrix,
there exists an m X m orthogonal matrix U, an n x n orthogonal matrix V, and an
m X n diagonal matrix

¥ = diag(01,02,...,0p), p = min{m,n},
suchthat0 <0, <0p—1 <--- <02 <01 and
A=UxvT. (3.5.2)

The numbers o; = 0;(A), i = 1, p, are determined uniquely and are called the
singular values of the matrix A.

Remark 3.5.1. Theorem 3.5.1 also holds for m x n complex matrices. In this case,

U and V are complex unitary matrices and V7 is replaced by V* = VT in the
decomposition of A.
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Given an m x n matrix A, we construct the following (m-+n) x (m+n) block
matrix # called an extended matrix:

_ Onn AT
A—( ) Omm)' (3.5.3)

Exercise 3.5.1. Prove that all eigenvalues A; (4),i = 1,2,...,n+m, of the extended
matrix are real.
Suppose that the eigenvalues are indexed in nonincreasing order:

Antm(A) < Angm—1(A) < -+ < Aa(A) < A1 (A).
Prove that this ordered set of eigenvalues coincides with the ordered set

—01(A) < —02(A) <+ <—0,(A) < -+ <0p(A) <--- <01(A)

|n — m| zeros
and therefore o (A) = A (A), k =1,2,..., p.

Since the scalar product in R” defines the norm | x| = +/(x, x), the norm of an
m x n matrix A can be defined as follows:

[[Ax]]
IA]l := sup :
x#o0 (X

Exercise 3.5.2. Verify that the function introduced above has all the properties of a
norm.

Exercise 3.5.3. Prove that ||A|| = 01(A4).

Let 0% (A) be a singular value of an m x n matrix A. Since oy (4) = Ay (), for
each 0 = o0y (A) the system of equations

Aw =ow (3.5.4)
has a solution w(x) = (W(x)1, Wik)2» - - - » Wik) m+n)T(which is not necessarily unique;
but in any case the total number of linearly independent wx) is equal to m + n). Let
two vectors v g) = (v(k)l, V(k)2s - - - > v(k)n)T and Uk) = (u(k)l, UK)2s - - - ,u(k)m)T
be constructed from the vector w) as follows: vy; = wgy,» j = 1,2,....n;
Uy = Wk)yntjsJ] = 1,2,...,m. In view of (3.5.4), we have

Avgy = or (A)u k), ATu(k) = o (A)v(k). (3.5.5)

The vector v is called the right singular vector of the matrix A corresponding to
the singular value o (A), and the vector u ) is called the left singular vector.
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Lemma 3.5.1 (mutual orthogonality of singular vectors). Let vy and uy be the
right and the left singular vectors of the matrix A, respectively. Then (u),u¢;y) =0
and (U(k), v(j)) = Ofork 75 ]

From (3.5.4) and (3.5.5) it follows that
AT Aoy = AT ogyuay = ofyvay,  AA ug) = ofyuq,

which means that the right singular vectors of the m x n matrix A are the eigenvectors
of the n x n matrix AT A, and the left singular vectors of A are the eigenvectors of the
m x m matrix AAT.

Theorem 3.5.2. For any m X n matrix A, there exists an orthonormal system of n
right singular vectors and an orthonormal system of m left singular vectors, which
are called the singular bases of the matrix A.

Exercise 3.5.4. Given an m x n matrix A, rewrite its singular value decomposition
A = UXVT in the form AV = ZU. Similarly, AT = VZUT is rewritten as
ATU = V'Z. Prove that the columns of the matrices V and U are the right and the
left singular vectors of A, respectively.

Exercise 3.5.5. For a given m x n matrix A, consider the n x n matrix AT A and the

m x m matrix AAT . Let €(1),€(2), - - - » €(n) be the orthonormal eigenvectors of AT A,
Prove that
¢ the vectors Ae(l), Ae(z), R Ae(n) are orthogonal;

* every nonzero vector Ae() is an eigenvector of AAT,

Exercise 3.5.6. Verify that an n x n matrix A is nondegenerate if and only if all its
singular values o; (A) are positive. Prove the equality

n

det A| = [ ] 0 (4).
i=1
Lemma 3.5.2. An n x n square matrix A is normal (AA* = A* A) if and only if

Ai(A)| = 0i(A), i=12,...n.

Lemma 3.5.3. Let A = UXVT be a singular value decomposition of an m x n
matrix A, and let AY be the pseudoinverse of A. Then

At =vATUT.
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Here

AT = diag(ol_l,az_l,...,a_l,o,...,0), r =rank A, p = min{m,n},

i.e., AT is an m x n diagonal matrix whose diagonal elements are the inverses of
nonzero singular values of A and all other elements are zero.

Given a singular value decomposition (3.5.1) of a matrix A, the system Ag = f
can be represented in the form

Uusvlg=f (3.5.6)
or in an equivalent form (withz = VIgand g = UT f)
Yz =g, (3.5.7)

where g € R™ and z € R” is the unknown vector. This system is easy to solve, since
¥ is a diagonal matrix.

Assume, for definiteness, that the matrix A is overdetermined, i.e., the number of
unknowns in the system Ag = f does not exceed the number of rows (n < m). In
this case, the system Xz = g can be written in the form

0jz; = gj, ifjfl’l, aj;éO;
O0z; =gj, ifj<n,o;=0; (3.5.8)
0=g;, ifn<j=<m

where the second subsystem is empty if » = n (the matrix A has full rank) and the
third subsystem is empty if n = m.

Note that the original equation has a solution if and only if g; = 0 whenevero; = 0
or j > n. If o; = 0, then the corresponding unknown z; can take an arbitrary value
(playing the role of a parameter). The solution to the original system is given by the
formulag = Vz.

Another important property of the singular value decomposition A = U X VT of an
m xn matrix A is that it provides an explicit representation of the kernel and the image
of the map A : R™ — R”, namely, the right singular vectors v corresponding to
the zero singular values span the kernel of A, while the left singular vectors u )
corresponding to the nonzero singular values span the image R(A) C R”.

Recall that the kernel of the matrix A is the set N(A) of vectors ¢ such that Ag = 0,
and the image of A is the set R(A) of vectors f for which the system Aqg = f has
a solution. We will show that the singular value decomposition makes it possible to
describe the structure of the sets N(A4) and R(A). Indeed, let u (k) and v (k) denote the
columns of the matrices U and V, respectively. Due to (3.5.5),

Av(k) = OkU ), k=1,2,...,n. (3.5.9)
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If o, = 0, then (3.5.9) yields Av(k) = 0, ie., Vi) € N(A). If o # 0, then
U) € R(A).
Let U; be a set of the left singular vectors corresponding to nonzero singular values

and Uy be a set of the remaining left singular vectors. Define V7 and V{ analogously.
Then

a) Vjp is an orthonormal basis of the kernel N(A);
b) U is an orthonormal basis of the image R(A).

The singular value decomposition provides additional insights into the already fa-
miliar concepts of a pseudo-solution, stability and conditioning, regularization, etc. In
this section, we discuss only a few aspects of this subject. For an extended discussion
see (Godunov et al., 1993).

Let an m X n matrix A have rank r < p = min{m, n}. Then the matrix ¥ in the
singular value decomposition A = U VT has the form ¥ = diag (01, 02,...,07,
0,...,0). If r < m, itis necessary that g,+1 = gr42 = -+ = 0 for a system (3.5.7)
to be consistent. If r < n, the variables z,41, z;4+2,..., 2z, do not occur in equa-
tion (3.5.7) and therefore the solution components z, 41, Zr+2, . . . , Z» can be chosen
arbitrarily.

Choose z in such a way as to minimize the norm of the residual

0121 — &1
0222 — &2

Yz—g=| 0rZr — &r
—8r+1

_gm

Exercise 3.5.7. Prove that min || ¥z — g|| = \/gr2Jrl + gf+2 + -+ g2, and the
equality is attained if and only if

zi =gi/oi, 1 =<r. (3.5.10)

If n = r, there exists a unique vector (with components (3.5.10)) at which || Xz —
g|l attains its minimum. If » < n, the minimum is attained at any vector z =
(z1,22,...,2n) with the first » components defined by (3.5.10) and the remaining
components being arbitrary (in particular, if z; = 0 for r < i < n, then z is a vector
of minimal norm at which || Xz — g|| attains its minimum). Consequently, for any
r < p := min{n,m} we can find a unique element z that has minimal norm among
all the vectors minimizing the functional | Xz — g||. Since ¢ = Vz, in view of the
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equalities

Ag—f=UsvTq-Ug=U(Zz - g),
lAg— fll=1ISz—gll, lzll = lgqll, ¢ =Vz,

it is easy to verify that there is only one vector with minimal norm among the vectors
at which ||Ag — f'|| attains its minimum, that is, there exists a unique normal pseudo-
solution ¢y, to the system Ag = f.

Note that the system Ag = f, generally speaking, is unsolvable if r := rank (4) <
p = min{m,n}, i.e., the residual y = Ag — f may be nonzero for all g. Therefore,
the equality Ag = f should be understood in a more general sense. The generaliza-
tion of the concept of a solution implies the minimization of the functional ||Ag — f |,
which yields the set Q; of all pseudo-solutions to the system Aq = f, and then

another minimization (finding a vector gy, of minimal norm in Q;). However, since
a variational definition is not always convenient for practical calculations, we will
consider one of the ways to extend the system Aqg = f so that solving the extended
system would result in finding both a pseudo-solution g, and the corresponding resid-
ual vector y; = Agp — f (Godunov et al., 1993).

Theorem 3.5.3. A solution to the extended system

Ag+y = f,

(3.5.11)
AT y=0
consists of a pseudo-solution g, to the system Aq = f and the corresponding residual
vector y,. The determination of y, from (3.5.11) is unique.

In order to find the normal pseudo-solution to the system Ag = f, we can first
solve the extended system (3.5.11) and determine y,. Then the system Ag = f — y;
will be consistent, and therefore finding the normal pseudo-solution gy, will amount
to finding a solution to the system Ag = f — y, that has minimal norm. It is clear
that ||y;|| = min, ||A¢ — f|, which means that |y.|| characterizes the degree of
inconsistency of the system Ag = f. Following (Godunov et al., 1993), the number

minjg =1 [[4g — fl _ [ ell

(4. ) = ming, 2o{0i (4)}  lqllor

(3.5.12)

will be called the inconsistency number of the system Aqg = f.

In conclusion, it should be noted that the singular values and singular vectors of a
matrix make it possible to study various aspects of the ill-posedness of problems of
linear algebra, including the effect of the system inconsistency, the determination and
analysis of angles between subspaces, the theory of perturbations of r-solutions, etc.
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In Chapter 2, we mentioned only a simple case to associate the notion of an r-solution
with regularization.

Substantial difficulty may be encountered in the implementation of the singular
value decomposition method if the calculation produces relatively small singular val-
ues. In this case, large errors may appear in z; determined by the formulaz; = g;/o;.
Therefore, the key to appropriate application of the singular value decomposition is
to introduce a thereshold t representing the accuracy of the initial data and computa-
tions. Namely, any o; > t is considered to be acceptable and the formula z; = g;/o;
is used for the corresponding z;, while any o; < 7 is thought of as zero and the corre-
sponding z; takes an arbitrary value (we can put z; = 0 to obtain a normal solution).
Here 7 plays the role of the regularization parameter.

3.6 The singular value decomposition algorithm and the
Godunov method

Solving an arbitrary system of equations with a rectangular matrix involves reducing
the system to a canonical form. In the case of the singular value decomposition, the
system is transformed to a diagonal form (a detailed description of the algorithm can
be found in (Godunov et al., 1993)).

Reduction to diagonal form is achieved by a series of orthogonal transformations
in the space of the right-hand sides of the system and a series of orthogonal trans-
formations in the space of solutions to the system. The elementary transformations
within these series are chosen to be either orthogonal reflections with respect to spe-
cific planes or sequences of two-dimensional rotations.

The singular value decomposition of an arbitrary rectangular matrix A is performed
in several steps:

1) reducing the matrix A to a bidiagonal form D by means of orthogonal reflections
(a rectangular matrix D = (d;;) is called bidiagonal if d;jj = 0 fori # j and
I # ]+ D;

2) determining the singular values of the bidiagonal matrix D:
0 <on(D) <op-1(D) < --- = 01(D);

3) reducing the bidiagonal matrix D to a diagonal form ¥ by means of the proce-
dure of exhaustion that involves sequences of two-dimensional rotations.

Application to the least squares problem. The singular value decomposition can
be used to find a pseudo-solution (or a least squares solution)

qp = argmin{||[Ag — f|* : ¢ € R"}.
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Since orthogonal matrices are norm-preserving, we have
l4g — fI = 1UTWEVTg - )l = 12z -l
¢g=UTf z=VvTy.
The minimizer z is expressed as follows:

Zi=giloy  ifo;#0 (j=12....r),
zj is arbitrary ifo; =0 (j =r+1,...,n).

Note that min ||4g — f||*> = Z;”Zr 11 gjz. The set of all pseudo-solutions is de-
termined by the formula ¢ = Vz. Putting z; = 0 for 0; = 0 yields the normal
pseudo-solution (i.e., the pseudo-solution of minimal norm).

Numerical analysis of the least squares method is presented in (Lawson and Han-
son, 1974).

As mentioned above, if calculated singular values are very small, it is necessary to
include the operation of equating them to zero, which can be interpreted as a special
regularization procedure.

The Godunov Method (Godunov et al., 1993). We will give a more detailed de-
scription of the method proposed by S. K. Godunov, since it is probably the most
promising in the case where very large condition and inconsistency numbers of the
system under study seem to leave no chances for finding an acceptable solution.

Application of the least squares method J(gq) = ||Ag— f ||*> — min or the Tikhonov
regularization method (the simplest version of which is My (q) = J(q) + «||q]|> —
min) leads to the systems A7 Ag = AT f and ag + AT Aq = AT f, respectively. It
should be noted that although these methods have well-known advantages, they also
have serious disadvantages which complicate the original ill-posed problem Ag = f
in a certain sense. Firstly, the already large condition number of the matrix A4 is
squared when passing to A7 A. Secondly, the characteristic features of the behavior
of the data f* are smoothed out substantially as a result of applying the operator AT
(recall that the matrix A is usually obtained by discretization of a compact operator).
Thirdly, although introducing a small parameter o improves the properties of the op-
erator to be inverted, it also changes the original problem and poses an additional
problem of choosing an appropriate value of «.

The first two disadvantages can be avoided by using the Lavrentiev method aqg +
Aq = f, which is justified for a symmetric positive semidefinite matrix A (see Lem-
mas 3.2.1 and 3.2.2). S.K. Godunov proposed a regularization method for solving
the system Aq = f with an m x n rectangular matrix A based on the solution of the
following extended system:

(1—a)dg=((1—-a)f (3.6.1)
aBqg = 0. (3.6.2)
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Here « is the regularization parameter and the system (3.6.2) defines the conditions
for a solution ¢ to belong to a given well-posedness set. An algorithm of determining
a normal generalized r-solution to the system (3.6.1), (3.6.2) is described in detail in
(Godunov et al., 1993). It should be emphasized that the algorithm does not use the
normal system AT Ag = AT f. We suggest considering this algorithm based on the
following example.

Take the Fredholm integral equation

> q@)dr
/0 m = f(S), s € [0, 4] (3.6.3)

Exercise 3.6.1. Prove that there exists f € C[0, 4] for which the problem (3.6.3)
has no solution.

Exercise 3.6.2. Prove that as the solution ¢, () = ne ' (=% o equation (3.6.3)
increases indefinitely with 7, the right-hand side f(s) satisfies the estimate

o =| [ 2O < [ qoar<n [T e

f+s+ 11—
1/00 > JT

e ? dz =

nJ_so n

Exercise 3.6.3. Given the test function

_Ja=52% rel0.3],
q(t)_{(%—l)?’, 16(3,5],

calculate analytically f(s) in (3.6.3).

Exercise 3.6.4. Divide the interval [0, 5] into 50 and the interval [0, 4] into 80 subin-
tervals of equal length. Substitute a quadrature formula for the integral in the left-hand
side of (3.6.3) and use the analytic solution to calculate the right-hand side f; of the
obtained system

> aijqi = fi. i=1.2,....80. (3.6.4)

Thus, the system (3.6.4) is consistent and we know the exact solution and its
second-order derivative

q"(t) = {_2/ 3. tel03l, (3.6.5)

2/3,  te(3.5]
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Exercise 3.6.5. Calculate the condition number w(A4), the inconsistency number
0(A, f) of the system (3.6.4), and the singular values of the matrix A.

Remark 3.6.1. Calculations (Godunov et al., 1993) demonstrated that @ (A) > 1013,
0(A, f) ~ 0.6 - 10713, and the 39 smallest singular values do not exceed 10713,
which means that the problem (3.6.4) is strongly ill-posed.

We now construct an extended system of the form (3.6.1), (3.6.2). To this end, we
choose & = 1078 and define the elements of the matrix

byt by ... b2s0

b3zt b ... b3so
B = . . .

bso,1 bso2 ... bsoso

by the formulas

bj—1,j =bj+1,; =100, b;; = —200,
bjj =0 forl|i—j|=>2.

It is clear that the matrix B is chosen to stipulate the condition that the second-order
derivative of the solution (3.6.5) be relatively small. In other words, we first multiply
the discrete analog Bg = b of equality (3.6.5) by & = 1078 and then put b = 0. As
a result, we obtain «Bqg = 0.

Exercise 3.6.6. Calculate the condition number p and the inconsistency number 6 of
the extended system (3.6.1), (3.6.2) for « and B specified above.

Remark 3.6.2. Calculations (Godunov et al., 1993) show that © = 0.29 - 108, =
0.4-107, and the normal solution g, to the system (3.6.1), (3.6.2) with approximate
data f such that || f — || < || f|| - 0.57 - 10~3 deviates from the exact solution g, to
the system (3.6.4) by ||ge — Gn|l < 0.39- 1071 ||ge|.

Thus, extending a system using additional information about its exact solution re-
duces the condition number substantially and allows us to calculate an approximate
solution.

Exercise 3.6.7. Use Lemma 3.2.2 to analyze the matching conditions for the approx-
imation accuracy § of the right-hand side f (|| f — fs| < 6) and the regularization
parameter .

It should be emphasized that a normal solution to the system

(1-0)d]  [(-a)f
o=
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with nondegenerate compound coefficient matrix can be obtained as a solution to the
normal system

Q-—a)A [U-mA] [-mA] [0-a)f
s e[ )

which is a system with square nondegenerate coefficient matrix:
[(1—a)?AT A+ o?BTBlg = (1 —a)?AT f.
However, the condition number of the square matrix
(1—a)?ATA+BTB

is equal to the square of the condition number of the compound matrix. It turns out
to be (0.3 -10°%)2 = 0.9- 10! in the above example for « = 10™*. This is exactly
the reason why it is reasonable to try to find a normal solution using the technique
described in (Godunov et al., 1993; §§ 5-7) and to avoid passing to normal systems.

3.7 The square root method

In the Lavrentiev—Tikhonov regularization procedures, an approximate solution is de-
termined from the systems (3.2.4), (3.2.8) with an n x n symmetric positive definite
matrix, which is also well-conditioned if the value of « is chosen reasonably. Aside
from iterative procedures, traditional direct methods (such as the Gaussian method,
the Gauss—Jordan method, etc.) can be used to solve these systems (Voevodin, 1966;
Fadeev and Fadeeva, 1963). We will confine ourselves to describing the square root
method, which is specially adapted for equations with symmetric matrices and is par-
ticularly efficient and stable.

The square root method is based on the Cholesky decomposition of a symmetric
matrix

A=U"U, (3.7.1)
where U is an upper triangular matrix. Denoting by u;; the coefficients of the ma-

trix U and writing equality (3.7.1) in terms of the matrix elements, we arrive at the
system

n
D ukugj =ai (i =1....n:j=1...n). (3.7.2)
k=1
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Solving (3.7.2) for u;;, we obtain the calculation formulas for the elements of U':

i—1 i—1
1
ajj — E Uri» Uij = w (alj - E ukl”kj)
k=1 k=1

12

(G=i+1,...,n;i=12,...,n).
Now, for solving the original system it suffices to solve two triangular systems
Ulz=f Ug=-:. (3.7.3)

The square root method is especially convenient when applied to band matrices (Vo-
evodin, 1966), since the method can be easily adapted to their structure so that opera-
tions on zero elements are eliminated.

3.8 Exercises

Every statement in the following list is either a definition or a proposition. We suggest
that the reader identifies the propositions and proves them.

This section can be viewed as a useful appendix to Chapter 3. A more demanding
reader can find the proofs of these statements in the books by V. V. Voevodin et al. and
S. K. Godunov et al. (see the bibliography).

Pseudo-solutions. If a system Aq = f is consistent, then it has a unique solution
of minimal length. This solution g is said to be normal.

Of all the solutions to a system Aq = f, its normal solution is the only one that
is orthogonal to the kernel N(A) of the matrix A and belongs to the image R(AT) of
the matrix A7 .

The vector y = Aq — f is called the residual of the vector g.

A solution to the system AT Ag = AT £ is called a pseudo-solution gp Or a gener-
alized solution to the system Ag = f.

Pseudo-solutions g, are the only vectors in the space Q that guarantee that

e the residual y = Aq — f is orthogonal to the image of 4;
e the residual y = Ag — f has minimal length.

Given a system Ag = f, take the image f of the vector f under the projection
onto the range R(A) of the matrix A. The system Ag = f is always consistent and
the set of all solutions to this system coincides with the set Q; of all pseudo-solutions
to the original system.

The normal solution to the system A7 Ag = AT f is called the normal pseudo-
solution to the system Aqg = f.

Of all the pseudo-solutions g, € Q;i to the system Ag = f, only the normal
pseudo-solution gy, satisfies the following conditions:
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* the pseudo-solution has minimal length, i.e., ¢, = arg mianEQ; lgpll:

* the pseudo-solution is orthogonal to the kernel N(A) of the matrix A4, i.e., gnp L
N(A);

« the pseudo-solution belongs to the image R(AT) of the matrix A7, i.e., Gnp €
R(AT).

The normal pseudo-solution gy, of the problem Ag = f is equal to zero if and only
if the vector f belongs to the kernel of the matrix A7, i.e., gp=0& feN AT).

If the existence of a solution to the system of linear algebraic equations Ag = f
is not guaranteed, we can always solve the system A7 Aq = AT f instead. In this
case, the norm of the residual Ag — f is guaranteed to be minimal, and the same is
true for the norm of the pseudo-solution itself if the normal pseudo-solution is found.
Passing from the system Ag = f to the normal system A7 Ag = AT f is called the
first Gaussian transformation or the least squares method. The latter term is explained
by the fact that formal expression of the condition for the square of the norm of the
residual ||Ag — f||? to be minimal leads to the equation A7 Aqg = AT f.

Note that all the properties of the normal pseudo-solution mentioned above are
equivalent. Therefore, verification of any one of them ensures that others hold as
well.

Pseudoinverse. A system Ag = f with nondegenerate matrix is solved using the
inverse matrix. The inverse plays an important role in many tasks, but it is defined
only for nondegenerate matrices. An analog of the inverse can be constructed for
degenerate and rectangular matrices on the basis of normal pseudo-solutions.

Let A be an arbitrary rectangular matrix. With every vector f € F we associate
the normal pseudo-solution g, € Q to the system Ag = f. As aresult, we have
amap ¢np = AT f from the space F to the space Q represented by an operator AT,
which is called a pseudoinverse or a generalized inverse.

A pseudoinverse operator is linear.

The matrix of a pseudoinverse operator in natural bases is called the pseudoinverse
or the generalized inverse of the matrix A and is denoted by AT.

If A is an m x n matrix, then AT is an n x m matrix.

The normal pseudo-solution gy, to a system of linear algebraic equations Ag = f
satisfies the equality gnp, = AT f.

The pseudoinverse of a zero matrix is a zero matrix.

Every column vector of AT is orthogonal to the kernel of A.

Every column vector of AT is a linear combination of the column vectors of the
adjoint A* (we recall that A* = AT and in real spaces A* = AT).

The matrix AT can be represented in the form AT = A*V, where V is a square
matrix.

Let af and alT denote the i-th column vectors of the matrices A* and AT, respec-
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T T

tively. A system of column vectors a;, , ..., a; is linearly dependent (linearly inde-
pendent) if and only if the system of column vectors a 1*1 e d z*r is linearly dependent
(linearly independent). This is true for any selection of indices iy, ..., i,.

For any matrix A, rank AT = rank A*.

Consider the matrix equation A*AZ = A*, where A is a given m x n matrix and Z
is a desired n x m matrix. The matrix A satisfies this equation, i.e., A*AAT = A*,

Every row vector of the matrix A* is a linear combination of the row vectors of the
matrix AT,

Every row vector of the matrix AT is a linear combination of the row vectors of the
matrix A*.

The matrix AT can be represented in the form UA*, where U is a square matrix.

The kernel and image of the pseudoinverse AT coincide with those of the ad-
joint A*,i.e., R(AT) = R(A*) and N(AT) = N(4*).

The matrix AT has minimal rank among all solutions to the matrix equation
A*AZ = A*.

Among all solutions to the matrix equation A* 4Z = A*, the matrix AT has mini-
mal sum of squares of the absolute values of elements in each column.

Among all solutions to the matrix equation A*AZ = A*, the matrix A" has mini-
mal sum of squares of the absolute values of all its elements.

Consider an m x n matrix A and the n x n unit matrix /. Take an n x n matrix
B(Z) = AZ — I, where Z is an arbitrary n x m matrix. Among all the matrices Z,
the matrix AT minimizes the sum of squares of the absolute values of all elements
of B(Z). Furthermore, among all the matrices that minimize this sum, AT minimizes
the sum of squares of the absolute values of all elements of Z.

If A is nondegenerate, then B(A~') = 0 and therefore the sum of squares of the ab-
solute values of all elements of B(Z) attains its absolute minimum at the matrix A~ L.
The matrix AT minimizes this sum in the case of an arbitrary matrix A. This cir-
cumstance also emphasizes the “similarity” between the pseudoinverse matrix and
the inverse matrix.

So far we have been considering the properties of a pseudoinverse matrix as the
properties of the matrix of a pseudoinverse operator in natural bases. It is more con-
venient to study many properties of a pseudoinverse matrix using an equivalent defi-
nition in terms of matrices.

The matrix F is a zero matrix if and only if at least one of the matrices F*F
or FF* is a zero matrix.

For a given m x n matrix A, consider the matrix relations

A*AX = A*, X =UA" = A"V,

for the unknown n x m matrix X, where U and V are n x n and m X m matrices,
respectively. The matrix X = AT is the only matrix satisfying these relations.

The above definitions of a pseudoinverse are equivalent. Note that there are many
other equivalent definitions of a pseudoinverse matrix in addition to the ones given
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above. The proof that these definitions are equivalent is made easier by the fact that
the matrix expression for a pseudoinverse is known.
If an m x n matrix A has full rank, then

i {(A*A)—lA*, n<m,
A*(AAHTL n>m.
Let A be an m x n matrix of rank » > 0. There exist an m X r matrix B and an
r x n matrix C such that rank B = r, rank C = r, and A = BC. The decomposition
A = BC is called a skeleton decomposition of the matrix A.
In the skeleton decomposition, any 7 basis columns of the matrix A can be chosen as
columns of the matrix B. Then the columns of the matrix C consist of the coefficients
of the linear combinations that express all the columns of A in terms of its basis

columns.
If a matrix A is represented by its skeleton decomposition A = BC, then

AT =c*cc*) Y (B*B)"'B* = C*(B*AC*)"' B*,
A* = C*B*, AT = cTBT,
ct=c*ccH™, B = (B*B)"'B*

are skeleton decompositions of the matrices 4%, At T, and BT, respectively.
The matrices A4, AT, and A* are related by the formulas

(aHt = h*  @hf =4,
(AATY* = 44T,  (44T)? = 44T,
(ATA)* = ATA, (4TA)? = 474,
ATAAT = 4F, AATA = A,
Given an m X n matrix A, consider the matrix relations
AXA=A, X =UA*= A"V,

where X is an unknown n x m matrix, U and V are n x n and m X m matrices,
respectively. The matrix X = AT is the only matrix satisfying these relations.
The Penrose equations. For a given m X n matrix A, consider the matrix relations

AXA=A, XAX =X,
(XA)* = XA, (AX)* = AX,
for an n x m matrix X. The matrix X = AT is the only matrix satisfying these
relations.

The pseudo-solutions to the system Ag = f are the only solutions to the system
Ag = AATf.
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Singular value decomposition. For any m x n rectangular matrix A4, the matrices
A* A and AA™ are Hermitian and their principal minors are nonnegative.

The nonzero eigenvalues of the matrix A*A are positive and coincide with those
of AA™.

The arithmetical values of the square roots of the common eigenvalues of A*A
and AA™ are called the singular (principal) values of the matrix A.

Throughout what follows, the nonzero singular values of A will be denoted by
o1, ...,0r and they will be assumed to be indexed in nonincreasing order, i.e., 01 >
0y > -+ >0 > 0(r < p = min(m,n)). The singular values o,41,... will be
considered to be equal to zero (if r < p).

Let A be an m X n rectangular matrix. Let x1,...,X; denote the orthonormal
eigenvectors of the matrix A*A. Then

e the system of vectors Axy, ..., Axy is orthogonal;
e any nonzero vector Axy is an eigenvector of AA™ corresponding to the eigen-
value o,f;

e |Axy| = oy forall k.

Let A be an m x n rectangular matrix. There exist orthonormal systems of vectors
X1,...,Xp and y1,..., ymm such that

ok VK, k <r, oxXk, k =,
Axg = kVk = A*yp = kXk <
0, k>r, 0, k>r.

The orthonormal systems xi, ..., x, and y1,..., yy, are called the singular bases of
the matrix A.
A square matrix is nondegenerate if and only if all of its singular values are nonzero:

m
|det A|* = det A*A = [ ] 0.
i=1

Let UXVT be a singular value decomposition of a matrix A. Then the pseudoin-
verse AT can be represented in the form AT = VXTUT.

Suppose that the first diagonal elements o1, 02, ...,0, of an m x n diagonal ma-
trix ¥ are nonzero and the remaining elements are zero. The matrix X1 is an n x m
diagonal matrix with the first diagonal elements o~ L oy ! ..., 07! and the remaining

elements being zero.
For any m x n matrix A with elements a;; and singular values oy, there holds

min(m,n)

m n
ZZ|aij|2= Z o,f.
k=1

i=1j=1
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For any m x m matrix A with eigenvalues A1, ..., A, and singular values o1, 02,
..., Om, there holds

m m
Y02 = 3l
i=1 i=1

the equality being attained if and only if A4 is a normal matrix.

Connection between the singular value decomposition and the Tikhonov reg-
ularization. Suppose that A = UXVT, where X is an m x n diagonal matrix,
Y = diag(01,02,...,0p), p = min{m, n}. Then a solution ¢, to the equation

aq+ATAqg=ATf o >0,

has the form

Go = VIgUT . Ea:diag( o %2 p )

S et e et R
o] +tuo o5+« Up—l—a



Chapter 4
Integral equations

Integral equations of the first kind considered in Sections 4.1 and 4.2 are the most suit-
able subject for the introduction of ill-posed problems in infinite-dimensional spaces.
On one hand, there is no simpler example to be found. On the other hand, in the
general case, the compactness of integral operators makes their inversion an almost
insurmountable problem.

The reader should not be misled by the relative simplicity of the first sections of
this chapter. We recommend that the reader finds a practical example for each of the
problems to be considered here and, conversely, tries to come up with a generalization
and to analyze it.

Sections 4.3—4.6, which are devoted to the Volterra operator equations, are the most
difficult for understanding, but the results presented there are applicable to a large
class of coefficient inverse problems for hyperbolic equations.

4.1 Fredholm integral equations of the first kind

Consider the Fredholm integral equation of the first kind

b
Aq(x) =/ K(x,8)q(s)ds = f(x), x € (a,b). 4.1.1)

The ill-posedness of equation (4.1.1) can be illustrated by the following simple
example. Assume the kernel K(x,s) and the function f(x) to be constant. Then
problem (4.1.1) becomes the problem of recovering a curve from the area under the
curve. Evidently, this problem has at least continuum of solutions.

Let the kernel K(x,s) be real and symmetric, i.e., K(s,x) = K(x,s). We also
assume that K(x,s) € L2((a,b)?),q € Q = La(a,b), and f(x) € F = La(a,b).
Then there exists a complete orthonormal sequence of eigenfunctions {@,(x)} and a
sequence of the corresponding eigenvalues {1, } of the operator A (|A,+1| < |Anl,
An € R) such that

b
App(x) = / K(x,8)pn(s)ds = Apon(x), ne€N.

The completeness of the system {¢, (x)} means that any function f(x) € F such that
Il f1l25(a,b) < o0 is representable as a Fourier series:

) =" fagn(x).

n=1
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It will be shown below that the case where all A, are nonzero is substantially different
from the general case. Let the kernel K(x, s) be represented in the form of a series

K(x.8) =Y An@n(x)gn(s)

n=1

that converges in the norm:

b b o
[K(x,s)|| = / / K2(x.s)dxds =) A% < oc.
a a n=1

In this case |A,| — 0asn — oo.

The kernel K(x, s) of an integral operator A is said to be degenerate if there exists
suchng € N that A, # Ofor 1 <n <ngand A, = 0 forall n > nyp.

Consider the problem (4.1.1) assuming K (x, s) as degenerate:

K(x,s) = Z An@n(X)@n ().
n=1

In this case

b no b
[ &Gs19ds =3 n [ nonra(s1ds
a ne1 a

- an(ﬁonsCI)(Pn(x) = f(x).

n=1

Therefore, the problem (4.1.1) has a solution only if f(x) is a linear combination
of 1(x), ..., ¢ny(x),1.e., if it can be written as

fx) = Z Jnon(x).
n=1

Exercise 4.1.1. Verify that if the problem (4.1.1) with the degenerate kernel K(x, s)
is solvable, then any function ¢(x) of the form

no 00
q(x) = Z A_nﬁf)n(x) + Z CnPn(x),
n=1"" n=no+1

where tho:no-i-l c,2, < 00, 18 a solution to the equation (4.1.1).
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Thus, if the kernel is degenerate, the problem (4.1.1) has either no solutions or
infinitely many solutions, depending on the right-hand side f(x).

Consider the case where A, # 0 for all n. If | || = \/fab f2(x)dx < oo, then
f(x) can be represented by a Fourier series converging in the norm of the space L:

(e}

F) =" fagn(x).  fo={fon). Z =11

n=1 n=1
2
PutS =372, ({—Z) .

Exercise 4.1.2. Prove that the function ¢(x) = Y »o; {” ¢n(x) is a solution to the
equation (4.1.1) if § < oo.

Exercise 4.1.3. Prove that the problem (4.1.1) has no solutions if S = oo

Exercise 4.1.4. Show that the problem (4.1.1) cannot have two different solutions if
An # O for all n € N (the solutions that differ from each other on a set of zero
measure are considered to be the same).

Thus, if A;, # 0 for all n € N, then the problem (4.1.1) has no more than one solu-
tion, and the solution exists only if the right-hand side satisfies the condition S < co.

Exercise 4.1.5. Study the case where infinitely many A, are nonzero and infinitely
many A, are equal to zero.

It is clear that the solution to the equation (4.1.1) can be represented by a series
only if {A,} and {¢,(x)} are given. For the numerical solution of applied problems
having the form (4.1.1), the following approaches are commonly used:

e discretization of (4.1.1) combined with the Tikhonov regularization (Vasin and
Ageev, 1995);

e iterative regularization (Vainikko, 1982);

e singular value decomposition combined with regularization (Godunov et al.,
1993).

Problem with perturbed data. The following situation is frequent in the problems
of interpreting observational data, also known as the problems of processing experi-
mental data.

Suppose that a function ¢(x) is the function of interest in a certain research, but
the function measured in the experiment is a different function f(x) that is related
to ¢(x) by the formula f(x) = |, ab K(x,s)q(s)ds. Furthermore, the values of f(x)
have measurement errors.
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Thus, the problem
b
| Kesaras = 1)
a

is known to have a solution, but the solution can be found only approximately from
the equation

b
/ K(x,$8)q(s)ds = fs(x) (4.1.2)
with such function fj(x) that

If— fsll <e (4.1.3)

Let ge(x) be a solution to the problem (4.1.1) and gs(x) be a solution to (4.1.2).
Setg =q —qs, f = f — fs. Then ¢g(x) satisfies the integral equation

b
/ K(x,)§(s)ds = f(x). (4.1.4)

Let f(x) = >, Fn@n(x). The condition (4.1.3) means that > | ful? < 82.

First, consider the case where A, # 0 for all n € N. If the series Y »o |/1_:|2
diverges, then equation (4.1.4) has no solutions. Even if this series converges, this
cannot guarantee that the error g (x) will tend to zero as § — 0.

Indeed, among all right-hand sides f such that || f|| < § there is a right-hand
side f = 8¢, (x) with index n such that [1,| < 8. Then § = (§/An)¢n(x), ie.,
g1l = 8/1An] > 1.

Regularization. Consider the equation

b
ag(x) +/ K(x,8)q(s)ds = fs(x), o >0, (4.1.5)
a
where « is the regularization parameter.

Theorem 4.1.1. Assume that all eigenvalues of the operator

b
Aq :/ K(x,s)q(s)ds, x € (a,b),

are positive. Suppose that there exists a solution q. € La(a,b) to equation (4.1.1)
for some f € Ly(a,b). Then there exist oy, 8« € Ry such that for all @ € (0, ay),
8 € (0,8%) and for any fs € Ly(a,b) satisfying (4.1.3), equation (4.1.5) has a
solution q,5 and the following estimate holds:

§
lgas — gell < " + w(a), (4.1.6)

where the function w(a) tends to zero as a — 0.
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Proof. Let q,5(x) denote a solution to equation (4.1.5). We will seek the solution in
the form of a series in terms of the eigenfunctions of the operator A4:

Gas(X) =) dasn®n(X). (4.1.7)
Let f(x) = fs(x) — f(x). Then

S50 =D fsnpn () = Y (fa + S)gn (), (4.1.8)

n=1 n=1

where f5, = (f5.@n)s fn = (. ¢n)-

Multiply (4.1.5) by ¢, (x) and integrate it with respect to x from a to b. Taking into
account the form of the kernel, the orthonormality of the system of functions {¢, (x)}
and using (4.1.7), (4.1.8), we get

Aqusn + AnGasn = an + fu = fon- (4.1.9)

Consequently, a regularized solution obtained from the approximate data has the
form

a5 (X) = D Gasn@n(X). (4.1.10)
n=1
Gy = L1 = In T In. @.1.11)

o+ A, o+ Ay
Let

Ge(x) = Z qn®n(x).

Then the error

10 = 06~ 4as () = 3 (1~ 22 g 0

n=1 + A
can be represented as
G(x) = Pa(x) + Ba(x). 4.1.12)
where
Bulx) == f)t on(X).
n—l
0o G
Bal(x) = > T o)

n=1
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First, we estimate ,5a taking into account that A,, > 0:

1Bl = Z ( +A )2 <= Zf,, = —2. (4.1.13)

To estimate the second term ,Ba (x), we recall that, by the assumption of the theorem,
there exists an exact solution g (x) that belongs to Ly(a,b). Therefore, ||¢e||?> =
> 021 q% < oo. Denote w(ar) = ||Bq||. Let us prove that

lim w(x) = 0.
a—0

Let e > 0. We will find a4 such that w(«) < e forall & € (0, o).
For 2/2 there exists an 75 € N such that Y oo —n, g2 < % and therefore

2,2 2
o
qn <

£
el (a + Ap)? 2
On the other hand,

nx—1 2q2 o?
. 2 ”qe

2
PECET WAL

where [ty = minn=1,n*_1{kn}. Set
o = eptn/ (V2| ge ).

Then for all o € (0, @x) we have

nyx—1

2 2 0‘261;% - 0‘2‘];% 2
= < _ —_— <
C@=1bal’ = Y Tt X G S
n=1 N=nx
ie,w(w) <e.
Using (4.1.12) and (4.1.13), we obtain

Ige — qasll < 1Ball + l|Ball < 8/2 + w().

which proves the theorem. m|

We now show that the regularization method described above is also applicable in
the case where some A, are equal to zero.

Let N; be the set of such n that A, # 0, and let Ny consist of n corresponding to
An = 0. (Each of these two sets may be finite or infinite, but they cannot both be finite
at the same time). Let ge(x) = Y ooy gnen(x) O ne |qn < 00) be a solution to

equation (4.1.1). Then for any a, € Rsuchthat )",y ap < ooand Y, oy, a5 =0,
the function Y72 ;(¢n + @n)@n(x) is also a solution to (4.1.1).
Putting a,, = —¢q, for n € Ny, we obtain the function ¢°(x) = >_neN, 4n®n(X)

satisfying (4.1.1).
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Exercise 4.1.6. Let ¢(x) # ¢°(x) be a solution to equation (4.1.1). Prove that
lgll > llg°|- (4.1.14)

We recall that if (4.1.1) has more than one solution, then the solution that has min-
imal norm is called normal. From (4.1.14) it follows that ¢°(x) is a normal solution
to the problem.

Theorem 4.1.2. Let ¢°(x) = > nen, 4n®n(x), 19°)1> = > nen, g2 < oo, be a
normal solution to equation (4.1.1). Then the following inequality holds: |qqs —
q°| < 8/a + w(a), where w() — 0 as @ — 0.

The proof of this theorem is similar to that of Theorem 4.1.1.
Consider the case where the kernel K(x, s) is not symmetric. We define the opera-
tor A* as follows:

b
A* p(x) =/ K(s,x)p(s)ds, p € La(a,b).

Applying the operator A* to the equation (4.1.2) yields the integral operator equation
with symmetric kernel:

A*Aq = A™ f;.
Let g5 (x) denote a solution to the equation
aq(x) + A*Ag = A* f5(x).

Exercise 4.1.7. Prove that q; s converges to a quasi-solution of equation (4.1.1) as «
and § tend to zero with concerted rates.

4.2 Regularization of linear Volterra integral equations of
the first kind

Volterra integral equations of the first kind

/x K(x,t)qt)dt = f(x), xe]0,T], 4.2.1)
0

can be viewed as a special case of the Fredholm equation of the first kind

1
/ R.0q()di = f(x). x€[0.T],
0
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whose kernel has the form

K(x,t), te]0,x],

K0 = {0, t e (x,T].

Therefore, all the arguments of the previous section remain valid as to equation
(4.2.1). However, the variable limit of integration in (4.2.1) (the distinctive property
of a Volterra equation) makes it possible to construct other regularization methods.
The simplest one is differentiation. Assume that equation (4.2.1) has a solution g, €
C[0, T'] and the functions K(x,?) and f(x) have continuous derivatives with respect
to x. Then, differentiating (4.2.1) with respect to x, we get

X

0K
q(x)K(x,x)—I—/(; E(x,t)q(t)dt = f'(x). (4.2.2)

If K(x,x) # 0 for all x € [0, T], then equation (4.2.2) is a special case of the
Volterra integral equation of the second kind.

In what follows we shall also consider a Volterra regularization. Aside from the
differentiation and the Volterra regularization, a discrete regularization can be applied
to equation (4.2.1), which leads sometimes to the so-called self-regularization where
the discretization step plays the role of a regularization parameter.

Volterra integral equations of the second kind in C[0, T] and L,(0,7). Con-
sider the second-kind Volterra equation

X

q(x) = g(x) +/O P(x,t)q(t)dt, xe€(0,T), (4.2.3)

assuming ¢ (x) is to be found.
Let us show that problem (4.2.3) is well-posed.

Theorem 4.2.1. Let g € C[0,T] and P(x,t) € C(0 <t < x < T). Then the
problem (4.2.3) is well-posed in C|0, T1.

Proof. We define an operator V' as follows:

X

Vo)) = £+ [ Prg0dr, x<0.7]
Introduce a norm depending on a parameter § > 0:

lgllg = sup {lg(x)|e™P*}.

x€[0,T]

From the definition of the norm it follows that

lgllo = llglcro.ry: llallg = llglicro.ry < €T llgllp- (4.2.4)
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Set

Go = lIgllcjo,r;: Po= sup |P(x,1)l.
x€[0,T]
t€[0,x]

We will prove that for any fixed 7 > 0, y > 0, and any S satisfying the condition
max{ Py, Po(Go +y)/y} < B (4.2.5)
the operator V' maps the ball

B(g.y.p) ={p(x) e C[0.T]: llp—¢gllp = v}

into itself and is a contraction on this ball. Let r € B(g, y.8).i.e.,||g —r|lg < y and
therefore ||r]g < llgllg + ¥ < Go + y. We have

X

V() — g@)] < /0 |PGe.t)r(1)]de < Py /0 ()] P di

X
1
EP0||V||/3/O i = Polirl 5 (€ =1, x<[0.T]

Hence, for all x € [0, T,

1 P,
|(Vr)(x) — g(x)|e P < Po|rllg 501~ e P¥) < FO 17115,

and therefore, in view of (4.2.5),

Po(Go +y) -

Py
[Vr—gllg < 5 I7llg < 5 2

which means that Vr € B(g, y, B).
Now let r1,r2 € B(g,y, B). By the same argument as before, we get the estimate

X

V() — (Vi) < /0 PGl (1) — ra(0)) dt
< Pollr —rallg % (ef¥ 1),
whence

P,
Vi = Vi < FO lri = r21g.
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Due to (4.2.5), Po/B < 1. This means that the operator V' maps the ball B(g, y, 8)
into itself and is a contraction on this ball. Therefore, by the Banach fixed point
theorem (Theorem A.2.1), the operator ' has a unique fixed point in this ball:

r(x) = Vr)(x) = g(x) +/0 K(x,t)r(t) dt,

which is obviously a solution to equation (4.2.3).

We now turn to the proof of uniqueness and stability of the solution of problem
(4.2.3) with respect to small perturbations of g(x). We start by proving the stability.
Assume that ¢; (x), j = 1,2, are continuous solutions to the equations

qj(x) = gj(x) —{—/0 P(x.t)gi(t)dt, j =12, (4.2.6)

respectively. As before, the functions g1, g2, and P are assumed to be continuous.
Then § = q1 — g2 and § = g — g» satisfy the equality

X

G0 = ) + /0 P00,

which implies

a1 = 1zl +| [ P ail

Therefore,
- - 5 1
1G(x)| < 18(x)| + Pollgllg 3 (eP* —1).

Multiplying the obtained inequality by e #* and taking the supremum with respect
to x € [0, T'] (first in the right-hand side and then in the left-hand side), we have

- - Py .
I7llg < 11gllg + B lgllg-

Then

(1= ) 1ls = 1l

Since B > Py because of (4.2.5), we have

. "
lgllg < B_ Py lglg
Finally, using (4.2.4) we obtain
B
lg1 —aqz2llcro,m < T g1 — g2llcro.- (4.2.7)
B— Po

The stability estimate (4.2.7) also implies the uniqueness of the solution. m|
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Remark 4.2.1. Estimate (4.2.7) can be improved by applying the Gronwall lemma
(see Subsection A.6.2) to the inequality

X
i1 = 1z +| [ P ar
obtained when proving the theorem.

Remark 4.2.2. It can be proved thatif g € L5(0,7) and P(x,t) € L, (0 <t <x <
T), then problem (4.2.3) is well-posed in L, (0, T).

Volterra regularization of the first-kind integral equations. The above example
of reducing the ill-posed problem (4.2.1) to the well-posed problem (4.2.2) is rarely
applicable in practice for two main reasons. Instead of the actual right-hand side
f(x) we usually have only its approximation f5(x), and even if the derivative fg/ (x)
is known, small errors in specifying f(x) may lead to very large errors in the solution.
On the other hand, application of the general approach described in Section 4.1, i.e.,
reducing the problem (4.2.1) to the Fredholm equation of the second kind

aq(x) + A Aq = A* f5(x),

results in the loss of the property of being a Volterra equation (4* A is not a Volterra
operator), which considerably complicates the analysis and solution of the regularized
equation.

Consider a Volterra regularization of the problem (4.2.1) (Sergeev, 1971; Denisov,
1975), which can also be applied to nonlinear Volterra operator equations of the first
kind (Kabanikhin, 1989) that arise in coefficient inverse problems for hyperbolic equa-
tions (see Chapter 10). As before, we assume that equation (4.2.1), i. e.,

/ T K(.0qg)di = f(x). x€[0.T].
0

has a solution, but instead of the function f(x) we know only its approximation fg(x)
satisfying the condition

I.f = fsllcro,r) < 6.

We will approximate equation (4.2.1) by the following Volterra integral equation of
the second kind with a positive parameter o:

X

aq(x) +/0 K(x,t)qt)dt = fs(x), x€]0,T]. (4.2.8)
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Theorem 4.2.2. Assume that for f, f5 € C[0, T there exists a solution g, € C1[0, T
to equation (4.2.1) such that go(+0) = 0. Let K, %—f and %2715 be continuous and
K(x,x)=1.

Then there exist positive numbers ax, 8x, and Ky such that, for a € (0, ax) and
8 € (0,684), equation (4.2.8) has a unique solution qys in C[0, T| that satisfies the
estimate

5
905 — gellcror < Kol + ). (4.2.9)
o

Proof. The existence and uniqueness of a solution gy g(x) follow from Theorem 4.2.1.
Set

F) = ) = f5(0),  §(x) = 4(x) = s (x).

Then, upon subtracting (4.2.8) termwise from (4.2.1) and rearranging, we obtain

X

ag(x) + /0 K(x,0)§(t) dt = age(x) + f(x). (4.2.10)

The arguments used in the proof of Theorem 4.2.1 cannot be used to estimate g be-
cause equation (4.2.10) includes a small parameter «. For this reason, we will intro-
duce a more complicated weight function e~/ instead of ef? and use additional
integration with respect to x. Change from the variable x to £ in (4.2.10), multiply
the resulting equation by the function o ~2e~* /¢ and integrate it with respect to £
from O to x:

/Ox e—(x—s>/a[éq(€)+a_12/0s K(&t)é(r)dt]dg

=2 [Pl @as 4 [Te e fgas @z
0 “=Jo

o
We divide (4.2.10) by « and subtract (4.2.11) from the resulting equality. On rear-
ranging, we get
1 [ 1 [*
i@+ [ Keoawdr- [0 Deqeds
a Jo @ Jo

- i/ox e—(x—s)/a[/oS K(g,z)g(z)dr] g (4.2.12)

o2

1 - 1 [ 1 -
= qe(x) + — f(x) + = f e Beg, (&) dE — — / e 0/ f(g) dE.
o o Jo (04 0
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We integrate by parts the fourth term on the left side of (4.2.12) twice using the
condition K(x,x) = 1:

al_zfox e—<x—5)/“[/j K(g,z)g(z)dr]dg

é/(;x K(x,t)é(l)dt_é/ox e—(x—&)/a%[/: K(.*E,t)é(t)dt]dE

1 [* 1 [*
o[ KGoaw - [T g

_ l/ox e—(x—@/“[/j D“"’)K(S,t)é(t)dt]dé

o

_L cvdr - L [T a8/
- a/o K(x,1)q(t) dt a/o e q§)dg
—/x DUOK(x,1)§(t) dt +/x e /e pULO K £)§(§) dE
0 0

+ / et / * DYk () dr| ds.
0 0

711 ny
Here D(”"”Z)K(xl,xZ) = ;’x—nl ai_nz K(x1, x2).
1 2
Changing the order of integration in the last term and substituting the resulting
expression in (4.2.12), we come to

J0) + /0 " DO K(x,0G(1) di [0 " e D p0 k(e £)7(E) dE
- / i [ / i e/ p2.0 gg, z)dg]q(z) dt
0 t

1 - 1 r*
= ge(x) + — f(x) = — / e Oy, () d
o o Jo

o O

Evidently, the derived equality is representable in the form

300 + /O Ba(x. 0G(0)dt = s (x). 4.2.13)
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where
By(x,t) = l K(x,1) — l e~ (x—)/a _ Lz /X K. [)e_(x—g)/a dt
o o a? J
= DUOK(x, 1) - DEOK (1, 1)e*1/e
_ / " DO (e e G-Ba g
t
1
bas0 = et - [T -0 g a5+ L9
0
1o )
5 | e a
:/ (x S)/OC /(S)dé + f()C) LZ/X e—(x—é)/(xf(i_-) d%-
0 o 0

From inequality (4.2.13) it follows that

3001 = Wasllcor + | [ max (Batx.lgdi]. x e 0.7)
Using the Gronwall lemma (see Subsection A.6.2), we have
P
ldllcon = mas 1761 = Wasllcomexe] [ max [Butr.0ldr}.

To complete the proof, it suffices to verify that, for some ax > 0, §« > 0, K; > 0,
K5 > 0, the following inequalities hold:

X
max / |Ba(x,t)|dt < K1, 0<a <o, (4.2.14)
x€[0,T] Jo

5
max_ | (x)] < Kz(a+—), O<a<as 0<8<6s (42.15)
x€[0,T] o

We leave the proof of these inequalities to the reader as an exercise. m|

4.3 Volterra operator equations with boundedly
Lipschitz-continuous kernel

This section is concerned with an approach to the study of inverse problems which in-
volves weighted estimates. This technique enables one to estimate the rate of conver-
gence of numerical algorithms such as the method of successive approximations, the
Landweber iteration, the steepest descent method, the Newton—Kantorovich method
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(Subsection 10.2.2), and the method of inversion of finite-difference scheme (Ka-
banikhin, 1988).

Many inverse problems for hyperbolic and parabolic equations can be reduced to
nonlinear Volterra integral equations. The inverse problems can be written in the
general form as a Volterra operator equation of the second kind

q(x) = f(x) +/O (Kxq)(x)dz, x €8, 4.3.1)

where S = [0, 7], T € R4, {Kx}xes is a family of nonlinear Volterra operators (see
Definition 4.3.1 below), the (vector) function ¢ (x) represents an unknown coefficient
(or coefficients), and f'(x) is the data of the inverse problem.

As an example we consider the inverse problem

Urp = Uxxy —q(X)u, xR, teRy, 4.3.2)
M(X,O) = (pl(x)’ u,(x,O) = (pZ(x)v (433)
M(O,f) = fl(t)’ ux(ovz) = fZ([)' (434)

where the coefficient g(x) of equation (4.3.2) is to be found from given functions
@j(x), fj(x), j = 1,2. We will return to this problem in Chapter 10 (Subsec-
tion 10.1.2) assuming ¢1(x) = 0, g2(x) = §(x).

Let us show that the problem (4.3.2)—(4.3.4) is ill-posed, and consequently, so
is (4.3.1).

We simplify the problem by assuming ¢1 = —1, 92 = 0, f» =0, f(t) = f/'(1)
and introducing the function v(x,t) = uss(x,t). Differentiating (4.3.2) and (4.3.4)
twice with respect to ¢ and taking into account that

U(X,O) = ult|t=0 = uxxitzo - U(X,O)q(X) = q(X),

vr(x,0) = uttt|t=0 = utxx{tzo —u(x,0)g(x) =0,

we obtain a new inverse problem

Vir = Uxx —qg(X)v, xeR, >0, (4.3.5)
v(x,0) =¢g(x), vs(x,0)=0, (4.3.6)
v(0,1) = f(t), vx(0,2) =0. 4.3.7)

Taking the even extensions of v(x, ) and f(¢) with respect to ¢ and using d’ Alembert’s
formula, we have

t+x—§

v(x,t) = %[f(l +x)+ f(t —x)] + %/(; /t g, r)drdE. (4.3.8)

—x+&
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Putt = 0in (4.3.8). In view of the first condition in (4.3.6), we have

x px—§&
g(0) = f(x) + /0 /O (. 1) dr dE. 43.9)

As a result, we obtained the nonlinear operator equation (4.3.9) for the coeffi-
cient g(x). Note that the function v(§, 7) in equation (4.3.9) depends on ¢(x) and
is determined by solving the direct problem (4.3.5), (4.3.6) if g (x) is known.

We will show that the operator equation (4.3.9) may have no solutions on [0, T']
even if the data f is infinitely smooth. For example, let f = ¢ = const > 0. Then
from (4.3.5), (4.3.7) it follows that v does not depend on ¢. Consequently, (4.3.6)
implies that v(x,¢) = ¢g(x). Then (4.3.9) becomes as follows:

x px—§&
q(x) =c +/ / q*(E)drde (4.3.10)
0 0
or, in the differential form,
q"(x) = ¢*(x). 4.3.11)
q(0)=c, 4¢'(0)=0. (4.3.12)

At the same time, the solution to the Cauchy problem (4.3.11), (4.3.12) tends to

infinity as x — Ty = \/;fc Nl
To prove this, we introduce a new variable p = ¢’. Note that ¢” = p,q" = p, p.
By (4.3.11),

4=

Solving this equation in view of (4.3.12), we obtain

2
¢'=p=3@ =),

_\F ¢ dy
x(g) = 5/0 Nt

Since the integral in the right-hand side of this equality is uniformly bounded for
all ¢ € R4, the solution to equation (4.3.15) tends to infinity as x — T.

Lavrentiev (1972) was the first to study the Volterra operator equations. One of the
main difficulties arising in the study of operator equations is caused by the nonlinear-
ity of the operators K. As was proved above, the inverse problem (4.3.1) may have

which implies
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no solutions for some data f(x). Finding conditions on f(x) (x € [0, T]) that are
necessary and sufficient for the existence of a solution for an arbitrary 7 € Ry is a
complicated problem. It is solved only for the case of one-dimensional inverse prob-
lems for hyperbolic equations (Subsection 10.1.3). A large class of Volterra operator
equations was examined in (Lavrentiev, 1972) and (Romanov, 1975). In this section,
we assume the family of operators { K }xes to be such that the problem (4.3.1) pos-
sesses the main properties of such inverse problems for hyperbolic equations.

We will seek a solution to the operator equation (4.3.1) that belongs to the space
C(S;X),S = [0, T]. This means that g(x) is a continuous function of the parameter
x € S with values in a real Banach space X, whose norm will be denoted by || - |
The integral in (4.3.1) is understood as the Bochner integral (see Subsection A.5.2).

The following two types of statements can be proved for many one-dimensional and
some classes of multi-dimensional inverse problems reducible to the form (4.3.1).
First, the inverse problem is locally well-posed, i.e., for a sufficiently small 7" €
R4 there exists a solution to equation (4.3.1) which continuously depends on the
data f(x). Second, for any 7" € R, a solution to the inverse problem is unique and
conditionally stable, i.e., small variations in f(x) keeping the solvability of (4.3.1)
cause small variations in the solutions.

Since the data in applied inverse problems are always approximate, finding out what
variations in the data f(x) keep it within the set of functions for which the inverse
problem has a solution is very important in practice. Under rather general assumptions
about the family of operators { Ky }xes, we will show that the set of data { f(x)} for
which the operator equation (4.3.1) has a solution is open in C(S; X), i.e., if (4.3.1) is
solvable for some f(x), then it admits a solution for all f5(x) close enough to f(x).

We will now specify these properties. Let Sx = [0, x], x € S, and X be a Banach
space with the norm || - ||.

Following (Gajewski et al., 1974), we give the below definitions.

Definition 4.3.1. An operator Kx € (C(Sx; X) — C(Syx; X)) is called a Volterra
operator if the relation g(A) = r(1), g,r € C(Sx; X), which holds for all 1 € Sy,
and x; € Sy implies that for all A € Sy,

(Kxq)A) = (Kxr)(4).

Definition 4.3.2. A family of operators Ky € (C(Sx; X) — C(Sx; X)), x € S, is
said to be boundedly Lipschitz-continuous if there exists such a real-valued function
u(y1, y2) increasing in y; and y, that for all x € S and all ¢1,¢g> € C(S; X) the
following estimate holds:

[ Kxq1 — Kxqzllees,;x) < mlgy (x).q5 () g1 — g2llccs,:x)- (4.3.13)
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Here

q; ) = lgjllcsexy, 7 =12
lgllcese:xy = sup tllg(@)ll}, x €S.

TESY

Definition 4.3.3. A family {K }xes is said to belong to the class J (T, u) if Ky is a
Volterra operator such that K0 = 0 for any x € S = [0, 7] and the family {Ky }xes
is boundedly Lipschitz-continuous.

The following lemma immediately follows from the above definition.

Lemma 4.3.1. Assume that the family of operators {Ky}xes belongs to the class
K (T, ). Then the following inequality holds for all x € S, x; € Sx, and q1,q2 €
C(S: X):

IKxq1 — Kxq2llces,,:x) = m(g7(x). 43 (g1 — g2llcs,, :x)-

Proof. Let x1 € Sy. For j = 1,2, we set

X1 q](S), OSSEXl,
q; (s) =
qj(x1), x1 <s=<ux.

Obviously, q}” (s) € C(Sy; X) for j = 1,2. Since K is a Volterra operator, we have

IKxq1 — Kxq2llcisye,x) < 1Kxq7" — Kxqs' lc(seix)
< (g7 (), g5 Nlar" — 43" llees.x)
= (g7 (x). g5 ()llg1 — g2l ccs,, 1 x)-

The lemma is proved. m|

Lete e R4,k > 0,9 € C(S; X). We define a (C, k)-norm and a ball of radius ¢
as follows:

lgllc.x = suplllgllccs,;x) exp(—kx)},
xes (4.3.14)

Or(t.q.6) ={r e C(St: X) : llg —rllc <€}

In the sequel, we will use some obvious inequalities that follow from the definition of
the (C, k)-norm, namely,

lgllck < llgllces;xy < expkT)lgllc k- (4.3.15)
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4.4 Local well-posedness and uniqueness on the whole

The next theorem was proved by Romanov (1973b) for a one-dimensional inverse
problem. The technique used in this paper was later applied to the inverse prob-
lems for elasticity equations, the system of Maxwell’s equations (Romanov and Ka-
banikhin, 1994), the transport equation and its #,-approximation (Romanov et al.,
1984), the acoustic equation (Kabanikhin, 1981), and many others.

Theorem 4.4.1. Assume that [ € C(S;X) and the family of operators {Kx}xes
belongs to the class K (T, ). Then there exists a T« € (0,T) such that for all
t € (0, Tx) the operator equation

() = f(x) + fo (Kxq)(®)dr. x €S, “44.0)

has a unique solution in the class C(S¢; X') which continuously depends on the data.

Proof. We will construct a solution using the Banach’s contraction mapping principle
(Theorem A.2.1). For g € C(S; X) we define the operator

Ug)(x) = f(x) + /O (Kxq)(t)d7, x€5.

Since the family {K}res belongs to the class K (T, u), we conclude that U €
(C (S;:X) > C(S; X )). Using Lemma 4.3.1 and properties of the Bochner integral
(Gajewski et al., 1974), we obtain the inequalities

X
a0 = el = | [ ey
X X
< [ 1&a@ldr < [ 1Kl dr
X
<@ 0.0 [ lalecs.x dv
< uw(@*(T),0)xllqllcse;x). * €S. (4.4.2)
Here ¢*(T) = lqllc(s:x)-
We fix an arbitrary 6 € R4 and assume that g € Dg(¢, f,6) (see (4.3.14)) with

t € S. Since (4.4.2) holds for all x € S; C S, we come to

1Uq — fllcs:x) < mllfllces,;x) + 6.0t fllees,;x) +6) < n(P,0)tP,
(4.4.3)
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where P = ”f”C(S;X) + §. Put

T*:min{T, b ! } (4.4.4)
w(P,0)P (P, P)

Then from (4.4.3) it follows that for all # € (0, Tx) the operator U maps the ball
Dy (¢, f,90) into itself.

Repeating the arguments used to obtain the estimate (4.4.2), we arrive at the fol-
lowing inequality for any g1, g2 € $o(z, f,8),t € S:

1Uq1 — Uqzlices,:x) < n(P. P)tllqr — q2llces,;:x). t€S. (4.4.5)

Since Ty < 1/ (P, P), forallt € (0, Tx) the operator U maps the ball ®y(z, f, §)
into itself and is a contraction on ®¢(z, f,§). By the Banach fixed point theorem,
the map U has a fixed point in ®g(z, f,§), t € (0, Ty), i.e., there exists an element
q € Oo(t, f.0) such that

() = f(x) + /0 (Kxq)(®)d7. x €S,

The uniqueness of the solution and its continuous dependence on the data follow
from the next statement.

Theorem 4.4.2. Assume that for f; € C(S;X), j = 1,2, there exists a solution
q;j € C(S:X) to the operator equation

X
qj(x) = fj(x) +/ (Kxgj)(r)dr, xe€S. (4.4.6)
0
Then the following estimate holds if the family { K} xes belongs to the class K (T, i):

g1 — q2llces;x) < exp{Tulgi(T).q5 (T} fi — f2llees:x)- (4.4.7)

Proof. Upon subtracting the equality (4.4.6) for j = 1 termwise from the same equal-
ity for j = 2, we obtain the inequalities

1100 — 201 < LAG) — fHE] + /0 |(Kxq1)(®) — (Kxqa) ()] d T
< i - fallewx + n@ (D). g5 (T)) /0 lg1 — g2 llecs,x d.

xes.

Hence

X
lg1—az2llcs,;x) =< ||f1_f2||C(S;X)+M(CIT(T)s‘];(T))/0 lg1—az2llccs,:x) d.

xes.
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Applying the Gronwall inequality, we arrive at the desired inequality

g1 — g2llcs:x) < exp{Tulgy (T). g5 (TN} f1 — f2llees:x)- o

The estimate (4.4.7) implies that the solution of equation (4.4.1) is unique and con-
tinuously depends on the data. m|

Returning to the proof of Theorem 4.4.1, we note that the size of the domain S;
was used as the “smallness” parameter (see (4.4.4)). However, the estimates (4.4.3)
and (4.4.5) include the factors j(P,0) and p(P, P), which depend on || f|lc(s:x)-

The question arises: is it possible to use || f|c(s;x) as a “smallness” parameter
without assuming that Ty is small?

The answer is positive and in the next section we use this idea to prove that the
problem (4.3.1) is well-posed in a neighborhood of the exact solution.

4.5 Well-posedness in a neighborhood of the exact solution

First, we will show that the problem (4.3.1) is well-posed if || f'||c(s.x) is sufficiently
small. From this result we will deduce that the problem (4.3.1) is well-posed in a
neighborhood of the exact solution. The technique presented in this section can be
used for developing and justifying numerical algorithms for finding an approximate
solution to the problem, and in particular, for estimating the rate of convergence of
the finite-difference inversion method.

Theorem 4.5.1. Assume that the family of operators {Kyx}xes belongs to the class
K (T, ju). Then there exists a § € Ry such that for all f € ®y(T,0,6) equa-

tion (4.3.1) has a unique solution in the class C(S; X)) which continuously depends
on the data.

Proof. As before, we will construct a solution g(x) using the Banach fixed point
theorem. For ¢ € C(S; X), we define the integral operator

X
U@ = 10+ | (Keyoydr, xes.
Let us prove that if we choose, for example,
1
m>2u(l, 1), §= Eexp{—mT}, 4.5.1)

then for any

f € ®o(T,0,8) C Dm(T,0,5) (4.5.2)
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the operator U will map the ball ®,, (T, 0, 28) into itself and will be a contraction on
®,,(T,0,26) in the (C, m)-norm (we recall that the ball ®,,(z, q, ¢) and the (C, m)-
norm are defined by formulae (4.3.14)).

Indeed, by the assumptions of the theorem and by Lemma 4.3.1,

I(Ug)(x) = fO)l = M(C]*(T),O)/O lglices.;xydr. xe€S. (4.5.3)

We now estimate the integral in the right-hand side of (4.5.3) using the (C, m)-norm:

X X
/0 Il x dt = /O sup {[lg() ]| exp(=mA) exp(mA)} d e

AEST

< /0 sup {[lq(A) || exp(—mA)} exp(mz) dt

AES:

X
< qllcm /0 exp(mr) dv = m~|q|

cmlexp(mx) —1], xeS. (454

Substituting (4.5.4) into (4.5.3) and multiplying the resulting inequality by exp(—m.x),
we obtain

1(Ug)(x) = ()| exp(=mx) < m™ u(g*(T), 0) ¢

The right-hand side of this inequality does not depend on x, which allows us to take
the supremum of the left-hand side over S’

1Uq — fllem <m i@ (T),0)lqlcm- (4.5.5)

Suppose that g € ©,,(T,0,268), i.e., [|¢|lc.m < 268. In view of (4.3.15) and (4.5.1),
we have

Cm, XE€E S.

g*(T) = lqllcs:x) < 28exp(mT) = 1. (4.5.6)

Substituting (4.5.6) into (4.5.5), we get

1Uq = fllem <28m™" (1, 1). 4.5.7)
Then the conditions (4.5.1) and (4.5.7) imply that
1Uq = fllcm < 6.

Since || f|lc,m < é for f € ®,(T,0,8), we have |Uq||c,m < 28, which means that
the operator U maps the ball ®,,(T, 0, 26) into itself.
Now let g; € ©,,(T,0,26), j = 1,2. Itis not difficult to verify that

1Uq1 — Ugallcm < m™ (i (T). a3 (T g1 — g2)lc.m- (4.5.8)
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The conditions ¢; € ®,(T.,0,268), j = 1,2, and inequality (4.3.15) yield
q; (T) < 28exp(mT), j =1,2. (4.5.9)

Substituting (4.5.9) into (4.5.8) and taking into account that p is an increasing func-
tion, we get

|Ugq1 — Uqsa|

com < m” @8 exp(mT), 28 exp(mT))llg1 — g2

cm.  (45.10)

Then, recalling that m and § were chosen to satisfy the conditions (4.5.1), from
(4.5.10) we conclude that the operator U is a contraction on ®,,(7,0,2§). Conse-
quently, the operator U has a unique fixed point g, in ®,,(7,0,28). Obviously, this
point is a solution to equation (4.3.1). From (4.3.15) it follows that g, € C(S; X).
The uniqueness and continuous dependence of the solution on the data in C(S; X)
can be proved in the same way as in Theorem 4.4.2. m|

Thus, we found out that our assumption that either the interval S is small (The-
orem 4.4.1) or the initial data f is small (Theorem 4.5.1) makes equation (4.3.1)
uniquely solvable in C(S; X) and its solution continuously depending on the data of
the problem. On the other hand, the example given in the beginning of Section 4.3
shows that equation (4.3.1) may have no solutions for arbitrary 7" and f € C(S; X)
(i.e., without assuming that either 7' or f is small). Nevertheless, the requirement
that the family of operators {K }xes belong to the class K (7, 1) makes it possible
to prove the following statement.

Theorem 4.5.2. Let the family of operators { K }xes belong to the class K (T, i).
Assume that for some f € C(S;X) there exists a solution q. € C(S; X) to equa-
tion (4.3.1). Then a § € R4 can be found such that for all fs € Do(T, f.5) there
exists a solution qg € C(S; X) to the equation

q(x) = f5(x) +/0 (Kxq)(r)dr, xe€S. (4.5.11)

This solution is unique in the class C(S; X)) and continuously depends on the data.

Proof. For p € C(S; X), we define the operator

X

(Vp)(x) = f(x) = fs(x) + /O [(Kxge)(7) — (Kx(ge — p))(D)]d .

By assumption, f, f5,g. € C(S; X). Consequently, V € (C(S; X) — C(S; X)). It
is easy to verify that since the family { K }ves belongs to the class K (T, i), so does
the family of operators { Hy }xcs defined by the equality (Hx p)(7) = (Kxqe)(7) —
(Kx(ge — p))(t). By Theorem 4.5.1, the equation

p(x) = (Vp)(x), x€S, (4.5.12)
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has a solution if the difference f — fs is sufficiently small in the norm |- ||c(s;x)-
More precisely, such a § > 0 can be found that for all f5 € ®o(7, f,§) there exists a
solution pg € C(S; X) to equation (4.5.12). By the definition of the operator V', we
have

ps) = 10— 59+ [ (Kegd@dr— [ [Kelge=pplmydr. wes.
(4.5.13)
Setting gs(x) = ge(x) — ps(x) and taking into account that g.(x) is a solution

to (4.3.1), from (4.5.13) we conclude that gg(x) is a solution to equation (4.5.11),
which completes the proof. m|

To estimate the value of the parameter § in the formulation of the theorem, we shall
discuss the conditions under which the operator V' has a fixed point in greater detail.
Let f = f — f5. As before, for p € C(S; X) we have

X

I(Vp)(x) = f ()] < /0 [(Kxge)(t) — [Kx(ge — PI(D)] dT

X
< (gt p®) [0 Iplee.de x €S,

where p* = llge — pllesix). 43 = Igellcqs:x). Using the (C.m)-norm again, we
get

Ve = fllem <m™ gl p)lplc.m. (4.5.14)

Consequently, iff € ®,,(T,0,8) and p € D,,(T,0,25), then
1VPllem <8+ 28m~ (g}, p*). (4.5.15)
Furthermore, if we assume that
2u(g; . p*) = m, (4.5.16)

then (4.5.15) implies that (Vp) € ®,,(T, 0, 25).
Now let p; € ®,,(T,0,26) for j = 1,2. Then

com =m = u(pl. p)IpL = p2llcm. (4.5.17)

|Vp1 — Vpa|

where pi = llge — pjllcs:x). J = 1.2.
Therefore, the operator V is a contraction on ®,, (7, 0, 28) for all m such that

w(py, p3) <m. (4.5.18)
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In view of (4.3.15), from the condition p; € ®,,(T,0,26), j = 1,2, it follows that

p; < lpjllcmexp(mT) + q; <28exp(mT) +¢q;, j =1,2. (4.5.19)

We choose the parameter m to satisfy the condition
2u2+ 4.2+ q)) <m, (4.5.20)
and define § in terms of m as follows:
8 = exp(—mT). (4.5.21)

With this choice of m and § (taking into account that p is an increasing function),
it is clear that the inequalities (4.5.16) and (4.5.18) hold for all f € ®&,,(T,0,4),
D, P1, P2 € D,(T,0,28). It follows that the operator V' maps the ball ®,,(7T,0,2§)
into itself and is a contraction on this ball with the contraction coefficient

w=m gk +2,qF +2). (4.5.22)

A simple analysis of the estimates (4.5.20) and (4.5.21) shows that the larger g
and T, the larger the parameter m and, consequently, the smaller should be § in the
condition (4.5.21). In other words, the “deeper” is the level at which we want to
solve the inverse problem (4.3.1), the more rigid should be the requirements for the
measurement accuracy:

If = fsllces:x) < exp(—=mT). (4.5.23)

Note that the proof of Theorem 4.5.2 is not constructive, since solving (4.5.12)
yields only ps = g — g5, 1.e., the difference between two unknown functions. To
construct an approximate solution to equation (4.3.1), one can apply the method of
successive approximations

dns1 = f() + /0 (Kxn)(©) dE.

and estimate its convergence in the case where the initial approximation go(x) is
sufficiently close to the exact solution.

4.6 Regularization of nonlinear operator equations of the
first kind

In many practical problems, it is possible to find only a first-kind operator equation
for the unknown coefficient:

0=f@y+AQwaﬂdn x€S. (4.6.1)
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In many cases, equations of the form (4.6.1) can be reduced to equations of the sec-
ond kind by differentiation. The operation of differentiation, however, is not correct
in the sense that small variations in the data f(x) in the norm of C(S; X) may lead
to indefinitely large variations in its derivative. The problem of finding the derivative
of the function f(x) can also be viewed as the Volterra operator equation of the first
kind

F() — £(0) = /O ¢(v) dx.

where ¢(t) = f’/(t). There are many ways to regularize the operation of differentia-
tion (see for example, (Denisov, 1975)).
A regularization method for the first-kind operator equation of the form

Ag=f (4.6.2)

was proposed by Lavrentiev (1972) in the case where A is a completely continuous
positive linear operator. It was assumed that the problem (4.6.2) is conditionally well-
posed and the well-posedness set consists of functions u = Bw, ||v]| < 1, where B is
a completely continuous positive linear operator that commutes with A. It was shown
that, given an approximation of the right-hand side of equation (4.6.2), i.e., a function
fs satisfying the condition || f — fs| < &, the auxiliary equation

has a solution ¢, that tends to the exact solution g, of equation (4.6.2) if «(§) tends
to zero as § — 0.

Based on the Lavrentiev method, A. M. Denisov (1975) developed a regularization
of the linear Volterra equation of the first kind (see Theorem 4.2.2)

X
fx) = / K(x,t)q(t)dr, x€8. (4.6.4)
0
(A similar result was obtained by Sergeev (1971).) The class of functions bounded
by a certain constant in the norm of C!(S) was chosen as the well-posedness set. It

was shown in (Denisov, 1975) that if K(x,x) = 1, the derivatives 3’/ K(x, r)/0x/,
J = 0,2, are continuous, and g is a solution to the auxiliary equation

ag(x) + / K(x.0)q(t)dt = fs(x). x €S, 46.5)
0
with fs such that

If = Jsll <,
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then the following estimate holds:

ldas —dell = D1 (o + ).

where D is a positive constant that does not depend on « and §.

Based on the procedure proposed by Denisov (1975), A.V. Baev (1985) consid-
ered a nonlinear version of equation (4.6.4) arising in solving a one-dimensional in-
verse dynamic problem of seismology and constructed a regularizing algorithm using
a scheme analogous to (4.6.3).

We now consider two ways of regularizing equation (4.6.1). The first one is based
on regularizing the differentiation operation, while the other follows the Lavrentiev
method.

Theorem 4.6.1. Assume that for some f € C?*(S:X) there exists a solution q, €
C2(S; X) to equation (4.6.1). Furthermore, assume that the operators Ky, x € S,
are differentiable with respect to x, there holds

(Kxq)(x) =q(x), x€S, (4.6.6)

and the family of operators {0K . /0x}xecs belongs to the class K (T, ).
Then there exist constants o € R4, Do € Ry and a function ¢ = a(8) (¢ (8) — 0
as § — 0) such that for all § € (0,8¢) and f5 € Oo(T, f.5) the equation

Y0
i) = LU+ 0 — S + [ (5 Kag)Ddr x € Sra @67)

has a unique solution qus in C(ST—q; X) and the following estimate holds:
8
Ige = das lcesr—ax) < Do(o + ). (4.6.8)
Proof. Upon differentiating (4.6.1) with respect to x, we obtain

x
0 ox

—q(x) = f'(x) —|—/ (i qu)(r)dt, xesS. (4.6.9)

Since f € C?(S; X), using the well-known results on the regularization of differen-
tiation, we conclude that the difference

P10 = Ui+ @)~ fo(o)

can be made as small as desired if § € R4 is small enough and the regularization
parameter « is chosen to agree with §. This means that we can apply Theorem 4.5.2 to
equation (4.6.7), which implies the existence of a unique solution ¢4s5 € C(ST—¢; X).

The proof of the estimate (4.6.8) is similar to that of (4.2.9) in Theorem 4.2.2. O
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We now construct a Volterra regularization of equation (4.6.1) based on the Lavren-
tiev method. Consider the following auxiliary Volterra operator equation of the second
kind:

—ag = f(x)—f—/ (Kxq)(t)dt, x€8, aeRy. (4.6.10)
0

We will assume that the family of operators { K }xes satisfies the conditions

8n
Ky T.p), n=0,12; 46.11
(] g <0, 00
and the condition (4.6.6).

Without loss of generality, it can be assumed that

£(0) = 0. (4.6.12)

The condition (4.6.12) is equivalent to specifying the value of g(x) at x = 0.

Two questions concerning the auxiliary equation (4.6.10) need to be resolved,
namely: whether equation (4.6.10) is solvable (under the natural assumption that the
main equation (4.6.1) is solvable) and, if so, whether its solution g, converges to the
solution of equation (4.6.1) as « tends to zero. The positive answer to these questions
will follow from the results of Section 4.5.

First, suppose that (4.6.10) has a solution g4 (x) in C1(S; X). Setting v = a7 !,
differentiating (4.6.10) with respect to x, and rearranging the resulting equation, we
obtain

X0
Gu0) = )+ qo ) =0 [ (G Kea)D)dr, xS @613)

Note that f(0) = 0 in view of (4.6.1). Therefore, (4.6.10) implies ¢, (0) = 0 and
from (4.6.13) it follows that ¢,,(0) = 0.
The following identity is obvious:

/qu@dr - v/ox explu(e —x)}[q(é)dédr + /0 explv(z — x)}q(r) d.
x e S.

Substituting the function g, (7) for ¢4 () in this identity and taking into account that
q,,(0) = 0, we have

X

qa(x) =v /Ox exp{v(t — x)}qa(r)dt +[0 exp{v(t — x)}q,(t)dr, xE€S.
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Substituting the right-hand side of (4.6.13) for ¢/, (7) in this equality and integrating
by parts, we obtain

2
qa(x) = Rol[f.qal(x) + Y Ri[f.qu,v](x), x €.
j=1
Here R;, j =0, 1,2, are as follows:
X

(= Keq)(@)d.

Rlfalo) === [ (5

Rilfal = [ exploe =) 10 - (5 Kea)(0)] .

Rolfeal = [ eptote o) [ (5 Kea) @) d d

Consequently, the solution g, € C!(S; X) to equation (4.6.10) also solves the equa-
tion
2
q(x) = Rolf.q)(x) + D Rj[f.q.v](x), x €S, (4.6.14)

j=1
Note that the above notation allows us to write (4.6.9) in the form

q(x) = Ro[f.ql(x), xeS. (4.6.15)

Theorem 4.6.2. Assume that f € C?(S; X), f'(0) = 0, and (4.6.1) has a solution
ge € C%(S: X). Furthermore, assume that the family of operators { Ky} xes satisfies
the conditions (4.6.6) and (4.6.11). Then there exists an o € R4 such that for all
o € (0, ax) equation (4.6.14) has a unique solution qy in C(S; X) and the following
estimate holds:

ge — qallces;x) = Dxa, (4.6.16)
where the constant D« depends on ||qellc(s;x), |/ lc2(s:x) T, and the function p.

The proof of this theorem can be found in (Kabanikhin, 1998).

Theorem 4.6.3. Under the assumptions of Theorem 4.6.2, there exists an ax € Ry
such that for all o € (0, ax) equation (4.6.10) has a unique solution in C(S, X) and
the estimate (4.6.16) holds.

Proof. Since the assumptions of Theorem 4.6.2 hold, one can find such a, > 0 that
for all @ € (0, o) there exists a unique solution g, (x) to equation (4.6.14). Let us
prove that g4 (x) satisfies (4.6.10) as well.
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Upon integrating by parts in (4.6.14), we have

T

(- Keta) €] dv

wuv) == [t —n[ro+ [ (5

or, equivalently,

qo(x) = v/(; exp{v(t — x)}qu(r)dT (4.6.17)

T

(5> Keta)®) ] d.

—v /Ox exp{v(r —X)}[f/(f) +4a(7) + [0 ot

By the assumptions of the theorem, the function g (x) is differentiable, and there-
fore the following identity holds:

/0 exp(v( — 1)}l (v) dv = gu(x) — v /0 exp{v(r — 1))ga() d.

Then (4.6.17) implies that

/x exp{v(t —x)}w(r)dt =0, x€8,
0
where
0t = g0+ v 00+ [ (Kega)(o)de).

Consequently, w(x) = 0 for x € S and, since f(0) = 0 and ¢, (0) = 0, we finally
have

000 = [0+ [ (Kag)0)de]

i. e., go (x) solves equation (4.6.10), which is the required result. |

Now, assume that the function f is given approximately, that is, we know a func-
tion fs such that

If = fsllces:x) < 9.

Consider the auxiliary equation

—ag(x) = fs(x) + /Ox(qu)(‘E)d‘E, xe€Ss. (4.6.18)
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Theorem 4.6.4. Under the assumptions of Theorem 4.6.2, there exists an ax € R4
such that for all @ € (0,a%) and § € (0, (a/2) exp(—Ty)) equation (4.6.18) has a
unique solution qqs in C(S, X) and the following estimate holds:

26
lge — qasllc(s:x) < Dxa + " exp(Ty), (4.6.19)

where g is a solution to equation (4.6.1), y = (2/a)u(gy + 2.9, + 2), D« is a
constant dependent on q; = ||qelc(s;x), | f |lc2¢s:x), T and p.

The proof of this theorem is also presented in (Kabanikhin, 1988).
From Theorem 4.6.4 it follows that a solution to the operator equation of the first
kind

0= f3(x) + /0 (Keq)(®) dr. x €S,

can be approximated by a solution to the regularized equation (4.6.18) with accuracy
given by the estimate (4.6.19).



Chapter 5
Integral geometry

This chapter deals with problems of integral geometry. They are most generally de-
fined as problems of reconstructing a function on a linear space from its values on
a given family of manifolds embedded in this space. We will consider the Radon
problem of reconstructing a function from the values of its integrals over different
lines (Section 5.1), the problem of reconstructing a function from spherical means
(Section 5.2), the problem of moments (Section 5.3), and the direct and inverse kine-
matic problems of seismology (Section 5.4). The concepts and methods of integral
geometry are of essential importance in tomography. The term “tomography” (from
Greek tomos: slice, section) usually means a method for nondestructive examination
of plane sections of internal structures of an object by means of multiple scanning.
Tomography can be most briefly defined as a means of determining the internal
structure of opaque bodies. Commercially used computerized tomography employs
powerful computers performing complex mathematical calculations. The mathemat-
ical problems at the heart of computerized tomography (and computerized examina-
tion/diagnostics of objects in general) are reduced to operator equations of the first
kind Ag = f. Consider several specific examples of computerized tomography.

Example 1: X-ray computerized tomography (X-ray CT). While traditional X-
ray imaging reveals only general shapes of internal structures of a body distorted
by overlying organs and shadows, CT uses mathematical algorithms to produce a
digital image whose contrast and brightness can be adjusted within a wide range.
The development and application of X-ray CT made it possible to diagnose internal
injuries, necrotic tissues, tumors and other pathologies, and detect their form and
location with high accuracy.

Example 2: Nondestructive testing. Aside from X-rays, nondestructive testing
employs hard gamma rays, various heavy particles and electrons, electromagnetic and
acoustic waves, etc.

Example 3: Microscopy. Almost all examinations of biological tissues are per-
formed with electronic microscopes that employ tomographic techniques.

Example 4: Geophysics. Placing the sources of (electromagnetic or seismic) waves
in one well and detectors in another well, we obtain the problem of reconstructing the
structure of the area between the wells, i.e., the tomography problem.
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Example 5: Astrophysics. The principles of computerized tomography were used
for creating the map of ultra-high frequency radiation of the sun, reconstructing the X-
ray structure of space objects, estimation of the distribution of the density of electrons
on a spherical surface around the sun.

Example 6: Ecology. It is hard to overestimate the importance of computerized to-
mography in space-based atmospheric sounding, especially in measuring air pollutant
concentrations.

Example 7: NMR tomography. Diagnostic techniques based on nuclear magnetic
resonance are becoming more popular and effective. Unlike X-ray tomography, it
helps visualize the internal structure of human body and abnormalities in soft tissues,
joints, and other organs without any considerable side effects for patients.

5.1 The Radon problem

Consider the section of an object (body) produced by a plane (x, y). Assume that all
X-rays lie within this plane. Upon passing through the body, the rays are registered
by a detector. The measurements are made for all directions of the rays. Let ¢(x, y)
be the X-ray absorption coefficient at a point (x, y). Then the relative drop in the
radiation intensity over a small interval A/ at (x, y) is equal to g(x, y) Al. Let Jy
denote the initial radiation intensity, and let J; denote the intensity of radiation after
it has passed through the body. Then

J1

T eXP{—/Lq(x,y)dl},

where L is a straight line in the planar section that coincides with the beam direction.
Since J;/Jo is measured for different straight lines in the planar section, we arrive at
the problem of determining the function ¢(x, y) from the integrals

qu(x,y)dl,

over all lines L in the planar section.

The problem of reconstructing a function of two variables from the values of its
integrals along lines was formulated and solved by J. Radon (see Radon, 1917). To-
mography and its applications in medicine started to develop rapidly about half a
century after the publication of Radon’s paper. We will analyze the Radon problem
using the techniques proposed in (Denisov, 1994).

A straight line on a plane can be defined by the equation

Xcosp + ysing = p, (5.1.1H)
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where | p| is the length of the perpendicular from the origin to the line, and ¢ is the
angle between the x-axis and the perpendicular. A family of lines on the plane is a
biparametric family L(p,¢), p € R, ¢ € (0,27). From equation (5.1.1) it follows
that the pairs (p, ¢) and (—p, ¢ + 1) define the same line.

The Radon transform of q(x, y) is the integral f(p,¢) of ¢(x,y) along the line

L(p,¢):

F(pog) = [ ¢(x.y)dl. (5.1.2)

L(p.p)

From equation (5.1.1) we pass to the parametric representation of the line
X =pcosp —tsing, y = psing+tcosp, teR.

Then the formula (5.1.2) can be written as

o0

q(pcose —tsing, psing +tcos ) dt. (5.1.3)
o

f(p,w)zf

Note that there are functions ¢(x, y) for which the Radon transform does not exist.
For example, as follows from (5.1.3), the Radon transform is not defined for ¢ (x, y) =
const # 0.

First, consider the problem of inverting the Radon transform for a radially symmet-
ric function ¢ (x, y) vanishing outside the disk of radius R centered at the origin. Let
q(x,y) = qo(v/x2 + y2) for x2 4+ y2 < R?, where go(x) is continuous on the inter-
val [0, R] and ¢(x, y) = O for x> 4+ y2 > R?. We will calculate the Radon transform
of this function. It is obvious that f(p,¢) = 0 for |p| > R. Let |p| < R. Then

o0
f(p,p) = / q(pcosg —tsing, psing + t cos @) dt

—00

JR2=p?
= qo(y/ p? +12)dt
—/R>=p?

or

JVRZ=p?
f(p.o) = 2/0 qgo(A/p% +12)dt, |p| <R. (5.1.4)

From the representation (5.1.4) for the Radon transform, it follows that in this case
it is independent of the variable ¢ and is even with respect to the variable p. For
this reason, in what follows, we will denote the Radon transform by f(p), where
p € [0, R]. The change of variables 6 = / p? + ¢2 in (5.1.4) yields

/R 2¢0(0)60 do
P

o = f(p), 0=<p=R (5.1.5)
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Thus, the inversion of the Radon transform in the case of a radially symmetric finite
function ¢ (x, y) is reduced to the solution of an integral equation of the first kind with
a variable limit of integration (5.1.5). The kernel of the equation (5.1.5),

20 20
VOZ=p2  Jo-p\o+p

has an integrable singularity. Such equations were first studied by Niels Abel. Note
that the integral in the left-hand side of (5.1.5) is defined for any function go(0) €
CI0, R].

We now obtain an explicit formula for the solution to equation (5.1.5). Multiply
(5.1.5) by p(p? — sz)_l/2 and integrate with respect to p from s to R:

G(p,0) =

0<p=<0=<R,

R R R
./ p@z—s%‘”zf 20000048 [ (02 =22 () dp. (5.16)
s V4

JE =2 :

We denote by J(qo) the expression in the left-hand side of this equality and transform
it by changing the order of integration:

0

pdp )d@

R
J(q0) = /S 2610(9)9( s V(P2 =202 p?)

Introducing a new variable

B 2p% — 6% —s?

z 02 — 2

and taking into account that

2 _ (0% — 52)z . 62 + 52

p

2 2
we obtain

? pdp
s V(P2 =522 - p?)

_l/l (0% —s?)d:z

4 V(02 —52)z/2 + (02 —52)/2/(02 — 52) /2 — (62 — 52)z/2

1t d 1
= 5/_1 i =5 alrcsin(z)|1_1 = g

Consequently,

R
J@w=n/ 40(6)6 df



Section 5.1 The Radon problem 133

and (5.1.6) can be written in the form

7 [  qo(0)0 6 = / o= 1 dp.

Differentiating this equality with respect to s yields the formula for the solution of
equation (5.1.5):
1 d (R T 5
qo(s) = ——— | pyp*—s*f(p)dp. (5.1.7)
ws ds Jg

This representation implies that the solution of equation (5.1.5) is unique in the space
of continuous functions, and therefore the radially symmetric function g(x,y) =
qo(1/x2 + y2) is uniquely determined by it Radon transform.

We now turn to the general formulation of the problem of reconstructing the func-
tion ¢(x, y) from it Radon transform f(p, ¢). Assume that ¢(x, y) belongs to the set
of functions that are infinitely differentiable on the plane and
k.1 9"q(x.y)

sup  |x"y

. —| < 00 5.1.8
(x,y)eR? dx? dy’ ( )

for all nonnegative integers k, [, n,i,and j (n =i + j).
We will show that for any function ¢ (x, y) with the property (5.1.8) there exists a
Radon transform f(p, @) that satisfies the estimate

C
lf(p.@)| < W (5.1.9)

for p € (—00,00) and ¢ € [0, 2], where C is a positive constant.
The condition (5.1.8) implies that there exists a positive constant C; such that for
all (x,y) € R? we have
Ci
(1 +x2)(1 +y2)>

From this estimate and the formula (5.1.3) for the Radon transform, it follows that

lg(x, )| <

o0
|/ (p. o)l 5/ lg(pcosg —tsing, psing + 1 cos )| dt
—0Q
o0
<C / (14 (pcosg —tsing)?) 2(1 + (psing + 1 cos 9)?) "2 dt.
—00

Since

(14 (pcosg —tsing)?)(1 4 (psing + t cos p)?)
> 1+ (pcosg —tsing)? + (psing + rcosp)? =1+ p? +12,
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we have

1 >|<c[°°L
PONSC | Gy

Then, using the equality

/ dx 1 X n 1 . ()C) n .
——— =———— + ——arctan | — const,
(x24+a%?  2a%2x%2+a? 243 a
we obtain
o) = —
P Ay
which proves the estimate (5.1.9).
We now establish the relationship between the Fourier transforms of g(x, y) (see

Appendix A) and the Radon transform f(p, ¢) of ¢(x, y). From the estimate (5.1.8)
it follows that there exists a two-dimensional Fourier transform of ¢ (x, y)

1 o0 o0
i1, 02) = — f / exp(—im1x — iwa)q(x. ) dx dy.
27 )00 J—0

From the estimate (5.1.9) it follows that for any ¢ there exists a one-dimensional
Fourier transform of f(p, ¢) with respect to the variable p:

Flo.p) = J% /_ _exp(—ion) f(p.¢) dp.

We will show that the Fourier transform ¢ (w1, ;) and f (w, @) are related by the
formula

1

Flw, ). (5.1.10)
21

g(wcos,wsing) =

5

Consider
1 o0 o0
J(wcosp,wsing) = — / / exp(—iw(x cose + ysing))q(x,y)dxdy.
27 J oo J-0

Using the change of variables x = pcos¢ —tsing and y = psing + ¢ cos ¢ in the
integral and taking into account the obvious equalities

D(x,y) _
D(p.1)

—iw(x cosg + ysing) = —iw(pcos? ¢ —t sing cos @ + psin® ¢ + ¢ sin cos @)

cosep —sing
sing  cosg

-

= —iwp
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we obtain
g(w cos @, w sin @)
1 [e.e] [e.¢]
= — / exp(—iwp)/ q(pcose —tsing, psing +t cosp) dt dp.
27 - -0

From (5.1.3) it follows that

o0

. ) 1 )
G(wcos @, wsing) = E/ exp(—iwp) f(p, ) dp.

—0o0
By the definition of the Fourier transform, we have
1

mf(w,fp),

g(wcosg,wsing) =
which proves the formula (5.1.10).

From (5.1.10) it follows that ¢(x, y) is uniquely determined by the Radon trans-
form. Indeed, let g1(x,y), g2(x, y) be functions such that fi1(p,¢) = fa(p,p)
for p € (—o00,00) and ¢ € [0,27]. Then the Radon transform of their difference
qo(x.y) = q1(x,y) —q2(x,y) is fo(p.¢) = 0 for p € (—00,00) and ¢ € [0, 2x].
Hence, the Fourier transform of fo(p, ¢) with respect to the first argument fy(w, ¢)
is equal to zero for all ® € (—o00,00) and ¢ € [0,27]. Then (5.1.10) implies that
Go(wcosp,wsing) = 0 for all w € (—o0,00) and ¢ € [0,27]. Note that for all
(w1.w3) € R? the system of equations wcos¢ = w;, wsing = w; for w and ¢
has a solution @ € (—o00,00), ¢ € [0,27]. Consequently, the Fourier transform
Go(w1, wy) is identically equal to zero for (w1, wz) € R?, and therefore go(x, y) = 0
for (x, y) € RZ. Hence q1(x, y) = g2(x, y) for (x, y) € R2.

Using the formula (5.1.10), given the function f(p, ¢), one can calculate the two-
dimensional Fourier transform ¢ (w1, @) and, subsequently, ¢ (x, y). When applying
this algorithm in practice, it is necessary to take into account the problems related to
calculating the direct and inverse Fourier transforms of approximate functions. An-
other characteristic feature of the algorithm is that it is necessary to recalculate the
values of the function ¢ (w cos ¢, w sin @) specified in the polar coordinate system to
the values of § (w1, w2) in the Cartesian coordinate system (wg, @3).

Consider the formula for the inversion of the Radon transform, i.e., the formula for
calculating ¢ (x, y) from f(p, ¢), which was obtained by Radon. Since for calculating
the values of the desired function at a certain point we can assume that this point is
the origin, we confine ourselves to determining the value of ¢ (0, 0).

Let D, denote the exterior of the circle of radius « centered at the origin. Consider

the double integral
,v)ydxd
J=// q(x,y)dxdy (5.1.11)
Dy

/x2+y2—a2'
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Using the change of variables x = o cos ¢ —fsin¢, y = a sin ¢+t cos ¢, this integral
is reduced to the form

2r 00
J =/ d(p/ q(acose —tsing,asing + ¢ cos ) dt
0 0
or
2m 0
J :/ d(p/ q(acosp —tsing,asing + tcosp) dt.
0 —00

Hence,

1 2w [e9]
J = —/ dgo/ q(acosp —tsing,asing +tcosp)dt
2 0 —00

and, in view of (5.1.3), we have
1 2w
J = 3 flo,@)do. (5.1.12)
0

On the other hand, using the change of variables x = rcos¢, y = rsing in the
integral (5.1.11), we obtain

J_/W/Z” q(rcose,rsing)rdodr
a« Jo r?2 —a? '

Setting

1
T

2
qr) / q(rcosg,rsing)dy, (5.1.13)
0

we arrive at the equality
J=on / T amrdr
o r2 — o2
Comparing the last equality to (5.1.12), we obtain the integral equation for the func-
tion g(r)

2/003% — f(@), 0<a < oo, (5.1.14)

where
2T

f@r =52 [ r@ode.

Note that equation (5.1.14) coincides with equation (5.1.5) up to the notation, ex-
cept that the upper limit in (5.1.5) is finite, whereas in (5.1.14) it is infinite. How-
ever, this difference occurs only because it was assumed that go(/x2 + y2) = 0 for
x2 4 y2 > R? when deriving the equation (5.1.5).
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We now calculate the integral

J(f) = /0 df(“) — L im /Oo —dj;(“)

T £—0 e
1 fe [* fle)d
= clm (=== [ S0

Using (5.1.14), we have

I(f) = © g(ryrdr °°/‘°° (j(r)rdrd(x)
7T€—>0 ele Vr2—e2 Jo Jo a2Vr2—¢2/

Changing the order of integration in the second integral, we obtain

(ryrdr rdoa
1h=2im( ) e oo [ )

Since
/ do r?2 —o? N .
= — const,
212 — a2 r2a
we have
" rda _ Vrr—a?2r Jr2—g?
e o2V — a2 ra le  re
Consequently,
- 2 1 [*® 2 _g2
J(f):—lim—/ ( A 8)Q(r)dr
T e—>0¢ Jg r2 — 82 r
) o0 c}(r) dr
= — lime _—
T >0 r2 — 82
Q(O)dr *q(r)—q)dr
— 2 i po [T A0 A0

v 8—)0 ra/r2 — g2 ra/r2 — g2
We calculate the first integral. Since

/72 _ g2

1
/r\/ﬁ = - arctan( A ) + const, (5.1.15)
we have
o =
q0)dr T
——— = 54(0).

e ra/r2—g2 2
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We denote the second term by J> and establish that it tends to zero as ¢ — 0. Indeed,
let w(h) be the modulus of continuity of the function g(r) on the interval [0, 1]. Then
for ¢ < 1 we have

() — o -
alze [ EﬁLﬁQ&ﬁ+€/ 4 =4Ol dr

rvr? —e? i rri—g
Ve dr *° dr
= sw(ﬁ)/ R 28C/ S —
e V- NN
where the constant C is such that |g(r)| < C for r > 0. From (5.1.15) it follows that
Ve—e? Je—g2
/2] = w(/e) arctan (g) +2C [% — arctan (2)]
& e

and J, — 0 fore — 0.

As a result, )
J(f) =q(0)
and the formula obtained by Radon has the form
_ 1 [®df@
10.0 =70 =~ [ .
T Jo o

Note that in practice it is usually impossible to determine the Radon transform
f(p, o) for all values of p and ¢. The lack of information can cause non-uniqueness
when reconstructing ¢g(x, y). One of the ways to resolve this problem is to take a
smaller class of functions ¢ (x, y).

5.2 Reconstructing a function from its spherical means

One of the examples of problems of integral geometry is the problem of reconstructing
a function ¢(x, y1, y2) from its mean values on spheres with arbitrary finite radii r
and centers on the plane x = 0.

We denote a point (x, y1, y2) in the three-dimensional space by (x, y), vy = (y1, y2),
and a function ¢(x, y1, y2) by q(x, ). Let (&,n) (n = (n1,12)) be a variable point
on a sphere of radius r centered at the point (0, y). In this notation, the problem
of reconstructing the function ¢(x, y) from its spherical means f(y,r), r > 0, is
reduced to the integral equation

1
in // g€y +mdo = f(y.r), (5.2.1)
Tl mp=r

where dw is the element of a solid angle with vertex (0, y).
This problem will be analyzed in Sections 7.1 and 7.2 (see also (Romanov, 1984)).
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5.3 Determining a function of a single variable from the
values of its integrals. The problem of moments

The problem of determining a function g (x) from the values of its integrals

b
(q,on) :=/ qX)on(x)dx = fr, n=12,..., (5.3.1)

where {¢,(x)} is a given system of functions, arises in the study of many applied and
theoretical problems.

If the system of functions {¢, (x)} is complete and orthonormal in L, (a, b), then
the problem of finding ¢(x) from (5.3.1) consists in reconstructing a function from
its Fourier coefficients f,. From the general theory of the Fourier series in a Hilbert
space, it follows that for any sequence { f;;} € [» there exists a unique function g(x) €
L;(a, b) such that the equalities (5.3.1) hold for all natural n and Parseval’s identity
holds:

o0
2 2
19117 @y = D fi2-
n=1

Consequently, if we reformulate this problem as the problem of solving the operator
equation Aq = f, f = {fa}, where the operator A defined by (5.3.1) acts from
the space La(a,b) into I3, then this problem is well-posed because it has a unique
solution for any right-hand side { f,} € />, and the continuous dependence of g(x) on
{ fn} follows from Parseval’s identity.

We now assume that the operator A acts from the space C|a, b] into /5, i.e., it is
required to find a continuous function ¢ (x) that satisfies the equalities (5.3.1). This
problem is ill-posed. Indeed, let { f,} € I, be the sequence of Fourier coefficients
of an arbitrary function g(x) € La(a,b) \ Cla,b]. Since a function is uniquely
determined by its Fourier coefficients, there is no function that is continuous on [a, b]
and has the same Fourier coefficients { f_n }. Hence, the well-posedness of the problem
of reconstructing ¢ (x) from the values of its integrals (5.3.1) substantially depends
on the space that the unknown function ¢ (x) is assumed to belong to. Methods for
determining continuous functions from approximations of their Fourier coefficients
are described in (Tikhonov and Arsenin, 1986).

Consider the problem of determining g (x) from the values of its integrals in the case
of an arbitrary system {¢; (x)}. The problem of constructing a function ¢ (x) that sat-
isfies the equalities (5.3.1), where {¢,(x)} is a given sequence of functions and { f; }
is a given sequence of numbers, is called the problem of moments. Depending on how
many functions ¢, (x) and numbers f, are given, we distinguish finite-dimensional
and infinite-dimensional versions of the problem. We now formulate the problem in a
more general form. Let # be a separable Hilbert space. Given a sequence of elements
{@n(x)} in # and and a sequence of numbers { 1, }, it is required to find an element
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q € J¢ such that (¢, ¢n)3 = fu.n = 1,2,..., N (the finite-dimensional problem
of moments) or n € N (the infinite-dimensional problem of moments). If there is an
additional condition || || ¢ < [ for the unknown element ¢, where / is a given number,
then the problem is called the [-problem of moments. In what follows, we assume that
()= daes =1 e

Consider the infinite-dimensional problem of moments. The uniqueness of the solu-
tion of this problem is guaranteed by the completeness of the system of elements {¢, }.
Indeed, if the system {¢,} is complete, then the equalities (u, ¢,) =0,n =1,2,...,
imply that u = 0, which means that the solution of the infinite-dimensional problem
of moments is unique.

The solution of the finite-dimensional problem of moments is never unique. In-
deed, let ¢ be a solution to the finite-dimensional problem of moments (7, ) = fn,
n =1,2,...,N. Let #; denote the subspace orthogonal to the finite-dimensional
subspace generated by the elements ¢y, ..., ¢xy. Then, in addition to g, for any ele-
ment ¥ in 1, the element ¢ + ¥ is also a solution to this problem.

Note that the solution of the finite-dimensional /-problem of moments may be
unique under certain conditions. Indeed, let {¢,}, n € N, be an orthonormal ba-

sis in J¢. Consider a finite-dimensional /-problem of moments: (q,¢n) = fa,
n=12,...,N,|ql <!.Expand the element ¢ in a series with respect to ¢y:
oo N oo
q = Z(q’(pnM)n = an¢n+ Z (q.0n)on.
n=1 n=1 n=N+1

From Parseval’s identity

N o)
lgl> =" 2+ D (g.9a)
n=1 n=N+1

it follows that the finite-dimensional /-problem of moments has a non-unique solution
if

N
M = Z fnz < 12,
n=1

a unique solution if M =1 2 and no solutions if M > 2.

We now turn to the solvability of the problem of moments. With the exception of
trivial cases, the analysis of the solvability of the infinite-dimensional problem of mo-
ments is certainly more difficult that the finite-dimensional one. However, the analysis
of the solvability of the infinite-dimensional /-problem of moments can be reduced to
the analysis of the solvability of finite-dimensional /-problems of moments. Given a
system of elements ¢, € J#,n € N, and a sequence of numbers f;, it is required to
find an element ¢ such that (¢, ¢,) = f, forn € N and | ¢q| <.
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Theorem 5.3.1. The infinite-dimensional [-problem of moments is solvable if and
only if for any natural N there exists a solution to the finite-dimensional [ -problem of
moments for the same ¢, and f,.

Proof. The necessary part of the assertion is obvious, since any element ¢ that is a
solution to the infinite-dimensional /-problem of moments is also a solution to the
finite-dimensional /-problem of moments for any natural N.

We will prove the sufficient part. Let g, be a solution to the finite-dimensional
[-problem of moments

(q"pm):fm7 m=172""vn7 ”q”Sl

Any element of the sequence {g,}, n = 1,2,..., satisfies the condition ||g,| < [.
Consequently, the sequence {¢g, } has a subsequence {g,, } that converges weakly to .
From the weak convergence of g5, to ¢ and the fact that the norms | g, || < [ are
bounded, it follows that ||g|| < [. Since (gn.¢¥m) = fm.m = 1,2, ..., ng, passing
to the limit as ngy — oo in these equalities and using the weak convergence of gy,
to g, we obtain

(g9, 0n) = fn, neN.

Hence, ¢ is a solution to the infinite-dimensional /-problem of moments, which is the
desired conclusion. O

We will show that the finite-dimensional problem of moments is always solvable
in the case of a linearly independent system of elements {¢,}. Given a linearly inde-
pendent system of elements ¢,, n = 1,2,..., N, and numbers f,,n = 1,2,..., N,
consider an orthonormal system of elements ¥, j = 1,2,..., N, obtained from ¢,
as a result of orthogonalization:

j—1
o

Vi = ||w{||, wj =@j — E (0j s Vi) V-
J k=1

Then

n

€0n:Z(‘Pn’Wj)wj’ (On-Ym) #0, n=12,...,N.

J=1
Consider the system of linear algebraic equations

n

Z(‘ﬂnﬂ//j)Cj = fp, n=12,...,N,

j=1
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forcj, j =1,2,..., N. Thisis a system with triangular matrix with nonzero diagonal
elements (@, ¥, ). Hence, it has a unique solution ¢;, j = 1,2,..., N. We will show

that the element N
an =) _5Y;
Jj=1

is a solution to the finite-dimensional problem of moments. Indeed, since (., V;) =
0 for j > n, it follows that foralln = 1,2,..., N

(GN . on) —(ZCJWJ ‘Pn> ﬁ:c_ (Vi gn) = fn

Thus, in the case of a linearly independent system of elements ¢;,, the finite-dimen-
sional problem of moments has a solution for any numbers f;,.

We will now find the conditions for the existence of solutions to the finite-dimen-
sional /-problem of moments. Let ¢x be the solution to the finite-dimensional prob-
lem of moments constructed above, and let By : Y — #N be a linear operator
that transforms ¥ = (Y1,...,¥,) to ¢ = (¢1,...,¢n): BN(¥) = ¢. The opera-
tor By is defined by the matrix with elements b;; = (¢;,¥;),i,j = 1,2,...,N.
Since this is a triangular matrix with nonzero diagonal elements, it follows that for all
natural N the inverse B;,l of the operator By is bounded and

N

lgn 1% = " Gn.vi)* < 1By I1? an.

n=1

Therefore, g is a solution to the finite-dimensional /-problem of moments if

N
IBN'IP Y 12 <12
n

=1

Let ¢, be a system of linearly independent elements such that || B;,l | < B forall
natural N. Assume that { f,,} € [> and |[{ fx}l|;, = £. Then the infinite-dimensional
[-problem of moments has a solution if B f < [. Indeed, under these conditions, for
any natural N there exists a solution gy to the finite-dimensional problem of moments
for the set of numbers f,,n = 1,2,..., N. Then

) » N A1/2 _
lanl = 1BRM (D £2) < Bl = BT
n=1

Therefore, if B f < [, then the finite-dimensional /-problem of moments has a solu-
tion for any natural N, and Theorem 5.3.1 implies that there exists a solution to the
infinite-dimensional /-problem of moments.
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Remark 5.3.1. The above results are applicable in the study of the original problem
(5.3.1) in the case where a solution ¢ (x) is assumed to belong to the space L (a, b).

Remark 5.3.2. Other terms used in the scientific literature include the “power prob-
lem of moments” (¢, (x) = x™) and the “trigonometric problem of moments”. More
details on the problem of moments and its applications can be found in (Akhiezer,
1965).

We now return to the problem of reconstructing a function ¢(x) € L (a, b) from
its integrals f; defined by the equalities (5.3.1), where {¢p,(x)} is a given system
of functions. This problem has a unique solution if the system {¢, (x)} is complete
in Ly(a, b). However, is usually rather hard to find out whether {¢, (x)} is complete.
One of the most well-known classes of complete systems in the space Ly (a,b) is
represented by the systems of eigenfunctions of the Sturm-Liouville problem.

Another example of such systems is the system of power functions {x"}, n =
0,1,..., whose completeness follows from the Weierstrass theorem stating that a
continuous function defined on an interval can be uniformly approximated by alge-
braic polynomials. Consider a more general system of functions ¢, (x) = x%", where
ap is a sequence of positive numbers.

Theorem 5.3.2. Assume that q(x) € L»(0,1), and let a,, n € N, be positive num-
bers such that

1
lim a, = oo, — =00, (5.3.2)
n—o00 an
n=1
and .
/ g(x)x%dx =0, neN.
0
Then q(x) = 0.

Theorem 5.3.2 implies the uniqueness of solutions to the problem of reconstructing
q(x) € L»(0,1) from equalities (5.3.1) for ¢, (x) = x?» if the sequence {a, } satisfies
the conditions (5.3.2).

Remark 5.3.3. The analysis of the uniqueness of solutions to Fredholm linear inte-
gral equations of the first kind can be reduced to establishing the completeness of a
system of functions. Indeed, if for the kernel K(¢, x) of the equation

b
/ K(t,x)g(x)dx = f(t), c¢<t<d, (5.3.3)

there exists a sequence of points #, on the interval [c, d] such that the system of
functions ¢, (x) = K(,, x) is complete in the space Ly (a,b), then the solution of
equation (5.3.3) is unique in Ly (a, b).
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5.4 Inverse kinematic problem of seismology

The inverse kinematic problem of seismology arose in the study of the Earth’s interior
structure based on surface observations of seismic waves generated by earthquakes.

The physical pattern of seismic wave propagation on the surface of the Earth re-
sembles the pattern of wave propagation on the surface of still water after throwing
a stone. The seismic wave front that separates the perturbed and unperturbed regions
of the medium moves away from the epicenter. The shape of the wave front and
the speed of its points on the surface depend on the speed of the seismic wave in the
Earth’s interior. For example, for the spherically symmetric model of the Earth, where
the speed depends only on depth, the wave fronts have the shape of circles moving
away from epicenter. If the speed of the wave depends on all three coordinates, then
the shape of its front can be a complex curve. As early as around the beginning of the
20th century, geophysicists faced the question of whether it is possible to determine
the speed of seismic waves in the Earth’s interior from the pattern of propagation of
seismic wave fronts on the surface. Indeed, the speed of a wave depends on the elastic
properties of the body in which it propagates. Therefore, information about the speed
of propagation of seismic waves in the Earth’s interior provides clues about its interior
structure.

The mathematical model of the process of seismic wave propagation is formulated
as follows (Romanov, 1984). Let D be a domain in the three-dimensional space R>
with boundary S where signals are transmitted with finite positive speed c(x), x =
(x1, X2, x3). Take an arbitrary pair of points x°, x € D and consider the functional

(L) = / @, (5.4.1)
L(x,x0) ¢(¥)

where L (x, x°) is a sufficiently smooth curve that connects the points x° and x; |dy|
is its Euclidean length element:

3 N\ 1/2
\dy| = ( > dyk) : (5.4.2)
k=1

In view of formula (5.4.1), the functional t(L) represents the time it takes for the
signal to travel along the curve L(x, x?). A seismic ray is a curve L(x, x°) for which
the signal travel time is minimal. For media with complex structure, the function ¢ (x)
may be substantially different from a constant, which implies that there may be more
than one ray (or even infinitely many rays) connecting the points x° and x for which
the functional (5.4.1) attains its minimum value compared to all other values that cor-
respond to the curves sufficiently close to the given ray. Hence, seismic rays are local
extremals of the functional (5.4.1). It is known that the extremals of the functional
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(5.4.1) in the n-dimensional space are integral curves of the system of Euler’s equa-
tions consisting of 7 ordinary differential equations of the second order. These integral
curves satisfy the additional condition that they pass through the points x° and x. Let
I'(x, x%) denote the ray that connects x° and x, and let 7(x, x°) be the signal travel
time for this ray. Then

T(x,x%) = / @. (5.4.3)
I'(x,x%) C(y)

The surface defined by the equality 7(x,x%) = const with fixed x? is the front of a
wave generated by a point source concentrated at x°. Let v(x, x°) be the unit tangent
vector to the ray I'(x, x?) at the point x in the direction of increasing 7. Then (5.4.3)
implies

1
Ver(x,x%) = — v(x, x9), (5.4.4)
c(x)
where V, 7 is the gradient of the function t with respect to the variable point x. The
equality (5.4.4), which expresses the orthogonality of the fronts and rays, yields the
equation

1
Vit(x, x%)* = ——. 545
| xf(x X )I CZ(X) ( )
Note that equation (5.4.4) is closely related to the wave equation
Uy = c2(x)Au, c(x) >0, xeR3, (5.4.6)

which describes the propagation of acoustic oscillations in a medium with constant
density. Indeed, representing the equation for the characteristic surface of the wave
equation (5.4.6) in the form ¢ = 7(x), we see that the function t(x) satisfies the
differential equation of the first order

Vx> = ¢72(x),

which is called the eikonal equation (from Greek eikon, image). Equation (5.4.5)
under the condition

7(x,x%) = O(|]x — x°)) (5.4.7)

describes the characteristic surfaces ¢ = t(x, x®) that have a conical point at a fixed
point x°. Such surfaces are called characteristic conoids. Note that x° is a parameter
in (5.4.5), and the condition (5.4.7) stands for the Cauchy data in the degenerate case

where the surface on which the data is given degenerates to a point x°.
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The algorithm for constructing characteristic conoids ¢ = (x, x°) from a given
function c(x) is based on the construction of their generatrices—lines called bichar-
acteristics. To construct bicharacteristics, we introduce the vector

p = (p1, p2, p3) = Vet (x,x0). (5.4.8)

Set ¢(x) = 1/c(x). Differentiating the eikonal equation |p|?> = ¢2(x) with respect
to Xy, we obtain

(. Pxp) = q4x,. kK =1,2,3. (5.4.9)

From (5.4.8) it follows that (p;)x, = (pk)x;, and therefore (5.4.9) can be written
as

(p.Vxpr) = qqx.. k=123 (5.4.10)
Divide (5.4.10) by ¢?(x) and rewrite it along the curves dx/dt = p/q*(x):

dpy a
WP _ % o). k=1.2.3.
TR P

Along the same curves, 7(x, x°) satisfies the equation

dr_< td_x>: IpI? _
Trdt]l T g2 (x)

T
If the parameter ¢ is chosen so that t = O for t = 0, then + = t and ¢ is equal to
the time it takes for the signal to travel from x° to x. We now introduce an arbitrary
unit vector v? and solve the Cauchy problem for the system of ordinary differential
equations
dx p dp
— = ———, — = Vxlng(x), 54.11
di 220 a1 x Ing(x) ( )
x’t:O =x°, p|t=0 = p% = q(xN°. (5.4.12)
As aresult, we find x and p as functions of ¢ and the parameters x° and p°:

x =ht,x% p%, p=v@x°p°. (5.4.13)

For fixed x©, the first equality in (5.4.13) defines a biparametric family of bicharac-
teristics that form a characteristic conoid in the space of variables x and 7.

A projection of a bicharacteristic onto the space of x is called a ray. The equality
x = h(t,x°, p®) is a parametric definition of a ray, and the first equality in (5.4.11)
shows that the tangent to the ray has the same direction as the vector p. Then, as
follows from (5.4.8), the rays are orthogonal to the surfaces 7(x, x%) = ¢.
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As is known, if two points x and x° are connected by a smooth curve L(x, x°) with
length element |dy|, then the rays are extremals of the functional

_ ldy|
o) = /L(x,xo) C(y)’

i.e., the rays are curves for which 7(L) attains its extremum (generally, a local one).
Consequently, if a wave is generated by a point source located at x° and active since
t = 0, then the rays we introduced as the projections of bicharacteristics of the eikonal
equation onto the space of x are none other than seismic rays that minimize the func-
tional 7(L). On the other hand, the section of the characteristic conoid by the plane
t = to, to > 0, projected onto the space of x (i.e., the solution to the equation
7(x, x%) = 1) defines the wave front at ¢ = t,.

Differential properties of solutions to the problem (5.4.11), (5.4.12) for an open
domain D C R3 with smooth boundary S are described in detail in (Romanov,1984).
We will only present some results that will be necessary in what follows. Put D =
DUS.

Lemma 5.4.1. Ifq(x) € C5T1(D), s > 1,

q(x)>qo >0, xe€D, (5.4.14)

then for any point x° € D and any unit vector v° there exists a unique solution
(5.4.13) to the problem (5.4.11), (5.4.12) for all t such that h(t,x°, p®) € D; the func-
tions h, hys, W, and \r; are continuous in all arguments together with their derivatives

up to order s.

Lemma 5.4.2. Under the assumptions of Lemma 5.4.1, the solution to the problem
(5.4.11), (5.4.12) can be represented in the form

0
F=pEr) P PREDELOE, (5419

where £ = p°t/q?(x°), the vector function (£, x°) = (o1, @2, ¢3) has continuous
derivatives up to order s with respect to all its arguments, and d¢ /0§ is the Jacobian
matrix

o1 g2 g3

3 &1 051 08

P _ | dp1 g2 e —

% = 6 9 e | &= (& 6).
do1 0pp 0

3
083 083 0&3

The parameter value ¢t = 0 corresponds to the point § = 0. Using the Cauchy
data and (5.4.11), the function ¢(£&, x°) can be expanded in a Taylor series in the
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neighborhood of ¢ = 0:

pO
q%(x9)

dx

dt It

e x) =x=x"+ S 0(?) =x° + t+ 0(t?).

Consequently,
pE.x%) =x"+ &+ 0(P). (5.4.16)

If x© is fixed and |£| = ¢/¢(x°), the equality x = ¢ (&, x°) is a parametric defini-
tion of the surface t(x, x%) = ¢.
Note that (5.4.16) implies

dp

%1 5.4.17
9% e (5.4.17)

where [ is the unit matrix.

Lemma 5.4.3. Under the assumptions of Lemma 5.4.1, in a sufficiently small neigh-
borhood of £ = 0 the function ¢(£,x°) has a single-valued inverse ¢ = g(x, x°),
which is s times continuously differentiable with respect to x and x°. Moreover;
g(x%,x% =0.

Therefore, if x© is fixed, for a set A(x?) of points x = ¢(&, x°) such that |§] < §
and § is sufficiently small, there exists a one-to-one correspondence between x and £.
Since £ = p°/q?(x°), each pair x, x° corresponds to the unique ray I'(x, x°) that
connects these points and lies in A(x?). At x0, the ray I'(x, x®) has the direction
0 = p9/g(x°). The vector v° and the travel time 7(x, x?) are determined from the
formulas

t=1(x.x%) = q(x")]g(x, x|,

(5.4.18)
v =000x, x%) = g(x.x°)/|g(x. x0)].
From (5.4.16) it follows that
g(x.x% = x —x% + o(jx — x°P?). (5.4.19)

Lemma 5.4.4. Under the assumptions of Lemma 5.4.1, for x # x¢ the functions
7(x, x°%) and v°(x, x°) are s times continuously differentiable, and the following es-
timates hold in the neighborhood of x°:

|D%| < Clx — x°|' 71 | D*0| < C|x — x0T, (5.4.20)

where o = (01,02, ..., 0s) is a multi-index, |o| = Zgzl o, lo| <s, o € NU{0},
and

D% =3l /(dx 1) ... (8x3)%.
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We now return to equation (5.4.5). The problem of finding (x, x?) for a given
function ¢ (x) is the direct problem for this equation. It is solved using the Hamilton—
Jacobi method presented above, with simultaneous construction of the characteristics
of equation (5.4.5) and the function 7 (x, x9), i.e., the rays and fronts of the wave
process. This problem is called the direct kinematic problem of seismology. In the in-
verse problem, the function c(x) is unknown, but the law that governs the propaga-
tion of wave fronts over the boundary of the domain in which the wave process is
taking place is known. We will formulate one of the versions of the inverse kinematic
problem. Suppose that a wave process occurs in a domain D of the space R3 with
boundary S, generated by a point source of oscillations at a point x°. Let 7(x, x°) be
a given function for all x° € S and x € S. It is required to determine the speed of the
signal propagation c¢(x) for x € D.

The inverse kinematic problem of seismology was first studied by Gustav Herglotz
and Emil Wiechert in 1905-1907 under the assumption that the Earth is spherically
symmetric (¢ = c¢(r), r = |x/|, the origin of the coordinate system coincides with
the Earth’s center). This assumption stemmed from experimental data showing that
the time of travel of seismic waves from the source to the detector located at a fixed
distance from the source is almost independent of the geographic region. It was dis-
covered that for ¢ = ¢(r) the seismic ray I"(x, x?) lies in the plane that passes through
the points (x, x°) and the center of the Earth, and therefore it suffices to consider an
arbitrary section of the Earth that contains its diameter and select the points x° and x
on the corresponding great circle. Herglotz and Wiechert showed that the point x°
can be assumed to be fixed while x is moved along the circle. Consequently, if the
function

m(r) = —— (5.4.21)

is continuously differentiable and increases monotonically as r increases, then it is
uniquely determined by the function © = t(«), which is called the wave traveltime
curve. Above, « is the angular distance between the points x? and x, and t(a) is
the time it takes for the signal to travel between these points. It turned out that the
function ¢(r) can be reconstructed locally. Namely, if 7(«) is known for @ € [0, ag],
ag > 0, then ¢(r) is within a layer ro < r < R, where R is the Earth’s radius, rg is
determined from «g, ro(ctp) decreases monotonically as «g increases, and ro(cg) —
Ras oy — 0.

The solution of the inverse kinematic problem for the spherically symmetric model
of the Earth had a considerable impact on the development of the theories about the
Earth’s interior structure. Calculations based on the measurement data for seismic
wave travel times revealed characteristic features of the Earth’s structure: its crust,
mantle, and core. The crust of the Earth is a relatively thin layer with average thick-
ness of about 30 km. Seismic wave speeds in the Earth’s mantle are much higher than
in its crust. They increase rather sharply at the boundary between the crust and the
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mantle. The thickness of the mantle is approximately 3000 km. The physical proper-
ties of the core are substantially different from those of the mantle. The core does not
transmit shear waves, whereas they do propagate in the mantle. The absence of shear
waves is characteristic of fluids. For this reason, the core of the Earth is presumed to
be liquid.

Currently there exist several dozen wave speed models of the Earth’s interior, but
the differences between them are insignificant (10% on average).

Linearized inverse problem of seismology. Consider the inverse problem of re-
constructing the speed c(x) from the observations of the seismic waves propagation
on the surface of the Earth in the case where ¢(x) depends on all coordinates.

In other words, assume that the direct problem

Vet (x, x> =¢2(x), xeD, (5.4.22)
t(x,x%) = O(]x —x°)) forx — x°,
includes the following additional information about its solution:
t(x, x% = f(x.x%, x.x%es. (5.4.23)

It is required to find ¢ (x) from (5.4.22) and (5.4.23).
In the linearized formulation of the inverse problem, we assume that the unknown
function ¢(x) = 1/c(x) has the form

q(x) = qo(x) + q1(x),

where ¢o(x) is given, go(x) > 0, and g1 (x) € C2(D) is small compared to go(x) in
the norm of C2(D).
First, we seek a solution 7o (x, x?) to the direct problem

Vx(x,x%)? = g5(x), x €D,
7(x, x%) = O(|x — xo)).
Set
1 (x,xO) = f(x,xo) — ro(x,xo), x%esS, xebD;

fi (x,xO) = f(x,xo) - ro(x,xo), x,x%€s.

The linearization of the inverse problem (5.4.22), (5.4.23) consists in substituting
the right-hand sides of the equalities

T=1+7., ¢g=qo+q1, [f=t0+ N
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for 7, ¢, and f in (5.4.22) and (5.4.23) with subsequent omission of pairwise products
of the functions 71, q1, and f] as quantities whose order of smallness is higher than
that of ¢1. Thus, from (5.4.22) we obtain the equality (linear approximation)

(fol (x7x0)7 ero(x’x0)> = CII(X)QO(X)a xo € S7 X € Dv (5424)
and (5.4.23) implies
n(x,x% = fix,x%, x,x%es. (5.4.25)

Divide both sides of (5.4.24) by go(x) and integrate along the ray I'g(x, x°) con-
structed from the function g (x). Since the unit vector V,7o(x, x%)/go(x) is tangent
to the ray Io(x, x?) at the point x, we have the following integral equation for the
unknown function ¢ (x):

/1“ (o0 a1(y)|dy] = 11(x,x%, x°esS, xeD, (5.4.26)
o(x,x

where |dy| is the Euclidean length element of the curve Iy (x, x°):

wi=(Lan)”

i=1

Since the functions I'g(x, x°) are known, we obtain a problem of integral geometry:
reconstruct ¢1(x), x € D, from its integrals (5.4.26) along the given family of curves
{To(x,x%) forall x,x° e S.

We first consider the case where D is a ball of radius r; centered at zero,

D =B0.r)={xeR?: x| <r}

and go(x) = qo(r), r = |x|. It can be shown (Romanov, 1984) that in this case it
suffices to consider the “equatorial” section of the ball produced by the plane x3 = 0,
setting x = (x1, x2), and specify the function 7 (x, x°) for the points x and x° on the
boundary of this section.

Theorem 5.4.1. Let qo(r) belong to C?[rg,r1], ro € (0,r1), and satisfy the condi-
tions

qo(r) > 0. qo(r) +rqo(r) >0, 1€ [ro.r1].

Then any continuous function q1(x1,x2) in the domain ro < ,/x% + x% < riis
uniquely determined from the function t1(x, x°) specified for the points x and x° on
the boundary r = ry such that the rays To(x, x°) lie within this domain.
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We now consider the case where D C R3 is a simply connected bounded domain
with boundary S defined by the equation F(x) = 0. Let the function F satisfy the
conditions

F eC3*(D), F(x)<OforxeD, |VF|g=1, (5.4.27)

and let the surface S be convex with respect to the rays o (x, x%),ie., any two points
x,x% € S can be connected by aray that lies within D, and none of the rays I (x, xo)
(x9 # x; x%, x € S) meet the boundary S at any point.

Assume also that the family of rays I'g(x, x°) is generated by the function go(x) >
Ao > 0 of class C%(D) and is regular in D in the following sense. As shown above
(see Lemma 5.4.2), the equation of a ray passing through any point x° € D in the
direction of the unit vector v° can be written as x = ¢(£,x9), £ = v%/qo(x?),
where ¢ € C1(D x D), (0, x°) = x°, (0¢/08)|g=0 = I, and [ is the unit matrix.
The regularity condition means that there exists a single-valued inverse function £ =
g(x,x%) in the space C!(D x D). In particular, from the regularity condition it
follows that the determinant [d¢/d&| never vanishes, and is therefore positive.

Note that, given the function F(x) together with 71(x,x%) and 7o(x, x°) for
x%, x € S, it s possible to determine the function

0 0 Tlx; Tixa  Tlx;
0 0 Fx;(x) Fxy(x) Fxs(x)
0
®(r1.10) = rlx(l) Fx?(x) TOxlx? rOxzx? Tox3x?

1
0
T),0 Fx(z)(x )

0
X2

7"Oxl xg TOxzxg ‘EOx3x2
31

0
xg Fxg(x) TOxlxg) rOxzxg 7"0x3xg)

Theorem 5.4.2. Assume that the functions F(x), go(x), and therefore To(x, x°) and

to(x, x0) satisfy the conditions given above. If q1(y) € CY(D), then the following
stability estimate holds for the problem (5.4.26), (5.4.25):

1
/ g3 (x)dx < / / ®(11,70) dSyx dS,0. (5.4.28)
D 8o Js Js

Complete formulation of the inverse kinematic problem of seismology. Consider
the general case, where ¢ (x) as well as the family of rays I"(x, x°) generated by g (x)
are the unknowns in

/ q(y)|dy| = t(x,x%), x°eS, xeD, (5.4.29)
I'(x,x9)

The function 7(x, x°) is specified for all x,x% € §.
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The function ¢ (x) is said to belong to the class A(cy,¢2), 0 < ¢1 < ¢2 < 00, if it
satisfies the conditions

D e1 =q(x),x € D;

2) g € C*(D), lqllc2(py < 2

3) the family of rays I'(x, x°) associated with ¢(x) is regular in D.

Given the function 7(x, x%) on S x S, using the eikonal equation, one can calculate
the partial derivatives 7y j» Tx0> Ty, 0 ON S x § for any 7, j. Indeed, the derivatives

. ¢ ¢

along the tangent directions can be found directly from 7 (x, x°), while the derivatives
along the normals to S x S can be constructed using the equations

IVit(x,x%)] = q(x),  [Vxt(x% x)| = q(x°).

Set

3
1
||t||2=/S/S|:|Vx‘1:|2+|onr|2+|x—x0|2 Y 2 0]|—dede0.

L XX} x_xOI
i,j=1

Theorem 5.4.3. For any functions q1,q> € A(c1,c2) and the corresponding func-
tions 11, Ta, we have

lgr = a217,py < Cller = w2, (5.4.30)
where the constant C depends only on the constants ¢1 and c;.

The proofs of Theorems 5.4.1-5.4.3 can be found in (Romanov, 1984).



Chapter 6
Inverse spectral and scattering problems

A little more than 100 years have passed since Max Planck introduced the concept
of a quantum. About 75 years ago, Schrodinger formulated his famous equation,
which enables one to determine the wave function, and therefore all the properties
of the object under study, from the known potential (the direct problem). Equations
for solving inverse spectral problems were obtained in the 1950s by I. M. Gelfand,
B. M. Levitan, M. G. Krein, and V. A. Marchenko (Gelfand and Levitan, 1955; Krein,
1951; Marchenko, 1952). This glorious achievement of the Russian mathematics
gave an all-permeating “mathematical” vision (Zakhariev and Chabanov, 2007). An
eye equipped with a microscope is not enough to study atoms, nuclei, and particles.
However, powerful computers and methods of the theory of inverse problems made it
possible to expand the “quantum” horizon.

Practical importance of inverse spectral and scattering problems cannot be overesti-
mated, since everything we know about the world on a microscopic level (molecules,
atoms, microscopic particles) comes from experiments that deal with scattering. The
same is true for many problems emerging in medicine, geophysics, and chemistry.
On the other hand, our knowledge about macroworld, information about other plan-
ets, stars, and galaxies, is also based mostly on the scattering data, namely, on spectral
analysis.

This chapter deals with the inverse problems that were the subject of the pioneering
studies in this direction. Inverse spectral and scattering problems are so deeply inter-
related that any results obtained for the former can usually be extended to the latter,
and vice versa. In this respect, the works of Yu. M. Berezanskii are the most signifi-
cant (Berezanskii, 1953, 1958). In addition to the proof of one of the first uniqueness
theorems for a multidimensional inverse spectral problem, these works also present
an approach to solving some multidimensional inverse scattering problems based on
their relationship with inverse spectral problems.

One chapter is certainly not enough to give an adequate description of the diverse
set of ideas, methods, and applications of inverse spectral and scattering problems.
We will confine ourselves to one-dimensional spectral problems and a brief descrip-
tion of the Gelfand—Levitan method (Sections 6.1-6.3), a one-dimensional version of
the inverse scattering problem (Section 6.4), and inverse scattering problems in the
time domain (Section 6.5), focusing on the connections between all the mentioned
problems.

Inverse problems in spectral analysis consist in determining operators from certain
characteristics of their spectrum (see Section 6.2). The most complete results in the
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spectral theory of differential operators were obtained for the Sturm-Liouville differ-
ential operator. The main results in the field of inverse spectral problems obtained in
the second half of the 20th century paved the way for the development of methods
for solving some nonlinear evolution equations and for the study of inverse problems
of reconstructing an operator from incomplete spectral information and an additional
a priori information about the operator. These results are also useful in solving in-
verse problems with operators of arbitrary order and of other types (for example, see
(Yurko, 2007)).

In Sections 6.1-6.3 we consider the spectral theory of Sturm—Liouville operators on
a finite interval. The proofs and the main methods for solving inverse one-dimensional
spectral problems (the transformation operator method, the method of spectral map-
pings, the standard models method, and the Borg method) are presented in (Yurko,
2007).

In Section 6.4 we give several formulations of the inverse scattering problem and
discuss in detail the one-dimensional case where the potential ¢ (x) depends only on
the norm of x: ¢(x) = ¢(]x|). In this case the scattering problem is reduced to the
Sturm—Liouville problem on a half-axis:

—y"+qx)y =4y, xeRy, 6.1)
y(0) = 0. (6.2)

Problem (6.1), (6.2) is studied in the case of rapidly decreasing potential ¢(x), i.e.,
such that

/ooxlq(x)| dx < oo. (6.3)
0

In this section we introduce the notions of the Jost solution e(x, VA ), Jost function
j(¥/1), spectral function p(1) and define scattering data. We also formulate the main
integral equation of the inverse problem of the quantum scattering theory and give a
formula for the eigenfunction expansion of the operator of problem (6.1)—(6.3).

In Section 6.5 we consider inverse scattering problems in the time domain. Using
Fourier transform, these problems can be reduced to the Sturm-Liouville problem on
a half-axis, namely,

—y" 4+ q(x)y =Ly, xeRy, (6.4)
(' —=hy)|,—p =0. (6.5)

where g (x) is a continuous finite function. The data of inverse scattering problems are
shown to be interrelated by means of the Jost function j (\/X ) of problem (6.4), (6.5).
On the other hand, we notice that there exists a one-to-one correspondence between
the Jost function (j(+/A ) and the spectral function p(1) of problem (6.4), (6.5). Thus
the considered inverse problems are shown to be equivalent.

As to the current state of the theory and applications of inverse spectral and scatter-
ing problems, it will take a special multi-volume publication to describe it.
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6.1 Direct Sturm-Liouville problem on a finite interval

A differential expression defined on a set of functions that satisfy some boundary
value conditions generates a differential operator. The differential operator generated
by the differential expression

lgy(x) :=—y"(x) + q(x)y(x),

is called the Sturm—Liouville operator. Henceforth the prime denotes the derivative
with respect to x. The function ¢ (x) is said to be the potential of the operator /.
A value of the parameter A such that the operator equation

lqy(x) = Ay(x)

has a nontrivial solution is called an eigenvalue of the operator /4, and the correspond-
ing solution is said to be its eigenfunction. The set of all eigenvalues of an operator is
called its spectrum.

The direct Sturm—Liouville problem is the problem of determining the spectrum
of the Sturm-Liouville operator. We will consider the Sturm-Liouville problem for
operators defined on the set D(lg) of functions y(x) € W2(0, ) that satisfy the
boundary conditions

U(y) :== y'(0) —hy(0) =0, V(y):=y'(x)+ Hy(r) =0,

where h, H € R. Assume that g(x) € L,(0,m). The definition of the spaces
WZZ(O, ) = H?(0,7) and L>(0, ) can be found in Appendix A (Subsection A.1.5).

Remark 6.1.1. The boundary value problem
=" +q(x)y =1y, xe(0.7),
y'(0) —hy(0) =0, y'(m)+ Hy(m) =0,

is sometimes called the classical Sturm—Liouville problem (with split boundary con-
ditions).

In this section we describe the basic properties of eigenvalues and eigenfunctions

of the Sturm-Liouville operator on a finite interval.

Spectral properties. To study the properties of the Sturm—Liouville operator, we
introduce the notion of a characteristic function. Let ¢(x, A) and ¥ (x, 1) be solutions
to the equation

—"+qx)y =iy, 0<x<m, 6.1.1)
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that satisfy the boundary conditions

O ), = / =
9(0.1) =1, ¢(0.4) =h, 612
Y(mA) =1, ¢¥'(m 1) =—-H.

For any fixed x, the functions ¢(x, A) and ¥ (x, A) are entire analytic functions in A.
It is easy to verify that

V() =¥ (m.A) + Hy (. ) = 0.

Note that any solutions ¥ (x, A) and ¢(x, )AL) to equation (6.1.1) satisfy the equality

O (x, Y (6, A) — ¥ (x, Dp(x, A) = (A — Dy (x, Ve(x, A),

which implies that
d ~ ~ ~ o
7 Wi, Mg (x, 1) =¥ (x, Me(x, 1)) = A = V)Y (x, De(x,4).  (6.1.3)

Therefore, for A = A the Wronskian Y(x, )¢’ (x, 1) — ¥'(x, )e(x, L) does not
depend on x.
Put

A(A) = W(X’ /\)Qﬂ/(x’ /1) - wl(x9 A)(P(Xv A) (614)

The function A(A) is called the characteristic function of the operator /,. Substituting
x = 0 and x = 7 into (6.1.4), we obtain

AQ) =V(p) =-U®W). (6.1.5)

The function A(A) is an entire function in A with at most countable set of zeros {1, },
n = 0,1,.... From (6.1.5) it follows that the functions ¢(x, A,) and ¥ (x, A,) are
solutions to the equation /,y(x) = A,y(x), i.e., eigenfunctions of the operator /.
Thus, the zeros {A,} of the characteristic function (6.1.4) coincide with the eigenval-
ues of the operator /;. The eigenfunctions ¢(x, A,) and ¥ (x, A,,) are proportional to
each other, i.e., there is a sequence of numbers {8, } such that

Substituting x = 7 into (6.1.6), we have B, = 1/¢(w, A,).
Each eigenvalue is associated with a unique eigenfunction (up to a constant factor).
The numbers

b1
op ::/ 0% (x, An) dx (6.1.7)
0
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are called weights, and the collection {A,, &, } is called the spectral data of the oper-
ator /.

The weights o, and the numbers S, occurring in the formulas (6.1.6) satisfy the
relations

Bnotn = —A(Ly), (6.1.8)

where A(1) = dA(L)/dA. Indeed, (6.1.3) and (6.1.5) imply

(A—MJA ¥ Dp(x. An) dx
= (P g () — ¥ D )| = —AG).

For A — A, this yields

A”quMquwdxz—Aan.

Using (6.1.6) and (6.1.7), we obtain (6.1.8). From (6.1.8) it is clear that all zeros of
A(X) are simple, i.e., A(A,) # 0.

The eigenvalues {A;},>0 of the Sturm-Liouville operator /, are real, and their
condensation point is +00. Note that in the general case the parameter A in equa-
tion (6.1.1), which is called the spectral parameter, belongs to the space of complex
numbers C. Since the eigenvalues of the Sturm-Liouville operator on a finite interval
are real, in Sections 6.1-6.3 we will assume that A € R.

For large n, the following asymptotic formulas hold for A, and the corresponding
eigenfunctions ¢(x, 1,):

Vim=n+— 4+ (e, 6.1.9)
mn n
@(x, An) = cos VA, x + S”,(lx), £, (x)| < C, (6.1.10)
where
1 g
w:h—|—H+—/ q(t)dt.
2 Jo

Here and in what follows, the symbol {7, } stands for different sequences in /5, while
the symbol C stands for different positive constants that do not depend on x, A, and 7.

If the spectrum {4, },>0 is known, the characteristic function A(1) can be uniquely
determined by the formula

A«n_l

n2

AV =mo—2) [] 6.1.11)

n=1



Section 6.1 Direct Sturm-Liouville problem on a finite interval 159

Remark 6.1.2. Similar results can be obtained for Sturm-Liouville operators with
other kinds of split boundary conditions. For example, consider the operator / ql y(x)=
—y”(x) + g(x)y(x) with the domain of definition D(lql) ={y e WE(0.n): U(y) =
0, y(r) = 0}. All eigenvalues {i,}n>0 of the operator l(} are simple, and they
coincide with the zeros of the characteristic function d(A) := ¢(7, A). Furthermore,

T fn— A

RS TR

(6.1.12)

The following asymptotic formulas hold for the spectral data {u,, O‘rlz >0 oz,% =
NS dx, of th 11 -
o ¥-(x,un)dx, of the operator PE

1 o'
T . L . 1.1
A n n+2+]m+n {m} €l (6.1.13)
1
al = g + Zl—" il e by, (6.1.14)

where
1 T
ol=h+ —/ q(t)dt.
2 Jo
The spectra of the operators /; and / ql satisfy the relations

An < pn < Apg1, n >0, (6.1.15)

which means that the eigenvalues of the two operators /; and / ql alternate.

Properties of the eigenfunctions. Consider the eigenfunctions ¢(x,A,) of the
Sturm-Liouville operator [, on the finite interval (0, ) associated with the eigen-
values A, and normalized by the conditions ¢(0,1,) = 1, ¢’(0,A,) = h. The
eigenfunctions of the operator /; are real. Eigenfunctions associated with different
eigenvalues are orthogonal in L, (0, ):

/0 0t A0 (5. ) dx = 0, Am # A

The set of eigenfunctions {¢(x, A,)},>0 of the Sturm—Liouville operator turns out
to be not only orthogonal, but also complete, i.e., it constitutes an orthogonal basis
in L5(0, ). The completeness theorem for the set of eigenfunctions of the Sturm-—
Liouville operator on a finite interval was proved by V. A. Steklov at the end of the
19th century.
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Theorem 6.1.1. 1. The set of eigenfunctions {¢(x,An)}n>0 of the operator lg is
complete in L,(0, ).

2. Let f(x), x € [0, ], be a completely continuous function. Then

o0 1 T
) =" fap(x. ). ﬁ:;L/mWMML (6.1.16)
n=0 n

where the series converges uniformly on [0, 7].

3. For f(x) € L3(0, 1) the series (6.1.16) converges in L5(0, ), and Parseval’s
identity holds:

/0 |f(x)|2dx = Zanlfn|2- (6.1.17)
n=0

The proof of Theorem 6.1.1 was given in (Yurko, 2007).

It should be noted that completeness and expansion theorems play an important
role in solving problems of mathematical physics using the method of separation of
variables (for example, see Section 5.3).

Consider the Sturm-Liouville operator [; withh = H = 0 and g(x) = 0. In
this case ¢(x, A,) = cosnx for x € (0, ), and therefore the nth eigenfunction has
exactly n zeros in the interval (0, 7r). It turns out that this property of eigenfunctions
also holds in the general case. This is expressed by the following theorem (the Sturm
oscillation theorem).

Theorem 6.1.2. The eigenfunction ¢(x, Ay) of the operator lg has exactly n zeros in
the interval 0 < x < 7.

Before proving this theorem, we prove a few auxiliary statements.

Lemma 6.1.1. Let uj(x) be solutions to the equations
W' +gi(xu=0, j=1.2 x¢€la,b], (6.1.18)

where g1(x) < go(x). Assume that there are x1,x € [a,b] such that uy(x1) =
ui1(x2) = 0and uy(x) # 0 for x € (x1, x2). Then there exists an x* € (x1, x3) such
that u(x*) = 0. In other words, u>(x) has at least one zero between any two zeros

of ui(x).

Proof. Assume the contrary: u,(x) # 0 for all x € (x1,x2). Without loss of gen-
erality, we can assume that u;(x) > 0 for x € (xq,x2), j = 1,2. From (6.1.18) it
follows that

I (uhuz —uhuy) = (g2 — g )uru2.
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Integrating this equality from x1 to x2 yields

x2
/ (g2 — guruz dx = (Whuz —ubuy)|
x1
= u} (x2)ua(x2) — u (x1)uz(x1). (6.1.19)

The integral in (6.1.19) is strictly positive. On the other hand, since uj(x1) > 0,
“/1 (x2) < 0, and uz(x) > 0 for x € [x1,x2], the right-hand side of (6.1.19) is
nonpositive. The obtained contradiction proves the lemma. m|

Consider the function ¢(x, A) for real A. The zeros of ¢(x, A) with respect to x are
functions of A. We will show that they are continuous functions of A.

Lemma 6.1.2. Let (p(xo,i) = 0. Then there exists an €y > 0 such that for all
0 < & < &g there is a § > 0 such that ¢(x, ) has a unique zero in the interval
|x —x0| < eif|]A—A|] <é.

Proof. The zero x¢ of the solution ¢(x, ;\) to the differential equation (6.1.2) is sim-
ple. Indeed, if ¢’(xo, /Al) = 0, then the theorem on the uniqueness of solutions to the
Cauchy problem would imply the identity ¢(x,A) = 0. Therefore, ¢’(x0,A) # 0.
Suppose for definiteness that ¢’ (xo, 5&) > 0. Choose g9 > 0 so that go’(x,i) >0
for |x — xo| < &¢. Then (p(x,i) < 0 for x € [xo — €9, Xp) and (p(x,)AL) > 0 for
x € (x0,x0 + &o]. Take ¢ < &g. Since ¢(x,A) and ¢’(x, 1) are continuous, there
exists a § > 0 such that for |A — i| < § and |x — x¢| < & we have ¢'(x,1) > 0,
@(xo —e0,A) <0, @(xg + 0, A) > 0. Hence, the function ¢(x, A) has a unique zero
in the interval |x — xo| < &, which is the desired conclusion. O

Lemma 6.1.3. Suppose that for some real A the Sfunction ¢(x, i) has m zeros in the
interval 0 < x < a. Let A > A. Then the function ¢(x, A) has at least m zeros on the
same interval, and the kth zero of ¢(x, A) is smaller than the kth zero of ¢(x, 1).

Proof. Let x; > 0 be the smallest positive zero of ¢(x, /A\) By Lemma 6.1.1, it
suffices to show that ¢(x, A) has at least one zero in the interval 0 < x < xj.

Assume the contrary, i.e., ¢(x,A) # 0 for all x € (0, xy). ASince p(0,1) =1, we
have ¢(x,4) > 0 for x € [0, x1). By the choice of x1, ¢(x, 1) > 0 for x € [0,x1),
@(x1,A) =0, and ¢’(x1,A) < 0. From (6.1.3) it follows that

=iy [ otw Doty = (o A 5.1 /e Dt D)
= ¢(x1.2)¢'(x1.4) < 0.

But the integral on the left-hand side is strictly positive. The resulting contradiction
proves the lemma. m|
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Proof of Theorem 6.1.2. Consider the function ¢(x, A) for real A. From (6.1.10) it
follows that ¢(x, 1) has no zeros for negative A with sufficiently large absolute values:
p(x,A) > 0,1 < —1* <0, x € [0,7]. On the other hand, ¢(x, ) = 0, where
{itn}n>0 are eigenvalues of the operator / ql.

Applying Lemmas 6.1.2 and 6.1.3, we see that with A moving from —oo to oo, the
zeros of ¢(x, A) on the interval [0, ] continuously move to the left. New zeros can
only appear in transition through the point x = 7. This means that

1) ¢(x, 1) has exactly n zeros in the interval x € [0, r);

2) if A € (Up—1,MUn), n >0, u—y := —o0, then ¢(x, A) has exactly n zeros in the
interval x € [0, r].

By (6.1.15), we have
Ao < Mo <A1 <y <Ay < Up <---

and therefore ¢(x, A,) has exactly n zeros in the interval (0, 7). |

Transformation operators. The transformation operators that associate the eigen-
functions of two different Sturm—Liouville operators for all A were first introduced in
the theory of generalized shift operators by Delsarte and Levitan (Levitan, 1973) In the
theory of inverse problems, the transformation operators were used by I. M. Gelfand,
B.M. Levitan, and V. A. Marchenko (see Section 6.3 and the monographs by (Mar-
chenko, 1986) and (Levitan, 1987)).

Let functions C(x,A) € WZZ(O, ) and S(x,A) € W22(0, 1) be solutions to the
differential equation (6.1.1) with initial conditions

CO,A) =1, C'(0,A)=0, S0O,A) =0, 50,1 =1L

The function C(x, A) can be represented as
X
C(x, 1) = cos vVAx —I—/ K(x,1)cos v/t dt, (6.1.20)
0

where K (x,t) is a real-valued continuous function such that

X

K(x,x) = %/(; q(t)dt. (6.1.21)

The proof of the representation (6.1.20) for C(x, A) can be found in (Yurko, 2007).
An operator T defined by the formula

T(x) = f(x) + /0 K(x.0) £(1) dt.

maps the function cos +/Ax (which is a solution to the equation —y” = Ay with
zero potential) to the function C(x, A), which is a solution to equation (6.1.1) with
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some potential g(x) (i.e., C(x,A) = T(cos ﬁx)). The operator T is called the
transformation operator for C(x, A). It is important to note that the kernel K(x,7)
does not depend on A.

The transformation operators for the functions S(x, 1) and ¢(x, 1) can be obtained
in a similar way:

sin v/Ax X sin v/ At
S(x, 1) = + P(x,t) dt, (6.1.22)
=T, W
X
¢(x, 1) = cos Vax + [ G(x,t)cos VAt dt, (6.1.23)
0

where P(x,t) and G(x,1) are real-valued continuous functions that are as smooth as
the function |y ¢(t) dt and

X

G(x,x)=h+ %/ q(t)dt, (6.1.24)
0

P(x,x) = %foxq(t) dt. (6.1.25)

A proof of the representations (6.1.22) and (6.1.23) is also given in (Yurko, 2007).

6.2 Inverse Sturm-Liouville problems on a finite interval

Inverse Sturm-Liouville problems consist in reconstructing the operator /; (i.e., its
potential ¢(x) € L»(0, ) and the coefficients & and H in the boundary conditions)
from its spectral characteristics.

V. A. Ambartsumyan (see Ambartsumyan, 1929) was the first to obtain results in
the theory of inverse spectral problems.

Consider the equation /;y = Ay under the condition thath = H = 0, i.e.,

=" +qx)y =21y, y'(0) =y'(x)=0. 6.2.1)

Clearly, if g(x) = 0 almost everywhere on (0, ), then the eigenvalues of the prob-
lem (6.2.1) have the form A,, = n%, n > 0. The converse is also true.

Theorem 6.2.1 (Ambartsumyan’s theorem). If the eigenvalues of the problem (6.2.1)
are A, = n?,n >0, then qg(x) = 0 almost everywhere on (0, ).

Proof. From (6.1.9) it follows that w = 0, i.e., fon q(x)dx = 0. Let yp(x) be an
eigenfunction associated with the smallest eigenvalue A9 = 0. Then

¥4 (x) —q(x)yo(x) =0, y4(0) = yy() = 0.
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By Theorem 6.1.2, the function yo(x) has no zeros in the interval x € [0, r]. Taking
into account the relation

o) ye(N2 L ve(x) Y
1= = (Gew) * Goie)

4 T / 2
0=/ q(x)dx=/ Yo —/ (y"(x)) dx
0 0o Yo(x) 0o “yo(x)
Thus, yg(x) = 0, i.e., yo(x) = const, g(x) = 0 almost everywhere on (0, 7r), which
completes the proof. m|

we obtain

In the general case, the operator /, is not uniquely determined from its spectrum {A }.
Ambartsumyan’s result is an exception.

The uniqueness of reconstruction of the differential operator /, from its spec-
tral data. We now consider the problem of reconstructing the operator /, from its
spectral data {A,, &y }n>0-

In addition to lq, consider an operator lq of the same form with potential §(x) and
coefficients /2 and H. For any symbol, for instance, y that denotes an object related to
the operator /;, we will denote by p the corresponding object related to the operator lq

Theorem 6.2.2. If A, = A, and ay, = Gp foralln > 0, then I, = Iy, i.e., q(x) =
q(x) almost everywhere on (0, 1), h = hand H = H.

Thus, the spectral data {A,, oy n>0 uniquely determine the potential and coeffi-
cients of the boundary conditions.

There are two ways to prove Theorem 6.2.2. We will present the proof given
by Marchenko (1952) that involves the transformation operator and Parseval’s iden-
tity (6.1.17). This method also works for the Sturm—Liouville operators on a half-axis
and can be used to prove the theorem on the uniqueness of reconstruction of an op-
erator from its spectral function. The second proof, which can be found in (Yurko,
2007), was first given by Levinson (1949b). It employs the contour integral method.
N. Levinson was the first to apply the ideas of the contour integral method in the study
of inverse spectral problems.

Proof. By (6.1.23), the eigenfunctions ¢(x, A) and ¢(x, A) of the operators /, and iq,
respectively, can be represented in the form

X
@(x,A) = cos Vax + / G(x,t)cos Vit dt,
0

X
¢(x,A) = cos Vax + / G (x, 1) cos Vit dt.
0



Section 6.2 Inverse Sturm—Liouville problems on a finite interval 165

In other words,
o(x,2) = (E + G)cos vVAx, ¢(x,A) = (E + G)cos VAx,

where
X
(E+6) 1w = 1w+ [ Gwnswa.
X
(E+G)f(x) = f(x)+ /0 G(x,t)f(t)dt.
Solving ¢(x,A) = (E + G) cos v/ Ax for cos v/Ax, we have
cos VAx = ¢(x, 1) +/ H(x,0)¢(t. M) dt,
0
where H (x, t) is a continuous function that is the kernel of the inverse operator
X
(E+H)=(E+G6)7Y, Hfx)= / H(x,t) f(t)dt.
0
Consequently,
X
o(x, 1) = @(x, 1) +/ O(x,0)p(t, A)dt, (6.2.2)
0

where Q(x,t) is a continuous real-valued function.
Take an arbitrary function f(x) € L,(0, 7). From (6.2.2) it follows that

/ F()p(x. ) dx = / 206, A) dx,
0 0

where

g() = f(x) + / 0(1.x) £(1) d.

Consequently, for all n > 0 we have
fn = gn,
1 ¥
foi= [ @0t Adx gni= [ e@ptran dx.
0 0

Using Parseval’s identity (6.1.17), we obtain

" o |l s 18P 5 180l i
[ rwpar= < 52 R = 3 Ak < [ s Par
0 n=0 Un n=0 Un n=0 Un 0
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I fllL, = llgllz,- (6.2.3)

Consider the operator

Bf(x) = f(x) + / 0(t.x) f(1) dt

and note that Bf = g. Inview of (6.2.3), | Bf |, = || f ||z, forall f(x) € L2(0, ).
Therefore, B* = B~!, which is possible only if Q(x,?) = 0. Hence, goA(x,)L) =
¢(x, ), 1.e., ¢(x) = ¢g(x) almost everywhere on (0, 7), h = h,and H = H. |

In the symmetrical case with ¢(x) = ¢(w — x) and H = h, knowing the spectrum
{An}n>o0 is sufficient to determine the potential ¢ (x) and the coefficient /.

Theorem 6.2.3. Ifq(x) = g(m—x), H = h, §(x) = §(r—x), H = hand Ay = An
forn >0, then q(x) = §(x) almost everywhere on (0, ) and h = h.

Proof. 1If g(x) = q(r — x), H = h, and y(x) is a solution to equation (6.1.1), then
y1(x) := y(r — x) also satisfies (6.1.1). In particular, ¥ (x,A) = @(r — x,A).
Using (6.1.6), we obtain

V(x, An) = Ba@(x, An) = BV (w — X, An) = ,3590(7[ — X, An) = ﬂ;%l”(x,/\n)-
Consequently, 82 = 1.

On the other hand, (6.1.6) implies that 8, ¢ (7, A,) = 1. Applying Theorem 6.1.2,
we conclude that

n — (_l)n-

Then (6.1.8) implies that &, = (—1)"t'A(A,) and &, = (=1)"T1A(L,). By the
theorem on the zeros of an entire function and the assumptions of Theorem 6.2.3,
an = @y for n > 0. It remains to apply Theorem 6.2.2 to obtain the desired result:
q(x) = g(x) almost everywhere on (0, ), and & = h. m|

6.3 The Gelfand-Levitan method on a finite interval

In the preceding section we discussed the uniqueness of reconstruction of a Sturm—
Liouville operator from different sets of its spectral characteristics. An existence the-
orem formulating the necessary and sufficient conditions for the solvability of the
inverse Sturm—Liouville problem and proposing a practical method for constructing
the operator was proved by I. M. Gelfand and B. M. Levitan (Gelfand and Levitan,
1955). The proposed method for the reconstruction of a Sturm—Liouville operator
from its spectral characteristics was named the Gelfand—Levitan method. A detailed
explanation of the Gelfand-Levitan method is given in (Levitan, 1987), (Marchenko,
1986), and (Yurko, 2007). Our purpose here is to explain the method to the reader
without going into too much technical detail.
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Reconstruction of a differential operator from its spectral data. Consider the
Sturm—Liouville operator on a finite interval

lgy(x) = =y"(x) +q(x)y(x), 0<x<m, 6.3.1)
D(ly) = {y(x) € WZ(0,7) : ¥'(0) —hy(0) =0, y'(x) + Hy(r) = 0}, (6.3.2)

and assume that the potential ¢(x) € L»(0, ) and the coefficients 4 and H in the
boundary conditions are unknown.

Let {An.an}n>0 be the spectral data of /;. We will solve the inverse problem of
reconstruction of /; from the given spectral data {1, &, }n>0.

The spectral data of the operator /, have asymptotic properties (Yurko, 2007)

1

10) bid
Vi =nt =g, =2y e, (6.3.3)
n n 2 n
an >0, Ap#Am (n#m). (6.3.4)
More precisely,
1 [T 1
= 5~ | q(t)cos2nt dt + 0<E>’

1 (" 1
nl = —5/(; (mr —1t)q(t)sin2nt dt + O(;),

1 4
w:h—l—H—l——/ q(t)dt,
2 Jo

i.e., the dependence of the principal parts on the potential is linear.
To determine the potential g(x) and the coefficients 2 and H, we will use the
transformation operator for the eigenfunctions of the operator /,

@(x, 1) = cos VAx + / G(x,t)cos VAt dt, (6.3.5)
0

where G (x, t) is a continuous real-valued function of the same smoothness as on qt)dt
that satisfies the following equality for ¢t = x:

G(x,x)=h+ %/X q(t)dt. (6.3.6)
0

This equality means that finding the kernel G(x, ¢) of the transformation operator will
enable us to easily reconstruct the potential g(x) = 2 j—x G(x, x) and the coefficients
h=G(+0,4+0)and H = w — G(r — 0,1 —0).

To determine the kernel G(x, t), we introduce the function

o0

A Apt t
F(x,t):Z(COSV n X COS /Al  cosnxcosn )

on ol

(6.3.7)

n=0
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where

The series in the right-hand side of (6.3.7) converges, the function F(x,¢) is continu-
ous, and j—x F(x,x) € Ly(0, ) (Levitan, 1987)

Theorem 6.3.1. For any fixed x € (0, 7], the kernel G(x,t) in the representation
(6.3.5) satisfies the linear integral equation

X

G(x,t)+ F(x,t) + / G(x,8)F(s,t)ds =0, 0<t<x. (6.3.8)
0

Equation (6.3.8) is called the Gelfand—Levitan equation. Thus, Theorem 6.3.1
makes it possible to reduce the inverse problem (6.3.1), (6.3.2) to the problem of
solving the Gelfand-Levitan equation.

Proof. Solving the equality (6.3.5) for cos +/Ax, we obtain
X
cos VAx = g(x,A) + / H(x,t)p(t, M) dt, (6.3.9)
0

where H(x,t) is a continuous function. Using the representation (6.3.5), we calculate

i @(x, Ap)cos/A,t

o
n=0 n

N X
_ Z (cos VAn xcos /At N cos /At / G(x.5) cos s ds).
n=0 0

(647 Qn

On the other hand, (6.3.9) implies

i o(x,Ap)cos/Ant

o
n=0 n

N
o(x, An)e(t, An) | o(x,An) [*
= ’ ,An d .
,,E=0( + ; /OH(Z $)p(s, An) s)

oy o

Equating the right-hand sides of the last two equalities and performing simple calcu-
lations, we arrive at the equality

Dy(x,t) = In, (x,1) + INz(x,t) + 1N3(x,t) + Iy, (x,1),
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where
N
X, A t,A cosSnx cosnt
On(x,1) = Z (‘P( n)@(t, An) _ . )’
oy o
n=0 n
N oS /Ay xCcOSA/Ayt cosnxcosnt
IN](X’I)Z Z( - 0 )a
= op o)

N X

cosnt

InN,(x,t) = E 0 f G(x,s)cosnsds,
n=0 On 0

al x NAgt VA ¢
]Ng,(X,l) = Z/O G(x,s)(cos ”acos ns _ cosn COSns) ds.
n=0 n

0
Uy

N A [
In,(x,t) = — Z %/0 H(t,s)p(s, Ay) ds.

n=0
Let f(x) be an arbitrary function that is absolutely continuous on the interval [0, 7].
By Theorem 6.1.1,

lim  max /7r ft)Py(x,t)dt = 0.
0

N—oo 0<x<m

Moreover, convergence in each of the following limits is uniform with respect to x €
[0, 7]:

Jdm [* o ena = [T rorear
Jdim [* ronaena = [ ro6end,
Jdim [*ronwend = [" o [ 6w o)
Jm [ " O I ey dt
- ngnooijo L2 [" g [t @y ar)as

= _/n S()H(t,x)dt.

Put G(x,t) = H(x,t) = 0 for x < t. Since f(x) is arbitrary, we conclude that
X

G(x,t)+ F(x,t) + / G(x,s)F(s,t)ds — H(t,x) = 0.
0

Since H(t,x) = 0 for ¢t < x, we arrive at the desired equality (6.3.8). |
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Thus, we have shown that the kernel G(x,¢) of the transformation operator for
the eigenfunctions ¢(x, 1) of the operator /; is a solution to the Gelfand—Levitan
equation (6.3.8). For any fixed x € (0, ], equation (6.3.8) has a unique solution
G(x,t) in LZ(O x). The function G(x,t) is continuous and is as smooth as F(x,t).
In particular, 3 0(x,x) € L2(0, 7).

We will now establish the uniqueness of solutions to the Gelfand-Levitan equation
for fixed x € (0, 7].

Note that equation (6.3.8) is a Fredholm equation of the second kind with param-
eter x. Therefore, to prove the uniqueness of its solutions, it suffices to verify that
g(t) = 0 is the only solution of the homogeneous equation

g(t) + /Ox F(s,t)g(s)ds = 0. (6.3.10)

Let g(¢) be a solution to (6.3.10). Then

X 5 X X B
/0 g (f)dt+/0 /0 F(s,t)g(s)g(t)dsdt =0

or
X S o X
1 1 2
/ g2(t)dt —{—Z —(/ g(t)cos /A tdt) Z —0(/ g(t)cosntdt) = 0.
0 n=0 %" n=0 %n /0
Applying Parseval’s identity
x S x
1 2
2
go(t)dt = — f g(t)cosnt dt
J, >l )

to the function g(¢) extended by zero for t > x, we have

iai(/xg(t)cos Vigidi) =0
0

n=0 "

Since o, > 0, we arrive at the equality

X
fg(t)cos\/kntdt=0, n > 0.
0

The system of functions {cos v/Ay t}n>0 is complete in L>(0,7); consequently,
g(t) = 0. Thus we have shown that equation (6.3.8) has a unique solution G(x, 1)
in L, (0, x) for any fixed x € (0, 7].

The following theorem, which is the focus of Section 6.3, provides an algorithm
for solving the inverse problem as well as necessary and sufficient conditions for its
solvability.
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Theorem 6.3.2. For real numbers {Ay, 0tp}n>0 to be the spectral data of an opera-
tor ly of the form (6.3.1), (6.3.2) with q(x) € L2(0, ), it is necessary and sufficient
that the conditions (6.3.3), (6.3.4) hold.

The operator 14 is constructed according to the following algorithm:

1) construct F(x,t) from the given numbers {Ay,, oty }n>0 using formula (6.3.7);
2) determine G(x,t) from equation (6.3.8);
3) calculate q(x), h, and H using the formulas

d
q(x) = 25 G(x,x=0), h=G(+0,+0), (6.3.11)
T
H=a)—h—%/ qt)dt =w—G(r — 0,7 —0). (6.3.12)
0

As noted before, a detailed explanation of this theorem, which is the basis for
the Gelfand-Levitan method, is given in (Gelfand and Levitan, 1955), (Marchenko,
1986), (Levitan, 1987), and (Yurko, 2007).

Consider the Gelfand—Levitan method in the following simple example.

Example 6.3.1. Take A, = n> (n > 0), a, = /2 (n > 1), and an arbitrary number
ag > 0Seta := 1/ag — 1/m. Applying the algorithm of Theorem 6.3.2, we have

1) by (6.3.7), F(x,t) = a;
2) solving (6.3.8), we find

a
G(x,t) =— ;
(x. 1) 1 4+ax
3) in view of (6.3.11), (6.3.12),
2a? a aoy
_ . = —a, H= ="
q(x) (1 +ax)? “ 1 +an bid
By (6.3.5),
in /A
@(x, 1) = cos VAx — a M
I+ax VA

Reconstruction of the differential operator /, from two spectra. Together with
the operator lq, we consider the operator

py(x) =—y"(x) + q(x)y(x). x€(0,m).
D(}) ={y e W3(0.7) : y'(0) — hy(0) =0, y(r) = 0}

The following theorem holds for the operator / ql.
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Theorem 6.3.3. For real numbers {1, a,ﬁ tn>0 to be the spectral data of an opera-
tor l(} with potential q(x) € L,(0, 1), it is necessary and sufficient that (b, # [m
(n # m), ol > 0, and the conditions (6.1.13), (6.1.14) hold.

Let {An}n>0 and {i,}n>0 be the eigenvalues of /, and l(}, respectively. Then
the asymptotic formulas (6.1.9) and (6.1.13) hold, and the representations (6.1.11)
and (6.1.12) hold for the characteristic functions A(A) and d(X), respectively. Note

that (6.1.8) and (6.1.6) imply
an = —AMn)/Bn = —AQn)p(m. An) = —A(An)d (An).

Theorem 6.3.4. For real numbers {Ay, [in}n=0 to be the spectra of operators I,
and lq1 with q(x) € L»(0,7), it is necessary and sufficient that (6.1.9), (6.1.13)
and (6.1.15) hold. The function q(x) and the numbers h and H are constructed
according to the following algorithm:

1) determine the weights oy, of the operator lg from the given spectra {An }n=0 and
{itn}n>0 using the formula

an = —A(An)d(An),

where A(A) and d() are calculated from (6.1.11) and (6.1.12);

2) use the numbers {A,,dntn>0 to find q(x), h and H using the algorithm of
Theorem 6.3.2.

More detailed proofs are presented in (Yurko, 2007).

6.4 Inverse scattering problems

Inverse scattering problems represent one of the most important and large areas in the
theory and applications of inverse problems. A lot of books on this subject have been
written. In this section we will confine ourselves to just a few formulations (mostly
one-dimensional) of stationary inverse scattering problems and discuss their relation-
ship with inverse spectral problems. Complete exposition of the relevant results can
be found in (Berezanky, 1958), (Faddeev, 1956, 1959), (Marchenko, 1952), (Chadan
and Sabatier, 1989), (Levitan, 1987), (Ramm, 1992), and (Colton and Kress, 1983).

Consider the stationary Schrodinger equation for two particles in dimensionless
variables

—Au+g(x)u = k*u, xeR3, (6.4.1)

where k& > 0 is a fixed constant representing energy, and x = (x1, X2, X3) is a point
in R3. Assume that ¢(x) € L,(B(0,rg)) is a real-valued measurable function with

support in the ball B(0,r9) = {x € R3: |x| < ro}, where |x| = ,/xlz + x% + x%
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and ry is the radius of the smallest ball that contains the support of ¢(x). We seek a
solution to equation (6.4.1) in the form

u(x,0,k) = e*0x) 4y (x,0,k), (6.4.2)

where 6 is a given unit vector that belongs to the unit sphere S2 C R3, the first
term ui, (x, 60, k) = eik(0.x) represents the incident field, and the function u.(x, 8, k)
represents the scattered field.

The direct scattering problem consists in finding a solution u of (6.4.1) of the
form (6.4.2) satisfying the following condition at infinity:

e1kr

use(x,0,k) = A0, 0,k)

1
—}—0(;), r=|x|—>o00; 0 = il (6.4.3)

r |x

The function A(#’, 6, k) is called the scattering amplitude. Note that once we find
a solution u(x, 0, k) to the problem (6.4.1)—(6.4.3), the scattering amplitude can be
calculated using the formula

A0, 0, k) = lim re”  rye(x, 0, k). (6.4.4)

|x|—>o00, x/r=60"

It also worth pointing out that the above conditions imposed on the potential g(x),
namely, g(x) € L(B(0, 1)), ensure the existence and uniqueness of solution of the
direct scattering problem.

For the direct problem (6.4.1)-(6.4.3), we formulate several inverse scattering prob-
lems.

Inverse problem 1. Find ¢(x) assuming that A(6’, 6, k) is given for all §’,6 € S?
and for all k > 0.

Inverse problem 2 (for fixed energy). Find ¢(x) assuming that A(6’, 6, k) is given
forall 0,0 € S% and a fixed k > 0.

Inverse problem 3 (for fixed incident wave). Find ¢ (x) assuming that 4 (6, 6, k) is
given for all 6" € S2,allk > 0, and a fixed 6 € S2.

Inverse problem 4. Find g(x) assuming that 4 (—0, 6, k) is given for all § € §?
and for all k > 0.

Note that 4(6’, 0, k) is an analytic function of the variables #” and 6 in C3, and S2
is an analytic algebraic manifold in C3. Therefore, specifying the function A(6’, 6, k)
on any open subset of S? determines this function uniquely on the entire S2.

Proofs of the uniqueness theorems for the inverse problems 1-4 can be found, for
example, in (Ramm, 1992).

One-dimensional formulation. Consider the case where the potential g(x), x =

(x1.x2,x3) € R3, depends only on r = |x| = ,/xf + x% + x_%. Then we can

apply the method of separation of variables can be applied to equation (6.4.1) putting
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u(xy, xz,x3) = ‘p(r) YL(B.y), I = 0,1,2,..., where x; = rsinfcosy, xo =

rsinBsiny, x3 = rcosf, and Ynl1 (B, y) are spherical harmonics. Then for every

[ =0,1,2,... we have a differential equation for ¢(r):
1 [ +1/2)?
$rr+ - ¢r = (r% 9 —q(r)e + k%o =0. (6.4.5)

We will assume that the potential ¢ (r) satisfies the condition

/00 rlg(r)|dr < oo. (6.4.6)
0

Then, for a normalized solution to equation (6.4.5) that is regular at zero, the following
asymptotic formula holds as r — oo with fixed / and k:

ﬁgo(r,k,l n %) - A(k,l n %) sin [kr . ”7[ n a(k,z + %)] Fo(l). (647

As before, the function 4A(k,l + 1/2) represents the scattering amplitude, while
8(k,l + 1/2) is called the scattering phase or the phase shift.

In this case, by the inverse problem of the quantum scattering theory we mean the
problem of determining the potential function ¢ (r) from the given values of the phase
shift §(k, ! + 1/2) for some values of k and /.

The two most thoroughly studied formulations of the inverse quantum scattering
problem are: a) the case where the phase shift is specified for a fixed value [ = [y
and all k2 > 0; b) the case where the phase shift is given for a fixed value of energy
E =Ey=k%andalll =0,1,2,....The first problem is called the inverse problem
of the quantum scattering theory with fixed angular momentum. The second problem
is called the inverse problem of the quantum scattering theory with fixed energy.

We will focus briefly on the first formulation where /p = 0 and so the equa-
tion (6.4.5) has the form

1 I
et - 0r = 5949 + ke =0. (6.4.8)

For the function ¥ = \/r¢, equation (6.4.8) assumes the simplified form

Vrr —q(r)¥ + k2y = 0. (6.4.9)

A typical boundary condition that arises in quantum mechanics is

v (0, k) = 0.

Thus, the inverse problem of the quantum scattering theory with the fixed angular
momentum /g = 0 is reduced to the inverse Sturm-Liouville problem on the half-axis
r e R+.
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The Sturm-Liouville problem on a half-axis. We now return to the previous no-
tation and consider the Sturm-Liouville problem

—y" +qx)y =Ly, xeRy, (6.4.10)
y(0) =0, (6.4.11)

where ¢(x) is assumed to be a real-valued measurable function satisfying the condi-
tion

/ x|g(x)| dx < oo. (6.4.12)
0

Let L denote the operator

y(x) = =y"(x) + q(x)y(x),

from L5 (0, 00) into L,(0,00). The domain of definition of this operator is the set
of all functions y(x) € W22 (0, 00) that satisfy the boundary condition (6.4.11), i.e.,
y(0) = 0. Note that the space WZZ(O, 00) is everywhere dense in L, (0, 00) (see
Definition A.1.23).

Since the operator L is self-adjoint, its spectrum lies on the real axis ImA = 0 of
the complex plane. Moreover, the condition (6.4.12) guarantees that the entire half-
axis A > 0 is contained in the continuous spectrum, and the number n of negative
eigenvalues is finite (Naimark, 1967):

[e.e]
nf/ xlg(x)| dx < oo.
0

The condition (6.4.12) also implies the existence of solutions e(x, k) to equa-
tion (6.4.10) with real k = +/A such that

e(x,k) = ¢** +0(1), x > +o0. (6.4.13)

In the scattering theory, e(x, k) is called the Jost solution. The function e(x, k) ad-
mits analytic continuation to the upper half-plane with respect to k so that e(x, k) €
L>(0,00) forImk > 0.

For real k # 0, the functions e(x, k) and e(x,—k) represent a pair of linearly
independent solutions to equation (6.4.10). These solutions are complex conjugates,
ie., e(x,—k) = e(x,k), and their Wronskian e’(x, k)e(x,—k) —e'(x, —k)e(x,k) is
independent of x and is equal to 2ik.

Substituting e(x, k) into the boundary condition (6.4.11), we obtain the function
j (k) = e(0, k), which is analytic in C := {k: Imk > 0}. This function is called
the Jost function (corresponding to the boundary condition (6.4.11)).




176 Chapter 6 Inverse spectral and scattering problems

Let ¢(x,k) (k = +/A) denote a solution to (6.4.10) that satisfies the boundary
condition (6.4.11) and the initial condition

¢'(0.k) = k. (6.4.14)
The function ¢(x, k) satisfies the following asymptotic formula:
o(x.k) = |j(k)|sin(kx + 8(k)) + o(1), x — oo. (6.4.15)

The function §(k) is called the scattering phase or the phase shift for the prob-
lem (6.4.10)—(6.4.12). The scattering phase §(k) and the Jost function j (k) are related
by the formula

Jk) = | (k)|e 0, (6.4.16)

Since j (k) = j(—k), from (6.4.16) it follows that the scattering phase §(k) is odd:
8(—k) =—-6(k), k>0.

The Jost function j (k) has the following properties (Levitan and Sargasyn, 1970):
1) j (k) does not vanish for real k # 0;
2) j(k)and d (k)/dk do not vanish together;

3) the number of zeros of f (k) in the upper half-plane is finite, and all of them are
simple and purely imaginary.

We introduce an S-function, also called the scattering function of the problem
(6.4.10)—(6.4.12):

S(k) := JER) _ it (6.4.17)

— ~

J (k)
Note that |S(k)| = 1 and S(k)S(—k) = 1 for k € R, and
Sy =1+ 0(1) for k — oo. (6.4.18)
k

The asymptotic formula (6.4.18) means that a natural normalization for the phase
is

8(c0) = 0. (6.4.19)

The negative eigenvalues of the problem (6.4.10)—(6.4.12) will be denoted by
—Al, A2, A, A = (ikj)z, kj > 0. The normalization constants m; can be
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defined as the numbers characterizing the asymptotic behavior of eigenfunctions v;
associated with the discrete spectrum of the operator L:

Yi(x) = e M* £ o(1), x - +oo,

o (6.4.20)
mj =/0 yi(x)dx.

We have
) de . de . -1
m; = —21kj[a(o, ik;) (0, 1kj)] .

The scattering data of the boundary value problem (6.4.10)—(6.4.12) is the set
s = {S(k); ki,ka,... kn; my,ma,...,mp}, where S(k) is the scattering func-
tion, —k]g (1 < j < n) are the negative eigenvalues of the operator L, and m; are
the normalization constants. It is usually assumed that k; > kp > --- > k, > 0.
By virtue of (6.4.17), the scattering datas can also be defined by the scattering phase:
s = {5(k);kl,kz,...,kn;ml,mz,...,mn}.

Set

n

— L —kjx L OO _ ikx
F(x) = Zm e T, /_00[1 S(k)le™™ dk. (6.4.21)

j=1"7

The integral equation

o0

Fx+y)+ K(x,y) + / Kx,t)F(t+y)dt =0, y=>x, (6.4.22)

is called the main integral equation of the inverse problem of the quantum scattering
theory. The following theorem is valid (Levitan, 1987).

Theorem 6.4.1. Assume that the function F(x) defined by (6.4.21) satisfies the con-
dition

o0
/ x|F'(x)| dx < oo, (6.4.23)
X

and §(k) satisfies (6.4.19). Then the main integral equation (6.4.22) has a unique
solution K(x,y) € L(x,00) for any x > 0, and the function

o0
Flx. k) = ek + [ K(x,t)e*t di (6.4.24)
X

satisfies the equation

—y" +qx)y =k?y, 0<x <oo0,
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where

d
q(x) =-2 I K(x,x).

Moreover,

o0
/ x|g(x)| dx < oc.
0

Exercise 6.4.1. Compare (6.4.24) and (6.4.13).

The main integral equation (6.4.22) can be used to derive a formula for the expan-
sion in terms of the eigenfunctions of the Sturm—Liouville problem (6.4.10)—(6.4.12).
Under the assumptions of Theorem 6.4.1, let K(x, y) be a solution to the main integral
equation (6.4.22). Put

o0
Yi(x) = e h¥ 4 / K(x,t)e %t di, (6.4.25)
X
o0

¥ (x, k) = sin(kx + 8(k)) + / K(x.t)sin(kt + 8(k)) dt. (6.4.26)

X

The functions (6.4.25) and (6.4.26) are solutions to the equation
—y" 4+ q(x)y =4y, 0<x < oo,

where ¢(x) = -2 j—x K(x,x), A = k2.
An arbitrary finite smooth function f(x) can be expanded with respect to the eigen-
functions (6.4.25) and (6.4.26) as follows:

n 1 0o
£x) = ; 0 - /O FOW ) dy

+2 [Tvwn] [T rowop ]

It should be noted that fundamental results on the inverse scattering problem for the
problem (6.4.10), (6.4.11) are presented in (Agranovich and Marchenko, 1963). The
problem (6.4.10)—(6.4.12) can be formulated in a more general form if the boundary
condition y(0) = 0 is replaced by y(0)cosa + y'(0)sine = 0, « € R. Such
a formulation of the problem is discussed in (Levitan, 1987). Results analogous to
those presented above (for sin @ = 0) were also obtained for the general case sin o #
0. Several different approaches to the inverse scattering problems as well as their
relationship with the inverse Sturm—Liouville problem were discussed in the survey
paper by Faddeev (1959), which also contains an extensive bibliography.
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The spectral distribution function of the Sturm-Liouville operator. Consider
the Sturm-Liouville problem on a half-axis:

=" +q(x)y =4y, 0=x<oo, (6.4.27)
with the boundary condition
y(0)cosa + y'(0) sina = 0, (6.4.28)

where ¢(x) is a real-valued continuous function, A is a spectral parameter, and « is
a real number. Clearly, if sinae = 0, we arrive at the problem (6.4.10), (6.4.11).
As was mentioned before, the problem (6.4.27), (6.4.28) determines a self-adjoint
operator Ly in L3(0, 00).

Let ¢q(x, A) denote a solution to equation (6.4.27) that satisfies the initial condi-
tions

@a(0,1) =sina, ¢, (0,1) = —cosa.

It is obvious that ¢4 (0, A) satisfies the boundary condition (6.4.28).
One of the main theorems in the spectral analysis of the problem (6.4.27), (6.4.28)
is Weyl’s theorem formulated below (Levitan and Sargasyn, 1970).

Theorem 6.4.2. There is at least one nondecreasing function p(1), A € R, such that
Sfor any real-valued function f(x) € L,(0,00) there exists a limit

Fal) = tm /0 F()palx. ) dix

n—oo

in the norm of the space L ,(—00, 00), and Parseval’s identity holds:

/ - f2(x)dx = / - FZ2(A)dp(A). (6.4.29)
0 —00

The function p(A) is called the spectral function of the problem (6.4.27), (6.4.28).
Note that if g(x) € L,(0, 00) is another function such that

n
Go(h) = lim / (¥ (x. 1) dx,
® Jo
n—oo

then, after applying (6.4.29) to the functions f(x) + g(x) and f(x) — g(x) and sub-
tracting one result from the other, we obtain

/0 f(x)g(x)dx = / Fy(M)Ga(A) dp(R). (6.4.30)

—00

Equality (6.4.30) is called the generalized Parseval’s identity.



180 Chapter 6 Inverse spectral and scattering problems

From (6.4.30) it follows that if the integral

/ For () pur(x. 1) dp(2)

—0o0

converges uniformly on any finite interval and f(x) is a continuous function, then

£ = / Fo (). 1) dp(2). (6.4.31)

—00

Thus, the integral transformation

Fo(A) = /000 F()@pg(x, A)dx (6.4.32)

generated by @y (x, A) is an isometric mapping from L5 (0, co) onto the weight space
L5 ,(—00, 00) of all p-measurable functions Fy (A) such that

o0
[ 1E)P dp) < .
—0o0

The image of the operator L, under the transformation (6.4.32) is multiplication
by A, while the transformation inverse to (6.4.32) is given by (6.4.31). The set of
points of increase for the spectral function p(A) coincides with the spectrum of the
operator Ly. The spectral function p(A) for an operator with continuous spectrum is
continuous. If the spectrum of the operator L is discrete, then the spectral function
is piecewise-constant. The behavior of the spectral function in the case of a discrete
spectrum is described in Subsection 10.1.4.

The classical inverse spectral Sturm—Liouville problem consists in the reconstruc-
tion of an operator L (i.e., finding g (x) and «) from a given spectral function p(A).
Several effective methods for solving this problem were developed by V. A. Mar-
chenko, M. G. Krein, I. M. Gelfand, and B. M. Levitan.

6.5 Inverse scattering problems in the time domain

Unlike the problems for the Schrodinger equation (6.4.1) considered above, inverse
scattering problems in the time domain have more intuitive interpretation. Suppose
that the segment (0, xg) of an infinite string whose transverse oscillations are de-
scribed by the equation

U = Uxy —q(X)u, x €R,

is unknown.
Assume that the string is uniform for x < 0 and x > xo, i.e., ¢(x) = 0. In inverse
scattering problems, it is required to determine the function ¢(x) by measuring the
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response of the string to the waves at some of its points. The waves on the string may
be induced both outside and within the segment under study. In the latter case, the
form of the wave may also be unknown.

A large number of practical problems are reduced to similar problems. For exam-
ple, consider the inverse problem of seismology following (Alekseev and Belonosov,
1998).

Assume that flat SH -waves are propagating in the elastic half-space z > 0 whose
mechanical properties depend only on depth z, and these waves are polarized along
some line parallel to the plane z = 0. Suppose that there is no normal stress at the
boundary z = 0 Under these conditions, the shift w of points of the medium depends
only on time ¢ and depth z and satisfies the equation

(hwz)z = pwyy, (6.5.1)

where p(z) is the density of the medium and p(z) is the shear modulus at depth z.
In what follows, we assume that p(z) and w(z) are positive and twice continuously
differentiable. They are also assumed to be constant for z > zo > 0, being equal to
given values pg > 0 and p¢ > 0, respectively.

The following direct problems consist in finding the medium oscillation w(z,t)
induced by a given wave povided the medium properties g(z) and u(z) are known.

Direct problem 1 (with internal sources). Assume that there are no external forces
on the surface z = 0, i.e.,

0, (6.5.2)

wz|z=0 =

and oscillations are induced by a wave ¢ (¢ co +z) that moves from the domain z > zg
with the speed co = /to/po- Let ¢1(z) = 0 for z < zg and

w’tso = @1(tco + 2). (6.5.3)

The equalities (6.5.1)—(6.5.3) will be called the problem with internal sources.

Direct problem 2 (with external sources). If the sources of oscillations are outside
the half-space R4, then the boundary condition (6.5.2) must be replaced with the
condition

2pwz|,_o = ¢2(2), (6.5.4)

where ¢, (t) vanishes for + < 0. It is assumed that no oscillations occur before the
action of (6.5.4):
wl, o =0. (6.5.5)

The equations (6.5.1), (6.5.4), (6.5.5) will be called the problem with external sources.



182 Chapter 6 Inverse spectral and scattering problems

The oscillations described by equation (6.5.1) propagate at depth z with the speed
c(z) = /u(z)/p(z). Equation (6.5.1) and the analysis thereof are substantially sim-
plified if we substitute a new independent variable x(z) for z, where x(z) is equal to
the travel time of the wave from depth z to the boundary of the half-space z = 0:

z dy
x(z) :=/ —
o ¢(y)
The quantity

0(x) = Vu(z(x)pz(x) = p(z(x)) c(z(x)) (6.5.6)

is called the acoustic impedance.
We now introduce new functions

u(x,1) = Vo) wzx),1), qx) = (nyo(x)" +[Inyo(x))T%

g1(x) = Joop1(co(x — x0) + 20). g2(t) = ﬁﬂﬂz(l),
where xo = x(2¢), 00 = /IopPo.- Set

_ (0

"~ 20(0)°

Under the assumptions on the properties of the functions p and u, the coeffi-
cient ¢(x) is continuous on Ry and it vanishes for x > xo. The support of g;(x)
is contained in [xq, 00).

In the new notation, problem 1 becomes as follows

Urp = Uxxy —q(X)u, x>0,1t€eR, (6.5.7)
(ux —hu)| ._, =0. ﬂ&0:@0+m, (6.5.8)

whereas in problem 2 the conditions (6.5.8) are replaced by the boundary and initial
conditions

(ux —hu)|x=0 = g5(1), u\tso =0. (6.5.9)

In inverse problems of geophysics, it is required to determine the acoustic impedance o
(which becomes the function g(x) after transformation), from the measurements of
the wave u(x, t) at a fixed point & ¢ (0, xo).

Inverse problem 1.1. Assume that the following additional information about solu-
tions to the direct problem 1 is given:

u(0,1) = fi1(t), t>0. (6.5.10)



Section 6.5 Inverse scattering problems in the time domain 183

Given the functions g (x) and f11(2), it is required to determine the function g (x)
and the constant & from (6.5.7), (6.5.8), and (6.5.10).

Inverse problem 1.2. Assume that the following additional information about solu-
tions to the direct problem 1 is given:

u,t) = fio(t), &> xo, & =const, t > 0. (6.5.11)

Given the functions g1(x) and f12(?), it is required to determine ¢(x) and / from
(6.5.7), (6.5.8), and (6.5.11).

Inverse problem 2.1. Assume that the following additional information about solu-
tions to the direct problem 2 is given:

u(0,1) = fo1(¢), t>0. (6.5.12)

Given g»(¢) and f>1(¢), it is required to determine ¢ (x) and / from (6.5.7), (6.5.9),
and (6.5.12).

Inverse problem 2.2. Assume that the following additional information about solu-
tions to the direct problem 2 is given:

u(€,t) = fao(t), & =const, £ > xp, t > 0. (6.5.13)

Given g»(¢) and f25(¢), it is required to determine ¢ (x) and / from (6.5.7), (6.5.9),
and (6.5.13).

Aside from geophysics, the inverse problem formulated above are studied in scat-
tering theory, tomography, nondestructive testing, and many other fields. For example,
the positioning problem 1.2 is equivalent to the classical inverse problem of scatter-
ing theory. Problems 1.1 and 2.2 can be interpreted as scanning problems, while
problems 1.2 and 2.1 can be interpreted as positioning problems. All four inverse
problems are equivalent in the sense that they can be reduced to each other by means
of explicit formulas and the Fourier transform. Therefore, any result obtained in the
study of any one of these problems would apply to the others.

The Sturm-Liouville problem on a half-axis in the case of finite potential. Con-
sider the spectral problem
~U" +q(x)U =k?*U, x>0, (6.5.14)
(U —hU)|,_,=0 (6.5.15)

obtained from equation (6.5.7) and the first condition in (6.5.8) using the formal
Fourier transform

U(x, k) = —ikty(x, 1) dr.

1 o0
— e
N2 /—oo
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Note that the boundary condition (6.5.15) ccincides with (6.4.28) for sina # 0. Re-
call that the potential ¢(x) is continuous on R and is finite: ¢(x) = 0 for x > xg.
We denote by Lj, the operator

y(x) = =y"(x) + q(x)y(x),

acting in the space L2 (0, 00) and defined for all functions y(x) € W2(0, 00) such
that y’(0) — hy(0) = 0.

We now examine the spectrum of Lj. Put A = k2. Since L, is self-adjoint, its
spectrum lies on the real axis ImA = 0 of the complex plane. Since ¢(x) is finite, the
entire half-axis A > 0 belongs to the continuous spectrum, while the half-axis A < 0
can contain only eigenvalues. In this case, the operator Ly has no eigenvalues A < 0.
Indeed, if we assume the converse and return to the original physical variables—
density p, shear modulus u, depth z, and shift w—then we would find eigenvalues
A < 0 of the spectral problem

—(pwz); = Apw, z>0; wz| 0,

z=0 —

which is a contradiction.
Note that in this case the inversion formula (6.4.31) becomes

£ = fo F(p(x. 1) dp(d).

where p(A) is the spectral distribution function for the operator Ly, f(x) € L2 (0, 00),
F(A) € Ly p(—00,00), and ¢(x, 1) is a solution to the Cauchy problem

=" (x, 1) + q()p(x, 1) = 2p(x, 1), @(0,1) =1, ¢'(0,A) =h, x > 0.

We now establish the connection between the spectral function of the operator Ly,
and the Jost function j (k) of the problem (6.5.14), (6.5.15).

Since g(x) = 0 for x > xp, equation (6.5.14) has a Jost solution e(x, k) that
coincides with e'** for x > x¢. This function is holomorphic with respect to the
variable k in the entire complex plane and, together with its derivatives ex = eM
and ey, = e@ with respect to x, it can be represented in the form

e (x,k) = *¥[(ik)" + Ym(x. k)], m=0,1,2, (6.5.16)
Here vy, (x, k) = 0 for x > x¢ and
[Ym (x. k)| < Cu([k| + 1) e ImkI=Imb)

for x € (0, xg), where C,;, and « are positive constants.

Substituting e (x, k) into the boundary condition (6.5.15), we obtain the entire func-
tion j(k) = ¢’(0,k) — he(0, k), which is the Jost function of the problem (6.5.15),
(6.5.16).
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Lemma 6.5.1. The Jost function j(k) of the problem (6.5.15), (6.5.16) does not van-
ish for Imk > 0, k #£ 0, but has zero of the first order at k = 0.

The proof is given in (Alekseev and Belonosov, 1998).

The most important role of the Jost function in inverse problems consists in the fact
that, on one hand, there is a one-to-one correspondence between it and the spectral
distribution function of the operator Lj, while, on the other hand, it is related to the
data of the inverse scattering problems 1.1, 1.2, 2.1, 2.2.

The following theorem reveals the relationship between the spectral function p(A4)
and the Jost function j(+/A).

Theorem 6.5.1. The spectral function p(A) of the operator Ly vanishes for A < 0
and satisfies the equation

VA

,A. —
= VP

for A > 0.

This formula was first obtained for Sturm-Liouville operators with the Dirichlet
boundary condition (Faddeev, 1959; Levitan, 1987; Chadan and Sabatier, 1989). The
case of the boundary condition y'(0, 1) — hy(0, 1) = 0 was discussed in (Alekseev,
1962). The complete proof of the theorem is given in (Alekseev and Belonosov, 1998).

As before, let e(x,k) be the Jost solution to equation (6.5.14), and j(k) =
e’(0,k) — he(0,k) be the Jost function. If g1(x) in the direct problem 1 belongs
to the space W22 (R) and g1 (x) = 0 outside of [xg, 00), then it can be proved that this
problem has a solution u(x, t) such that for any k # 0, Imk < 0, its Fourier image
U(x, k) can be represented in the form

U _ _Jk)
(x, k) = Gl(k)[e(x,k) ,—e(x,—k)], (6.5.17)
J(=k)
where G (k) is the Fourier image of the function g;. A similar statement holds for
the direct problem 2 in the case where g>(7) € W,!(R) and g2(1) = 0 for¢ < 0. If we
denote by V(x, k) the Fourier image of the derivative u; of a solution to the problem,
then

ik
Jj(=k)
where G5 (k) is the Fourier image of g5, k # 0, and Imk < 0.

Formulas (6.5.16) and (6.5.18) make it possible to associate the Fourier images
Fij(k) of the data f;;, i,j = 1,2, of the inverse problems with the Fourier im-
ages G (k) of the sources g;, i = 1,2, using the Jost function:

U(0,k) = F11(k) = Pr1(k)G1(k), U k) = Fia(k) = P12(§,k)G1(k),
V(0,k) = Fa1(k) = P21 (k)Ga(k), V(§ k) = Faa(k) = P2(§,k)Ga(k).

Vix,k) = Gz(k)[ ]e(x, k), (6.5.18)
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In the above relations, £ > xg is the observation point in the inverse problems 1.2
and 2.2,

_ 2k _ ikt _ ) ke
Pll(sﬁk) - ](—k)’ PlZ(gsk) =€ j(—k) € )
Pr1(§.k) = h e(0,k), Pxn(. k)= —j(—k) e "o

The functions P;; (£, k) are called transition functions.

Theorem 6.5.2. On the real axis, the Jost function can be expressed in terms of any
of the transition functions, and vice versa.

The proof can be found in (Alekseev and Belonosov, 1998).

Note that the transition functions represent none other than the response of the
medium to the impulse function g; (t) = 6(¢), j = 1,2.

Thus, the inverse problems 1.1, 1.2, 2.1, and 2.2 are equivalent in the following
sense: any of the four transition functions determines the Jost function and, conse-
quently, the other three transition functions.

In turn, by Theorem 6.5.1, the Jost function determines the spectral function p(1).
Given p(1), one can reconstruct the coefficients ¢(x) and % of the original equations
(6.5.7)—(6.5.9) using well-known effective methods for solving the spectral Sturm—
Liouville problem.



Chapter 7
Linear problems for hyperbolic equations

In the beginning of this chapter, we deal with the Cauchy problem on a time-like
surface. In Sections 7.1 and 7.2, we analyze the problem of the reconstruction of a
function from its spherical means and establish the relationship between this problem
and the ill-posed Cauchy problem (Courant and Hilbert, 1951; Romanov, 1973). Sec-
tion 7.3 provides an example of a numerical method for solving the inverse problem
of thermoacoustics. Section 7.4 is devoted to the linearized inverse problem for the
wave equation.

7.1 Reconstruction of a function from its spherical means

Consider the problem of reconstruction of a function g(z, y1, y2) from the mean val-
ues of this function on spheres of arbitrary finite radius r with centers in the plane
z = 0. A point in the three-dimensional space will be denoted by (z, ¥), y = (y1, y2),
and the function ¢(z, y1, y2) by g(z, ¥). Let (§,71) (n = (1, n2)) be a variable point
on a sphere of radius r centered at (0, y). In this notation, the problem of determin-
ing the function ¢(z, y) from its spherical means can be formulated as a problem of
solving the integral equation

1
4—// qE.y +ndw = f(y.r) (7.1.1)
TS g2y in=r2

with a given function f(y,r) (r > 0). In this equation, dw denotes an element of the
solid angle with vertex at (0, y). Any odd function ¢g(z, y) with respect to z satisfies
equation (7.1.1) for f(y,r) = 0, and therefore we will assume that ¢(z, y) is an even
function with respect to z and continuously differentiable with respect to y; and y,.

We will use the Courant method (Courant and Hilbert, 1951). Consider the result
of applying the operation

9 R
B,-f::—/ rzf(y,r)dr, i=1,2,
dyi Jo

to equation (7.1.1).
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Using the Gauss—Ostrogradsky formula, we obtain

- %a%/ [t st
T 8yl //[52+|n|2<qu(§ v mdsdn
=Z;ﬁ%”w%m%ﬂiy+mdﬂm
_ % //§2+n|2=R2 g(&. y + 1) cos(n, ;) dS

1
=1 R[/ q(&.y +mni do.
T MemP=R?

In these calculations, dS denotes the surface area element of the sphere £2 + || =
R? equal to R? dw, while cos(n, n;) denotes the cosine of the angle between the
normal n to the sphere and the axis 7;, and the following equality is used:

cmmm»=%.

We now consider the operator
Lif =[x Bif +3if0.R)],_

When applied to equation (7.1.1), it yields
1 .
Lif =+ q&.y + i +n)de, i=12, (7.1.2)
4 Mgz iinp=r2

i.e., the action of L; on f is equivalent to calculating the spherical mean of the func-
tion g(z, y)y;, which is the first moment of ¢(z, y) with respect to the ith coordinate.
Therefore, applying the operator L; to L; f, we have

1 . .
LiLif = —// q& y+n0i+n)(y; +n)do, i, j=1.2.
4 Mgz ipme=r2

We now consider a fixed sphere of radius » centered at (0, y). Having determined
the operators L; (i = 1,2) from the given function f(y, r), we find the first moments
for the function ¢(z, y) on this sphere. Then the second application of the operators L;
(i = 1,2) will give us all second moments on this sphere with respect to y; and y»,
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and so on. Thus we can calculate the moments of any order with respect to y; and y.
For example, the spherical mean of the function ¢(z, y) ylfl y;‘z is given by

ki k 1
LY'Ly? f = —// qEy + 01+ 1) (2 + n2)*? do,
4 Mgz gimp=r2

kika =0,1,2,.... (7.1.3)

At the same time, the function g (&, y + n) on our sphere is clearly a function of two
variables because £ = #/r2 — |n|? on the sphere. Since ¢ (£, y + 1) is odd with
respect to &, the relation (7.1.3) can be written in the form

dn

Vr2 =l
2 s 12 k1 ko dé-
= //{ I

where ¢ = ({1, {2) denotes the variable y + 1. The preceding formula shows that for
the function of two variables (with fixed (y, 7)!)

q(yr? =1 —y[2,0)

we know all power moments over the interior of a disk of fixed radius:

k k
thiky - —/f 2y mOn + ) 0 + 1)
2mr 17\<r

$(81,82) =

1
Lk = —// pOR 2 ae, ki kp=012,.... (114
271 Mye—yi<r

It is clear that the function ¢ (¢) is uniquely determined by these moments. To find its
an approximate solution, from the system of functions ¢ ]1” Zjlzcz (k1,ko =0,1,2,...)
we construct a complete system of polynomials Py, ({) = P, ({1, {2) orthogonal inside
the disk |¢ — y| < r using the orthogonalization method. Then the Fourier coefficients
sy for the function ¢ (&) are calculated as follows:

Sy = //M_ysrgﬁ(;)})n(g)d; = 2nrPy(L1, L2) f,

which yields the function ¢ (¢) in the form of a Fourier series. Note that the singularity
of ¢ (&) on the boundary of the disk is integrable.

We have shown the way to construct the function ¢(z, y) on any fixed sphere by
calculating certain operators for the function f(y,r). Itis clear from the construction
that in order to uniquely determine the function ¢(z, y) everywhere (in the class in-
dicated above), it is sufficient that the function f(y,r) be given inside an arbitrarily
thin cylinder

ly —yol <&, 0<r<oo,
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whose axis passes through a fixed point yo (where ¢ is a positive number that is as
small as desired). Assume that this cylinder has finite hight: 0 < r < rg (ro > 0).
Then the procedure described above can be used to determine the function ¢(z, y)
on any sphere whose center lies inside the disk |y — yo| < &, z = 0, and whose
radius r is between 0 and ro. Consequently, the function ¢(z, y) is determined inside
a certain three-dimensional domain D. Given ¢(z, y) inside D, we can calculate its
spherical means over any sphere whose center lies in the plane z = 0 that lies within
the domain D. To this end, it is sufficient that the radius r and the center (0, y) of the
sphere satisfy the conditions

r+1y—yol =ro+e if|y—yo|l =e.
|y = yol | |y — ol 7.15)
r <ro, if |y — yo| <e.

Consequently, the function f(y, 7) can be determined in the domain defined by (7.1.5).

We have established that the values of the function f(y, r) inside the cylinder |y —
vo| < & 0 < r < ro determine f(y,r) inside the circular truncated cone such
that its base is the top of the cylinder and the angle between its generatrices and the
plane r = 0 is 45°. This means that the function f(y,r) cannot be specified in
an arbitrary way. Moreover, f(y,r) that can be represented in the form (7.1.1) has a
property of analytic type: it is uniquely determined by its values in an arbitrarily small
cylinder |y — yo| < &, 0 < r < oo. At the same time, it is obvious that nonanalytic
functions ¢(z, y) correspond to nonanalytic functions f(y, r).

7.2 The Cauchy problem for a hyperbolic equation with
data on a time-like surface

We will show that the problem of solving equation (7.1.1) is ill-posed. Consider the
function

t
v(z,y,t) = —// qz+ &y +n)dw, (7.2.1)
4 Mgy igp=e

which is a spherical mean over the sphere of radius ¢ centered at (z, y) up to a multi-
plier for . The function ¢(z, y) is assumed to be twice continuously differentiable. It
is easy to verify that in the half-space ¢ > 0 the function v(z, y, t) satisfies the wave
equation

Vzz + Uy y; + Vyoyy = Utz (7.2.2)
The function v(z, y, t) vanishes on the boundary of the half-space ¢ > 0:

v(z,y,0) =0. (7.2.3)
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In addition,

v(z, y,t)’zzo =tf(y,t). (7.2.4)

Since ¢g(z, y) is odd with respect to z, we have

9
vz, z))zzo —0. (72.5)

The mixed problem (7.2.2), (7.2.3), (7.2.5) is obviously equivalent to the Cauchy
problem with data with respect to the spatial variable z if we take the odd extension
of f(y,t) with respect to ¢ and consider the problem in the entire space z, y,t. We
will show that the problem (7.2.2)—(7.2.5) is equivalent to equation (7.1.1). To this
end, it suffices to show that (7.1.1) follows from the equalities (7.2.2)—(7.2.5) where
v(z,y,t) and ¢(z, y) are related by formula (7.2.1). Note that, given v(z, y,t), the
function ¢(z, y) can be determined from the formula

o1 0
q(z.y) = tlgr(l);v(z,y,t) = E”(Z’y’t) o (7.2.6)

which follows from (7.2.4).

Now let v(z, y,t) be a solution to the problem (7.2.2)—(7.2.5). We denote by
q(z,y) the limit of the derivative of v(z, y,t) with respect to ¢ as ¢ — 0. Then
v(z, y,t) satisfies equation (7.2.2) and the conditions (7.2.3), (7.2.6), i.e., it is a solu-
tion to the Cauchy problem with data with respect to 7. As is known, the solution to
this problem is given by the Kirchhoff formula, which coincides with formula (7.2.1).
Then condition (7.2.5) leads to the equality

// qe(€,y +n)dw =0,
E2-+4|n2=12

which implies that the even part of ¢, (z, y) is equal to zero, i.e., ¢(z,y) = q(—z,y)
because of the uniqueness of solutions to the problem of integral geometry. At the
same time, condition (7.2.4) leads to equation (7.1.1), whose solutions should be
sought in the class of even functions. We have thus established the equivalence of
the problem of integral geometry and the problem (7.2.2)—(7.2.5). In particular, this
implies the uniqueness of solutions to the problem (7.2.2)—(7.2.5).

We now show that this problem is unstable. Consider a solution to the problem
(7.2.2)—(7.2.5) for

sinnt

1
St =— sinnyp sinny,.
n

For sufficiently large n and s, the function f(y,t) is small together with any finite
number of its derivatives. In this case, it can be directly verified that a solution to the
problem (7.2.2)—(7.2.5) is given by the formula

1
v(z,y,t) = P sinnt sinnyj sinny, coshnz. (7.2.7)
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For any fixed z, the solution tends to infinity as n — oo. The function ¢(z, y), which
is a solution to the problem (7.2.1), has the same property:

q(z,y) = sinnyj sinny; coshnz.
ns—1

Hence, the problem is unstable and therefore classically ill-posed. From the unique-
ness of solutions to the problem (7.1.1), it follows that it is conditionally ill-posed.
Indeed, consider the set M of even functions ¢(z, y) with respect to z that is compact
in the space C (for example, a bounded set of functions with first derivatives bounded
by a given constant). Then, if the problem (7.1.1) has a solution ¢(z, y) € M, it will
be stable by Theorem 2.2.1.

7.3 The inverse thermoacoustic problem

Physical formulation. Consider a domain Q@ C R? of an elastic medium. Assume
that the domain 2 is subjected to electromagnetic radiation starting from the instant
t = 0 with intensity /(¢), and the radiation is partially absorbed by the medium (Ka-
banikhin et al., 2005). The absorbed energy is transformed into heat, which leads to
the increase in the temperature of the medium, then to its expansion, and, ultimately,
to acoustic pressure waves. Propagating through the medium, the acoustic pressure
waves reach the boundary I' of the domain, where they can be measured on a part I'y
of the boundary. It is required to determine the coefficient of absorption of elec-
tromagnetic radiation in the domain 2 from the acoustic pressure measured on the
part I'; of the boundary.

Using the model of non-viscous fluid and neglecting diffuse heat flows, the process
of propagation of waves of the acoustic pressure u can be described by the equation

2
iza—z—Au:a(Z,y)ﬁa—], (z,y) e Q, tekR, (7.3.1)
c? 0t cp Ot

where ¢ = 1/,/px is the speed of propagation of acoustic waves (p is density; x is
compressibility); a(z, y) is the coefficient of absorption of the electromagnetic radi-
ation; f is the thermal expansion coefficient; ¢, is specific heat capacity at constant
pressure.

The condition that there are no acoustic pressure waves before the beginning of
irradiation is taken as an initial condition:

ul,_o =0. (7.3.2)

As arule, in thermoacoustic problems the duration of the electromagnetic radiation
is very short, which makes it possible to (approximately) specify /(¢) in the form of
Dirac’s delta

1(t) = LoS(1). (7.3.3)
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Taking (7.3.3) into account, integrating twice with respect to ¢ from —e to +& and
passing to the limit as ¢ — +0, we arrive at the problem

1 92
> _at;’ — Au =0, (7.3.4)
_ p _
Ul = a(z,y) o Iy, u; 1=0 = 0. (7.3.5)
4

Formulation of the direct and inverse problems. Consider the case where
Q={(z,y): z€(0,a), y e (=b,b)}), 0<a<b,
' ={(zy):z=0,yel[-b,Db]}.
Assume that @(z, y) is sufficiently smooth and finite:
suppa(z,y) C (0,a) X (=b +a,b —a). (7.3.6)

Setc =1,4(z.y) = a(z, y)Blo/cp, 1 ={(z.y) | z € (—a.a), y € (=b.b)} and
consider the direct problem

Ugg = Uzz +Uyy, (z,y)€Il, te€(0,a), (7.3.7)

u(z,y,0)=gq(z,y), (z,y)ell, (7.3.8)

ui(z,y,0) =0, (z,y)ell, (7.3.9)

ulyp =0, 1€(0,a). (7.3.10)

The inverse problem is formulated as follows: find ¢(z,y) = u(z,y,0) from
(7.3.7), (7.3.9), (7.3.10), and the additional information

u(,y,t) = f(y,t), (y,t) € (=b,b) x(0,a). (7.3.11)

Exercise 7.3.1. Write the objective functional for the problem (7.3.7)—(7.3.11) and
determine its gradient.

7.4 Linearized multidimensional inverse problem for the
wave equation

In this section we consider the problem of determining the speed of wave propagation
in the half-space (z, y) € Ry x R” in the case where the speed can be represented
in the form ¢?(z,y) = ¢3(z) + c1(z.y), c1 < ¢&, and ¢1 is nonzero only in a fi-
nite domain of the half-space (Kabanikhin and Shishlenin, 2002). We will study the
linearized version of the inverse problem (Lavrentiev and Romanov, 1966; Romanov,
1969b). For this version, we will prove the uniqueness theorem, obtain a conditional
stability estimate, and construct a regularizing sequence converging to the exact solu-
tion of the linearized inverse problem.
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Problem formulation. Assume that the speed of wave propagation in the half-space
(z,y) e Ry xR", y = (y1,...,yn), has the structure

cz(z, y) = cg(z) +c1(z,y). (7.4.1)

In addition, assume that the functions ¢ and c; satisfy condition Ag:
1) co € C2(R4), ¢{(+0) =0;

2) there are constants My, M,, M3 € R such that forall z € R4
0 <M =coz) =Mz, lcollc2wry) < Ms; (7.4.2)
3) the function ¢ (z, y) is nonzero only in the domain (z, y) € (0, h) x K (D),
K(D1) ={y eR" :|y;| < D1, j = 1.n},

where /1, D1 € Ry are fixed numbers;

4) c1(z,y) € C%((0,h) x K(Dy)),
o = |leillc2qomyxx @) K M. (7.4.3)

The medium is assumed to be at rest before t = 0:

ul,_o=0. (z.y) €Ry xR", (7.4.4)
and a wave of the form

ou

—’ =r(»3@), yeR", (7.4.5)

0z lz=0

arrives at the boundary z = 0 of the half-space R4 x R” at the instant ¢ = 0 and
generates the following wave process in R x R”:

82

87124 =c%(z,y)Azyu, (z,y) e Ry xR", t e Ry. (7.4.6)
Assume that the trace of a solution to the direct problem (7.4.4)—(7.4.6) at the bound-
ary z = 0 is given:

ul,_o = f(r.1)., yeR", teRy. (7.4.7)

By the inverse problem we will mean the problem of determining c¢(z, y) from (7.4.4)-
(7.4.7) (under the conditions (7.4.1) and Ay).
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Linearization. Before linearizing the inverse problem (7.4.4)—(7.4.7), we will show
that it can be localized, i.e., it suffices to specify the additional information (7.4.7)
only on a bounded subset of the hyperplane z = 0 for a finite time interval. Such
localization can be done using the finiteness of the domain where a solution to the
hyperbolic equation depends on its coefficients and on the initial and boundary con-
ditions.

In view of the assumption (7.4.1) and condition Ag, the minimal time it can take
for a perturbation generated by the incident wave (7.4.5) to reach the depth £ for all
y € R™ and return to the surface z = 0is 7, = 2h/(M; — @).

Consequently, since the function c;(z, y) is finite (see condition Agp), the waves re-
flected from the inhomogeneity represented by ¢ (z, y) cannot reach the hyperplanes
lyjl = D, j = 1,n,in time T}, where D = D; + Tj,(Mz + ).

Suppose that the incident wave (7.4.5) is flat on an area of the surface z = 0 that
lies above the domain of an (n + 1)-dimensional inhomogeneity, i.e.,

r(y)|y€JC(ﬁ)) =r9, 1o = const, ro # 0. (7.4.8)

Then, as follows from the previous arguments, the inverse problem (7.4.4)—(7.4.7) can
be replaced with the following one:

2
?971; =c*(z,y)Azyu, (2.y) € (0,h) x K(D), t € (0, Tp); (7.4.9)
u
ul, <o =0, E)Fo = ro8(1); (7.4.10)
ul, _p=1ul,__ o €O 1€0.T. j=Tn: (7.4.11)
ul,_o = f(.1). yeKD). 10T, (7.4.12)

Using the assumption (7.4.3) that c; is small, we will linearize the inverse problem
(7.4.9)—(7.4.12). To this end, we represent a solution u(z, y, t) to the initial boundary
problem (7.4.9)—(7.4.11) in the form

u(z’y’[) =u0(z7t)+ul(zay5t)v

where u¢(z, t) is a solution to the initial boundary value problem

32u0 8214()
=3 = cg(z)az—z, z€(0,h), t €(0,Ty); (7.4.13)
uol, o = 0. o o = rod(1). (7.4.14)

Note that for z = 0 the solution to the problem (7.4.13), (7.4.14) is identically equal
to that of (7.4.4)—(7.4.6) in the case where

r(y) =rg, t€(0,Tp), y e R*"\ KXQ2D).
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Neglecting the term ¢y Az yu1 of the second infinitesimal order,we arrive at the fol-
lowing problem for u;(z, y,t):

82u1 82u0
2 c§(2) Az yut +c1(z,y). 572

(z.y) € (0,h) x K(D), t € (0, Tp);

(7.4.15)

8u1
utl, o =0. 7 loe = 0; (7.4.16)
“1|a.7<(:o) =0, z€(0,h), t €(0,Th). (7.4.17)

where d.K (D) is the boundary of the domain K (D).
For the additional information for determining co(z) we can take

uol,_o = f(3.1). 1€(0.Tp). (7.4.18)

where y € 0K (D) is a fixed point because under our assumptions f(y,?) is inde-
pendent of y in a neighborhood of the boundary of the domain K (D) for ¢ € (0, Ty).

The additional information on the solution to the problem (7.4.15)—(7.4.17) can be
written as

url,_og = g.1). y e K(D). 1€ (0.Ty), (7.4.19)

where g(y.7) = f(y.1) —uo(0.1).
Thus, solution of the inverse problem (7.4.4)—(7.4.7) for t € (0, Ty) can be subdi-
vided into localized stages:

1) solving the inverse problem (7.4.13), (7.4.14), (7.4.18) up to depth 4 and deter-
mining co(z);

2) solving the direct problem (7.4.13), (7.4.14) up to depth & and determining
U0zz;

3) solving the inverse problem (7.4.15)—(7.4.17), (7.4.19), i.e., the problem of de-

termining c¢1(z, y) from the given ug,, and g(y,t).

In what follows, it is assumed that the function co(z) is given and satisfies the first
two items of condition Ay.

The analysis of the one-dimensional direct problem (7.4.13), (7.4.14). To bring
the problem (7.4.13), (7.4.14) to a more convenient form for analysis, we introduce
the new variable

i

s 7.4.20
co®) (7:4.20

Y =v@). Y =/0
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and the new functions

S(x) = JeoW™1(x)/Veo(+0),  v(x,1) = uo(¥ ™ (x),1)/S(x),

a(x) = 8"(x)/S(x) = 2[S"(x)]*/ 52 (x).

(7.4.21)

By condition Ag, the function ¥ (z) has the inverse z = ¥ ~!(x) and therefore S, v,
and ¢ are well defined.

Remark 7.4.1. Consider the one-dimensional inverse acoustic problem
22 = V77 — P (2)vz/p(z), zE€R4, t € Ry
z=+40 = S(I)’ U(+O, t) = f(t)’

where p(z) is the density of the medium and c(z) is the speed of wave propagation
in the medium. It will be shown in Section 10.2 that it is impossible to find both
functions p(z) and c¢(z) at the same time, but it is possible to find c¢(z)p(z). After the
change of variables (7.4.20) the problem is reduced to the problem of determining the
acoustic impedance of the medium o (x) = c(¥ ~1(x))p(y¥ ~1(x)):

v|t<O=O’ vz|

Uyp = Uxx — 0 (X)0x/0(x), x€R4, te€R,; (7.4.22)
U, =0, Ux|i_yo=c(H081), #(+0,1) = f(t), (7.4.23)

where ©(x,t) = v(¥~1(x),t) is acoustic pressure. The inverse problem (7.4.22),
(7.4.23) consists in finding the functions v (x, ¢) and o (x) from the given function f(¢).

We now return to the problem (7.4.13), (7.4.14) and perform the change of variables
x = ¥ (z). If we use the even extensions of the functions (7.4.21) to R_ with respect
to x, the function v(x, t) becomes a solution to the problem
v 3%

8t—2 = W + a(x)v, X € (—l’ll,/’ll), IS (0, Th]); (7424)
v

v|t=0 =90 At li=o

where y = —ro/co(40) and iy = ¥ (h).
A solution to the problem (7.4.24), (7.4.25) can be represented as

= 2y8(x), (7.4.25)

v(x,t) =y0( — |x|) + p(x,1).

Substituting this representation into (7.4.24), we see that p(x,¢) is a solution to the
problem
?2p  0%p
— = 55 Talx)p+y0 —IxDa(x), x € (=hi,h1),t€(0,Tp): (7.4.26)
ot 0x
dp

o7 im0 = 0. (7.4.27)

p’t=0 =0,
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For p(x,t) we put
1 t x+t—1
Ayt [p(E,T)] = Axi[p] = 5/0 / pE,t)dédr.

xX—t+t

Then, using D’ Alembert’s formula for the representation of solutions to the Cauchy
problem (7.4.26), (7.4.27), we arrive at the Volterra integral equation of the second
kind for p(x,?):

p(x,t) =I(x,t) + Axtlap], x € (=h1,hy), t € (0,Tp,), (7.4.28)

where
I(x,t) = (y/2)Ax[a(§)0(z — |E])].

Taking into account that a(x) is even and using the properties of the Heaviside func-
tion, after obvious transformations we obtain the following useful equalities:

0 =x+4t—1
(1) = —/ a(§)0( — §) s T dr (7.4.29)

82
Wl(x,t) = g@(t)[S(t +x)+8( —x)]/0 a)de¢

+ 2o —1xpfa(“55) +a(55) —taw] 430

Lemma 7.4.1. Ifa € C(R), then the integral equation (7.4.28) has a unique solution
in C((=hy,h1) x (0, Ty, )) and for any xo € (=hy,hy) and ty € (0, Tp,)
1Pl cacomy < (v/2)ig Mae'oV M, (7.4.31)

where A(xq,t9) = {(§,1): T € (0,19), |xo0 — &| < to — t} and My is a constant that
depends only on My, M3, and M.

Proof. We will seek a solution to the integral equation (7.4.28) in the form of a series

plx.t) =Y pr(x.0). (x.1) € A(xo.lo). (7.4.32)
k=0

whose terms are defined by induction. For k = 0 we put po(x,?) = I(x,t). Suppose
that py (x, t) is defined. Then we set

Pi+1(x. 1) = Axlapr]l.  (x.1) € A(xo. o).

Let

Pi(t) = sup |px(x.0)], 1 €(0,1).
x€[xo—to+t,x0+t0—t]
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We will use induction to prove the estimate

Pi(t) < (y/ D13 Ma(v/Ma10)* ) (2K)1, 1 € (0.10). (7.4.33)

Indeed, for k = 0 the estimate (7.4.33) clearly holds. Let (7.4.33) hold for some
k > 0. We will prove that it also holds for k + 1.

Estimating | pr41(x, )|, we have
M to I—10
-4 / / Pu(r)dEdt

v 2 (VMa)*
40 M4/ TS T
Zz \/—410)2(k+1)

207 TRk + D)

IA

|Pk4+1(x, )] < Axllapkl]

IA

t € (0, 1p).

Since the right-hand side of this inequality is independent of x, we conclude that the
estimate (7.4.33) is true for all k, which implies the uniform convergence of the series
(7.4.32) with respect to (x,t) € A(xg, tp) and the inequality (7.4.31).

Setting

Sn(x, 1) = Y prlx,1),

k=0

we arrive at the obvious equality
Sn+1(x7t) = I(X,[)‘f’ef"x,t[asn]’ (‘xa[) € A(XO,ZO)

Passing to the limit as # — oo in this equality, we conclude that p(x,?) is a solution
to the integral equation (7.4.28) that is continuous in A(xg, ?g). m]

Lemma 7.4.2. Let a € C(R) and let C((—=hy,hy) x (O, Th,)) be the set of func-
tions p(x,t) continuous in (—hy, h1) x (0, Ty, ) everywhere except maybe for the line
t = |x|. Then the solution to the integral equation (7.4.28) has partial derivatives of
the first order with respect to t and x in the class C ((—h1,h1) x (0, Th,)) that satisfy
the inequalities

SUD [Py (. D) < YIMa[l + (y/2)* Mae'™Y M), 1 € (0. Ty,). m= 1,2,
(&,1)eA(x,t)
[€l#T

) ad
Ply(xt) = SE(rD). play(xt) = o (xa).

Proof. From Lemma 7.4.1 and the form of the function /(x,1?), it follows that the
right-hand side of (7.4.28) can be differentiated once with respect to x and ¢, for
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example:
ap d 1 [t E=x+t—1
Piety=L1(x.0)+ = / a®)p(e, z)] dr, teR.. (7434
0x dax 2 Jo E=x—t+1

The assertion of the lemma follows from (7.4.29), (7.4.31) and (7.4.34). O

The following lemma follows from Lemmas 7.4.1 and 7.4.2.

Lemma 7.4.3. If a € C(R), then the solution to equation (7.4.28) has a partial
derivative of the second order with respect to x in the class C((—=hy,h1) x (0, Tp,))
such that

0%p 02

W(x, t) = 2 I(x,t) —a(x)p(x,t)

1 t
+ 5/0 [a(x+t—r)p22)(x+t—1,t)
+alx—t+1)pp(x—t+r7,7)]dt

and
2

d°p
gz (60| = v,

sup
(&,1)eA(x,t)
|El#T

where the constant M5 depends on My, M, M3, and h.

Theorem 7.4.1. Let ¢ satisfy condition Ag. Then the problem (7.4.13), (7.4.14) has
a solution in the class C? (t > Y (z) > 0). that has the following structure:

uo(z.1) = SW @)yt =¥ (2)) + p(¥(2).1)). 1 €(0.Tp). z € (0. 7).
(7.4.35)

The existence of a solution to the direct problem (7.4.15)—-(7.4.17). We now turn
to the analysis of the direct problem (7.4.15)—(7.4.17). Set

w(x, y. 1) = ur (Y (x), y.1)/S(x),
q(x,y) =c1(y1(x). ). bx)=co(y ! (x))

(see (7.4.20), (7.4.21)). Using the even extension with respect to x, we arrive at the
initial boundary value problem for w

(7.4.36)

0%v
Lw =gq(x,y) X € (=hi,h1), yeXK(D), te(0,Ty): (1437

=0 oy (7.4.38)
Plimo =% Gl =7 o

w3500y = 0 (7.4.39)
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where
82 82
2 ax2
and the functions v(x,?) and a(x) are defined in (7.4.21). Substituting v(x,t) =

yO(t — |x|) + p(x,t) into (7.4.37) and applying D’ Alembert’s formula, it is easy to
calculate the limit of w(x, y,7) as |[x| >t —0:

lim w(x,y,t) =yq(t, v)/4. (7.4.41)

|x|—>t—0

—b*(X)Ay —a(x), h1 = y(h), (7.4.40)

Consequently, instead of the problem (7.4.37)—(7.4.39) we can consider the problem

82
Lw =q(x,y) E)x_z (x,1) € A(T), y € X(D); (7.4.42)
w y. 0,2 = vax, y)/4 (7.4.43)
w|3J((gD) =0, (7.4.44)

where T € (0,7}, /2); A(T) ={(x,t) : x € (=T, T),t € (|x],2T — |x])}.
Let Q(T) = {(x,y,1): (x,t) € A(T), y € K(D)}. Assume that there exists a
classical solution to the problem (7.4.42)—(7.4.44), i.e., the function

w(x,y.1) € CX(QUT) NC(QAT))

satisfying the equation (7.4.42) and the boundary conditions (7.4.43) and (7.4.44). We
multiply both sides of (7.4.42) by w; and integrate over the domain

Q(T, 1) = QT) N{(x,y.t")y: t' <t}

After standard transformations, the application of the Ostrogradsky formula yields the
identity

12 0+ | 220 + v

ow 9%v
= [OX7] ds+/ aw + dxdydr, 7.4.45
fs,( s+ [ Gelewrags)deds (7.4.45)

where |Vyw| = ,/Zl_l( )2 S; = a(Q(T))N{(x, y,t) : t' <t};nis the external
normal vector to S;;
ow Jw ow Ir/0w\2 ow\2
o= (-2 2 v (2 & 21y, w?
(=% ae 2" 5 Pwal () + (55) +710ul))
i < L ey 0 dydx,1eT)
S5 [xeoy w3y ) dydx, € [T.2T),
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Lemma 7.4.4. Assume that coy and cy satisfy condition Ay and the coefficients of the
operator L and the initial boundary conditions of the problem (7.4.42)—(7.4.44) are
constructed from co and ¢y using the formulas (7.4.21), (7.4.36). Then the classical
solution to the problem (7.4.42)—(7.4.44) is unique and

||w||1(t) =< M6||CI||W21([_T’T]><J(‘(:D))v re [0,2T], (7~4-46)
where the constant Mg depends only on M1, M3, M3, and h;
lwllF@) = [lwl*@) + |[Vayr wll?(). 1 €[0,27].

Proof. The identity (7.4.45) implies the inequality

|5 H O+ |22 0 + mznw,uiPe

e 22" ) + 1vyali ) (447)
[ w52 | + 1| 52| @] ).« eto2m,

where the constant M6 depends on My, M>, M3, and h. From (7.4.41) it follows that

2 t
w2 (x,y, 1) = %q2(x,y)—|—2/ w(x,y,r)aiw(x,y,r)dt.
T

[x]

Integrating this equality with respect to x and y within the domain
QT) N{(x.y. 1) [ 1" =1}

and applying Holder’s inequality, we obtain

) i ! ow
o) < % 10O +2 [ el |5 |0 (7.4.48)
8 0 a0t
Combining (7.4.47) with (7.4.48) and applying the inequalities

m%(m% + m%)

2 2.2 2 2 2

and Gronwall’s inequality, we arrive at (7.4.46). m|

To define a generalized solution to the problem (7.4.42)—(7.4.44) and prove that it
exists, we will use a version of the Fourier method: instead of the usual separation
of variables into spatial and time variables, we will seek a solution in the form of the
sum of functions of the type X (x,7)Y(y).



Section 7.4 Linearized multidimensional inverse problem for the wave equation 203

A function w(x, y, t) is said to belong to the class & (T, D) if w(x, y, t) is contin-
uous with respect to the variables (x,¢) € A(T) in the norm of L5, i.e., if for any pair
(x,t) € A(T) there holds

lim  Jw(x’, y.t") —w(x, .1 = 0.
@M%»uﬁ” (. ) —w, v, Dlly e o)

In the proof of the theorem on the existence of a generalized solution to the problem
(7.4.42)—(7.4.44) we will use modified versions of well-known statements.

Lemma 7.4.5. Let a sequence {um(x,y,t)}, um € P(T, D), converge to u(x, y,t)
uniformly with respect to (x,t) € A(T) in the norm of L. Thenu € P (T, D).

Lemma 7.4.6. Let a sequence of functions {um,(x,y,t)}, um € P (T, D), converge
in itself uniformly with respect to (x,t) € A(T) in the norm of L,. Then there exists
a function u € P (T, D) such that the sequence {u,(x,y,t)} converges to u(x, y,t)
uniformly with respect to (x,t) € A(T) in the norm of L.

Lemma 7.4.7. Let co(y 1 (x)) and c1 (Y~ (x), y) satisfy condition Ag. Assume that
there exists a sequence of functions {Gm(x,y)}, Gm € CY([~T,T] x K(D)), m =
1,2,..., such that

D) limgy 00 ||q - ém”Wzl ([-T.TIxK (D)) — 0;

2) foranym = 1,2,... there exists a classical solution Wy, (x, y,t) to the problem
(7.4.42)—~(7.4.44) for g = Gm(x, y).

Then there exists a function w € P (T, D) such that
lim [|w — Wl = 0. (7.4.49)
m—00

Proof. Applying the estimate (7.4.46) from Lemma 7.4.4 to the difference w,, — Wy
and using the Sobolev embedding theorems, we conclude that the sequence {Wy,}
converges uniformly in itself with respect to (x,¢) € A(T) in the norm of L.
Hence, by Lemma 7.4.6, there exists a function w € (T, D) such that the condi-
tion (7.4.49) holds. O

The function w(x, y, ) from Lemma 7.4.7 will be called a generalized solution to
the problem (7.4.42)—(7.4.44).

Using (7.4.47) and Lemma 7.4.5, one can show that the generalized solution
w(x, y,t) satisfies equation (7.4.42) in the generalized sense.

Theorem 7.4.2. Let co and cy satisfy condition Ag. Then there exists a unique gen-
eralized solution to the problem (7.4.42)—(7.4.44) for any T € (0,Tj, /2).
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Proof. We represent g(x, y) in the form

q(x.y) =Y qr(0)Yr(), (7.4.50)
k

where Yy (v) = exp (5 (k. 3) ) k = (et k) € 27, (k. y) = Yy kv, and
> i means the sum with respect to all k = (ky,....k,), k; € Z, j =1,2,...,n.
By condition Ay, the series in (7.4.50) converges to ¢(x, y) uniformly with respect
to x € [=T, T] in the norm of Lj.
We will seek a generalized solution to the problem (7.4.42)—(7.4.44) in the form of
a series

w(x. y. 1) =Y wp(x.OY(y). (x.1) € A(T), (7.4.51)
k

where wy (x, 1) is a classical solution to the problem

9%y
Lywg = qg(x) 2 (x,1) € A(T); (7.4.52)
we (X, )|,y = var()/4: (7.4.53)
L —ﬁ—ﬁwﬂ( Yk|? —a(x) |k|2—ik2 (7.4.54)
k_8z2 3)62 X alx), —j=1 j 4.

Lemma 7.4.8. Under the assumptions of Theorem 7.4.2, there exists a unique classi-
cal solution to the problem (7.4.52), (7.4.53) for any k € 7", and the solution satisfies
the inequality

21k 2
||wk||c(m) = M7||Qk||c1[_T’T]e(1+M2|k| )T

where the constant M7 depends only on My, M>, M3, and h.

The proof of Lemma 7.4.8 is based on the fact that the change of variables § =
x +t,n=x —1 reduces the problem (7.4.52), (7.4.53) to the Goursat problem.
Hence, the sequence of functions

dm(x.3) = Y @Y, Bm(x,y.0) = Y welx, HY(y)

|k|<m [k|<m

satisfies all the assumptions of Lemma 7.4.7, which completes the proof of Theo-
rem 7.4.2. d
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Regularization and the uniqueness of solutions to the inverse problem

Theorem 7.4.3. Let co(z) satisfy items 1) and 2) of condition Ag. Then the solu-
tion of the inverse problem (7.4.15)—(7.4.17), (7.4.19) is unique in the class of func-
tions c1(z, y) that satisfy items 3) and 4) of condition Ay.

The proof of Theorem 7.4.3 follows from Theorem 7.4.4 as the assumptions 1)-3)
of Theorem 7.4.4 follow from the condition Ag for co(z) and ¢1(z, y).
Theorem 7.4.4. Let co(z) satisfy condition Ag. Assume that functions g™ (y, 1),
m = 1,2, satisfy the following conditions:

D g™ G0 = Ye g OYVe) m = 1.2

2) g™ (y, 1) are continuous in t in the norm of Lo on the interval [0, Ty];

3) for g™ (y,1), m = 1,2, there exists a solution cgm)(z,y), m = 1,2, to the
inverse problem (7.4.15)—(7.4.17), (7.4.19) that satisfies condition Ay.

Then for any k € 7"

1 2 1 2
19 — 4¢P lerrr < 0®)llg — Pl eon, (7.4.55)

where T € (0, Tp, /2); ¢ (x. ) = ¢ (¥~ (0).3) = X 4 ()i (v); (k) =
Mg exp (Mg exp (M1g|k|)), the constants Mg, My, and M1y depend only on M1, M>,
M3, and h.

Proof. By Theorem 7.4.2, for

g™ x.y) = g Ye(y). m=1.2,
k

there exists a generalized solution

w0 = Y w DY), m=1.2,
k

to the problem (7.4.42)—(7.4.44) whose Fourier coefficients are classical solutions to
the problems

9%v
Lkwl(cm) = ql({m)(x) 2 (x,1) € A(T); (7.4.56)
i (e D)2y = val (/4 (7.4.57)

m=12, keZ" Te(,T/2.
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By the uniqu